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Preface to the Second Edition

This textbook introduces the main principles of computational physics, which in-
clude numerical methods and their application to the simulation of physical sys-
tems. The first edition was based on a one-year course in computational physics
where I presented a selection of only the most important methods and applications.
Approximately one-third of this edition is new. I tried to give a larger overview of
the numerical methods, traditional ones as well as more recent developments. In
many cases it is not possible to pin down the “best” algorithm, since this may de-
pend on subtle features of a certain application, the general opinion changes from
time to time with new methods appearing and computer architectures evolving, and
each author is convinced that his method is the best one. Therefore I concentrated
on a discussion of the prevalent methods and a comparison for selected examples.
For a comprehensive description I would like to refer the reader to specialized text-
books like “Numerical Recipes” or elementary books in the field of the engineering
sciences.

The major changes are as follows.

A new chapter is dedicated to the discretization of differential equations and the
general treatment of boundary value problems. While finite differences are a natural
way to discretize differential operators, finite volume methods are more flexible if
material properties like the dielectric constant are discontinuous. Both can be seen as
special cases of the finite element methods which are omnipresent in the engineering
sciences. The method of weighted residuals is a very general way to find the “best”
approximation to the solution within a limited space of trial functions. It is relevant
for finite element and finite volume methods but also for spectral methods which
use global trial functions like polynomials or Fourier series.

Traditionally, polynomials and splines are very often used for interpolation. I in-
cluded a section on rational interpolation which is useful to interpolate functions
with poles but can also be an alternative to spline interpolation due to the recent
development of barycentric rational interpolants without poles.

The chapter on numerical integration now discusses Clenshaw-Curtis and Gaus-
sian methods in much more detail, which are important for practical applications
due to their high accuracy.
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viii Preface to the Second Edition

Besides the elementary root finding methods like bisection and Newton-Raphson,
also the combined methods by Dekker and Brent and a recent extension by Chandru-
patla are discussed in detail. These methods are recommended in most text books.
Function minimization is now discussed also with derivative free methods, includ-
ing Brent’s golden section search method. Quasi-Newton methods for root finding
and function minimizing are thoroughly explained.

Eigenvalue problems are ubiquitous in physics. The QL-method, which is very
popular for not too large matrices is included as well as analytic expressions for
several differentiation matrices.

The discussion of the singular value decomposition was extended and its appli-
cation to low rank matrix approximation and linear fitting is discussed.

For the integration of equations of motion (i.e. of initial value problems) many
methods are available, often specialized for certain applications. For completeness,
Iincluded the predictor-corrector methods by Nordsieck and Gear which have been
often used for molecular dynamics and the backward differentiation methods for
stiff problems.

A new chapter is devoted to molecular mechanics, since this is a very important
branch of current computational physics. Typical force field terms are discussed as
well as the calculation of gradients which are necessary for molecular dynamics
simulations.

The simulation of waves now includes three additional two-variable methods
which are often used in the literature and are based on generally applicable schemes
(leapfrog, Lax-Wendroff, Crank-Nicolson).

The chapter on simple quantum systems was rewritten. Wave packet simulation
has become very important in theoretical physics and theoretical chemistry. Several
methods are compared for spatial discretization and time integration of the one-
dimensional Schrodinger equation. The dissipative two-level system is used to dis-
cuss elementary operations on a qubit.

The book is accompanied by many computer experiments. For those readers who
are unable to try them out, the essential results are shown by numerous figures.

This book is intended to give the reader a good overview over the fundamental
numerical methods and their application to a wide range of physical phenomena.
Each chapter now starts with a small abstract, sometimes followed by necessary
physical background information. Many references, original work as well as spe-
cialized text books, are helpful for more deepened studies.

Garching, Germany Philipp O.J. Scherer
February 2013



Preface to the First Edition

Computers have become an integral part of modern physics. They help to acquire,
store and process enormous amounts of experimental data. Algebra programs have
become very powerful and give the physician the knowledge of many mathemati-
cians at hand. Traditionally physics has been divided into experimental physics
which observes phenomena occurring in the real world and theoretical physics
which uses mathematical methods and simplified models to explain the experimen-
tal findings and to make predictions for future experiments. But there is also a new
part of physics which has an ever growing importance. Computational physics com-
bines the methods of the experimentalist and the theoretician. Computer simulation
of physical systems helps to develop models and to investigate their properties.

Computers in Physics

Experimental Physics
data collection, storage and processing

data storage and data management
email,www,ftp

C ication, data tr issi

algebra programs

Symbolic Computing

Visualisation & presentation
Computer graphics, processing of text and images

Theoretical Physics Computational Physics
approximative solutions Computer models & experiments

This book is a compilation of the contents of a two-part course on computational
physics which I have given at the TUM (Technische Universitit Miinchen) for sev-
eral years on a regular basis. It attempts to give the undergraduate physics students
a profound background in numerical methods and in computer simulation methods
but is also very welcome by students of mathematics and computational science

ix



X Preface to the First Edition

who want to learn about applications of numerical methods in physics. This book
may also support lecturers of computational physics and bio-computing. It tries to
bridge between simple examples which can be solved analytically and more compli-
cated but instructive applications which provide insight into the underlying physics
by doing computer experiments.

The first part gives an introduction into the essential methods of numerical math-
ematics which are needed for applications in physics. Basic algorithms are explained
in detail together with limitations due to numerical inaccuracies. Mathematical ex-
planations are supplemented by numerous numerical experiments.

The second part of the book shows the application of computer simulation meth-
ods for a variety of physical systems with a certain focus on molecular biophysics.
The main object is the time evolution of a physical system. Starting from a simple
rigid rotor or a mass point in a central field, important concepts of classical molecu-
lar dynamics are discussed. Further chapters deal with partial differential equations,
especially the Poisson-Boltzmann equation, the diffusion equation, nonlinear dy-
namic systems and the simulation of waves on a 1-dimensional string. In the last
chapters simple quantum systems are studied to understand e.g. exponential decay
processes or electronic transitions during an atomic collision. A two-state quantum
system is studied in large detail, including relaxation processes and excitation by an
external field. Elementary operations on a quantum bit (qubit) are simulated.

Basic equations are derived in detail and efficient implications are discussed to-
gether with numerical accuracy and stability of the algorithms. Analytical results
are given for simple test cases which serve as a benchmark for the numerical meth-
ods. Many computer experiments are provided realized as Java applets which can
be run in the web browser. For a deeper insight the source code can be studied and
modified with the free “netbeans”! environment.

Garching, Germany Philipp O.J. Scherer
April 2010

'www.netbeans.org.


http://www.netbeans.org
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Numerical Methods



Chapter 1
Error Analysis

Several sources of errors are important for numerical data processing:

Experimental uncertainty: Input data from an experiment have a limited precision.
Instead of the vector of exact values x the calculation uses x + Ax, with an un-
certainty Ax. This can lead to large uncertainties of the calculated results if an
unstable algorithm is used or if the unavoidable error inherent to the problem is
large.

Rounding errors: The arithmetic unit of a computer uses only a subset of the
real numbers, the so called machine numbers A C R. The input data as well as
the results of elementary operations have to be represented by machine numbers
whereby rounding errors can be generated. This kind of numerical error can be
avoided in principle by using arbitrary precision arithmetics' or symbolic algebra
programs. But this is unpractical in many cases due to the increase in computing
time and memory requirements.

Truncation errors: Results from more complex operations like square roots or
trigonometric functions can have even larger errors since series expansions have
to be truncated and iterations can accumulate the errors of the individual steps.

1.1 Machine Numbers and Rounding Errors

Floating point numbers are internally stored as the product of sign, mantissa and a
power of 2. According to the IEEE754 standard [130] single, double and quadruple
precision numbers are stored as 32, 64 or 128 bits (Table 1.1):

IFor instance the open source GNU MP bignum library.
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Table 1.1 Binary floating point formats

Format Sign Exponent Hidden bit Fraction Precision &y
Float s bo---by 1 ap---axn 2724 =5.96E8
Double s bo---bio 1 ap - - - asy 273 =1.11E"0
Quadruple s bo---bs 1 ap---ap 2-113 =963

Table 1.2 Exponent bias E

Decimal value Binary value Hexadecimal value Data type
12710 1111111, $3F Single
102319 11111111112 $3FF Double
1638319 11111111111111, $3FFF Quadruple

The sign bit s is O for positive and 1 for negative numbers. The exponent b is
biased by adding E which is half of its maximum possible value (Table 1.2).> The
value of a number is given by

x=(—) xax?2\F (1.1

The mantissa a is normalized such that its first bit is 1 and its value is between 1
and 2

1.0002---0<a <1.111---1 < 10.02 = 24p. (1.2)

Since the first bit of a normalized floating point number always is 1, it is not nec-
essary to store it explicitly (hidden bit or J-bit). However, since not all numbers can
be normalized, only the range of exponents from $001 - - - $7FE is used for normal-
ized numbers. An exponent of $000 signals that the number is not normalized (zero
is an important example, there exist even two zero numbers with different sign)
whereas the exponent $7FF is reserved for infinite or undefined results (Table 1.3).

The range of normalized double precision numbers is between

Min_Normal = 2.2250738585072014 x 107308
and

Max_Normal = 1.7976931348623157E x 1038,

Example Consider the following bit pattern which represents a double precision
number:

$4059000000000000.

2In the following the usual hexadecimal notation is used which represents a group of 4 bits by one
of the digits 0, 1,2, 3,4,5,6,7,8,9,A,B,C,D,E, F.
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Table 1.3 Special double precision numbers

Hexadecimal value Symbolic value
$000 0000000000000 +0

$080 00000000000000 -0

$7FF 0000000000000 +inf

$FFF 0000000000000 —inf

$7FF 0000000000001 - - - $7FF FFFFFFFFFFFFF NAN

$001 0000000000000 Min_Normal
$7FE FFFFFFFFFFFFF Max_Normal
$000 0000000000001 Min_Subnormal
$000 FFFFFFFFFFFFF Max_Subnormal

The exponent is 10000000101, — 01111111111 = 110, and the mantissa includ-
ing the J-bit is 1 1001 00000000 - - -». Hence the decimal value is

1.5625 x 2° = 100,.

Input numbers which are not machine numbers have to be rounded to the nearest
machine number. This is formally described by a mapping it — A

x — rd(x)
with the property?
|x —rd(x)| <|x —g| forall g€ A. (1.3)

For the special case that x is exactly in the middle between two successive ma-
chine numbers, a tie-breaking rule is necessary. The simplest rules are to round up
always (round-half-up) or always down (round-half-down). However, these are not
symmetric and produce a bias in the average round-off error. The IEEE754 standard
[130] recommends the round-to-nearest-even method, i.e. the least significant bit of
the rounded number should always be zero. Alternatives are round-to-nearest-odd,
stochastic rounding and alternating rounding.

The cases of exponent overflow and exponent underflow need special attention:

Whenever the exponent b has the maximum possible value b = bx and a =
1.11---11 has to be rounded to @’ = 10.00- - - 0, the rounded number is not a ma-
chine number and the result is + inf.

Numbers in the range 2Pmin > |x| > 2Pmin—" have to be represented with loss of
accuracy by denormalized machine numbers. Their mantissa cannot be normalized
since it is a < 1 and the exponent has the smallest possible value b = bp,;,. Even
smaller numbers with |x| < 2~/*Pmin have to be rounded to 0.

3Sometimes rounding is replaced by a simpler truncation operation which, however leads to sig-
nificantly larger rounding errors.
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i
-

N B B I ] ]
1.00x2 ™ 100 1.01 110 111 1.00x2'

Fig. 1.1 (Round to nearest) Normalized machine numbers with ¢t = 3 binary digits are shown.

Rounding to the nearest machine number produces a round-off error which is bounded by half the
spacing of the machine numbers

The maximum rounding error for normalized numbers with ¢ binary digits

a=s5sx2""Ex1laiar--a,_; (1.4)
is given by (Fig. 1.1)
la —a'| <27Fx 2™ (1.5)
and the relative error is bounded by
rd(x) —x| 27" x2b ot 16)
X T lal x 20 ~

The error bound determines the relative machine precision®

em=2" (1.7)
and the rounding operation can be described by
rd(x) =x(14+¢) with |e] <ey. (1.8)

The round-off error takes its maximum value if the mantissa is close to 1. Con-
sider a number

x=1+4e.

If ¢ < gy then rd(x) = 1 whereas for ¢ > ), rounding gives rd(x) = 1 4 2!~
(Fig. 1.2). Hence ¢, is given by the largest number ¢ for which rd(1.0 + ¢) = 1.0
and is therefore also called unit round off.

1.2 Numerical Errors of Elementary Floating Point Operations

Even for two machine numbers x, y € A the results of addition, subtraction, multi-
plication or division are not necessarily machine numbers. We have to expect some
additional round-off errors from all these elementary operations [244]. We assume
that the results of elementary operations are approximated by machine numbers as
precisely as possible. The IEEE754 standard [130] requires that the exact operations

4Also known as machine epsilon.
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1.2 Numerical Errors of Elementary Floating Point Operations

Fig. 1.2 (Unit round off) —
o l 1.000000 0
+ [0.000000 - 0]01111111

1.000000 -0
e=€y —[1.000000 -0

+10.000000 --0 |10000000

I i

1.000000 -0
€28y —|1.000000 -+ 1
+10.000000 -0 10000001

x+y,x—y,x XYy, x-Yy are approximated by floating point operations A — A with
the property:

fle(x,y) =rd(x +y)

fl(x,y)=rd(x —y)

Sl(x,y) =rd(x x y)

Jlo(x,y) =rd(x +y).

(1.9)

1.2.1 Numerical Extinction

For an addition or subtraction one summand has to be denormalized to line up the
exponents (for simplicity we consider only the case x > 0, y > 0)

x4+y=a2" B 4 a2 7E = (g, 4 a, 2070 ) 20 (1.10)

If the two numbers differ much in their magnitude, numerical extinction can happen.
Consider the following case:

y <2bxE ot

ay2by=bs <271, (1D
The mantissa of the exact sum is
ay +ay 227 = lap 010182+ Byt (1.12)
Rounding to the nearest machine number gives
dx+y) =2 x Loz 1) =x (1.13)
since
0.0182---Br—1 —0] <|0.011---1]=0.1 —0.00---01 (1.14)

[0.0182---B;—1 — 1] >10.01 — 1| =0.11.
Consider now the case

y<x x 277 =g, x 2bEoiml o pbx Bt (1.15)
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For normalized numbers the mantissa is in the interval

1 <l|ay| <2 (1.16)
hence we have
_ oY —t—1 _ EM
rdx+y)=x if=<2 =—. (1.17)
X 2
Especially for x =1 we have
rdl4+y)=1 ify<2"=0.00---0,_11,000--- (1.18)

2~ could be rounded to 0 or to 2!~ since the distance is the same |27/ — 0] =
271 =21t =271,

The smallest machine number with fl(1,¢) > 1 is either e =0.00---1,0--.- =
27" or £ =0.00---1,0---015,_1 = 277(1 4+ 2!=7). Hence the machine precision
&p can be determined by looking for the smallest (positive) machine number ¢ for
which fI;(1,e) > 1.

1.2.2 Addition

Consider the sum of two floating point numbers
y=x1+ x2. (1.19)

First the input data have to be approximated by machine numbers:

x1 —> rd(x) =x1(1 4+¢1)
(1.20)
x2 — rd(x2) = x2(1 + &7).
The addition of the two summands may produce another error « since the result has
to be rounded. The numerical result is

¥ = fli(rd0n), 1d(x2) = (x1(1 4+ 1) +x2(1 + £2)) (1 + ). (1.21)
Neglecting higher orders of the error terms we have in first order
y=x1+x2+x181 +x282 + (X1 + x2) (1.22)
and the relative error of the numerical sum is
y—y X x2

= &1+ & +a. (1.23)
y X1+ x2 X1+ x2

If x; & —x, then numerical extinction can produce large relative errors and uncer-
tainties of the input data can be strongly enhanced.
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1.2.3 Multiplication

Consider the multiplication of two floating point numbers
Y =X1 X X2. (1.24)
The numerical result is

¥ = fl(rd(x1), rd(x2)) = x1 (1 + e)x2(1 + &2) (1 + ) & xpx2(l + &1 + &2 + )
(1.25)

with the relative error

—y;yzl—l-gl—l-sz—i—,u. (1.26)

The relative errors of the input data and of the multiplication just add up to the total
relative error. There is no enhancement. Similarly for a division

xi
y=— (1.27)
X2
the relative error is
yyl=1+sl—sz+u. (1.28)

1.3 Error Propagation

Consider an algorithm consisting of a sequence of elementary operations. From the
set of input data which is denoted by the vector

X=(x1-"Xp) (1.29)
a set of output data is calculated
Yy=0O1""Ym)- (1.30)
Formally this can be denoted by a vector function
y=¢(X) (1.31)

which can be written as a product of » simpler functions representing the elementary
operations

=97 x ™D oM. (1.32)

Starting with x intermediate results X; = (x;1, ... X;y,) are calculated until the output
data y result from the last step:
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xi =V (x)
x> = 0@ (x1)
(1.33)

Xy—1= <P(r_l)(Xr—2)
Y= ‘p(r)(xrfl)-

In the following we analyze the influence of numerical errors onto the final re-
sults. We treat all errors as small quantities and neglect higher orders. Due to round-
off errors and possible experimental uncertainties the input data are not exactly given
by x but by

X+ Ax. (1.34)
The first step of the algorithm produces the result
X1 =rd(pM (x + AX)). (1.35)
Taylor series expansion gives in first order

X1 = (¢ x) + DV AX) (1 + Ey) + - -- (1.36)

with the partial derivatives

Py 9x1 0xp
Dw(”=( 1l>= Do (1.37)
axj axlnl 8xlnl
x| e dxy,
and the round-off errors of the first step
(1)
€]
E| = . (1.38)
1
el?)
The error of the first intermediate result is
Ax; =% —x; = DV Ax+ oV (%) E;. (1.39)

The second intermediate result is

X2 = (¢ () (1 + E2) = 9P (x1 + Ax)(1 + En)
=x(1 4 Ez) + Dp? Dp'V Ax + DpP'x, E, (1.40)
with the error
AXy) =X E> + DP DoV Ax + De®x  E|. (1.41)
Finally the error of the result is

Ay =YE, + D" - DA+ Dp" ... DePx|E| + -+ Do "x,_E,_;.
(1.42)
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The product of the matrices Dg” - - - DgV is the matrix which contains the deriva-
tives of the output data with respect to the input data (chain rule)

X1 dxp
Dop=D¢"-..DpM = + . |. (1.43)

Oym dYm

dx1 e dxp

The first two contributions to the total error do not depend on the way in which the
algorithm is divided into elementary steps in contrary to the remaining summands.
Hence the inevitable error which is inherent to the problem can be estimated as
[244]

dyi
I Ax; 1.44
A, [Ax ] (1.44)

n
AWy =eplyil + )
j=11""

or in case the error of the input data is dominated by the round-off errors |Ax;| <
emlxjl

dyi

il 1.45
ox; |xj| ( )

n
AWy =epmlyil+em )
j=1

Additional errors which are smaller than this inevitable error can be regarded as
harmless. If all errors are harmless, the algorithm can be considered well behaved.

1.4 Stability of Iterative Algorithms

Often iterative algorithms are used which generate successive values starting from
an initial value xg according to an iteration method

Xj 1= f(X)), (1.46)

for instance to solve a large system of equations or to approximate a time evolu-
tion x; ~ x(j At). Consider first a linear iteration equation which can be written in
matrix form as

Xj+1 = AXj. (1.47)
If the matrix A is the same for all steps we have simply

x; = A/xq. (1.48)
Consider the unavoidable error originating from errors Ax of the start values:

x; = A (xo + Ax) = A/xo + A’ Ax. (1.49)
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The initial errors AX can be enhanced exponentially if A has at least one eigenvalue’
A with [A| > 1. On the other hand the algorithm is conditionally stable if for all
eigenvalues |1| < 1 holds. For a more general nonlinear iteration

Xjt1 = @(Xj) (1.50)
the error propagates according to
X1 = ¢(X0) + DpAx
X2 = ¢(x1) = ¢(p(x0)) + (Dg)* Ax
(1.51)
Xj =¢(¢---9(x0) + (Dg)’ Ax.

The algorithm is conditionally stable if all eigenvalues of the derivative matrix D¢
have absolute values |A| < 1.

1.5 Example: Rotation

Consider a simple rotation in the complex plane. The equation of motion
z=lwz (1.52)
obviously has the exact solution
2(t) = zoe™". (1.53)
As a simple algorithm for numerical integration we use a time grid
tj=jAt j=0,1,2... (1.54)
zj =12(t)) (1.55)
and iterate the function values
Zjr1 =2z +z2(tj)) = 1 +iwAt)z;. (1.56)
Since

11 +iwAt]=v1+w?A2 > 1 (1.57)

uncertainties in the initial condition will grow exponentially and the algorithm is
not stable. A stable method is obtained by taking the derivative in the middle of the

time interval (page 213)
e At . - At
_ = 1w _
‘' ‘'

SThe eigenvalues of A are solutions of the eigenvalue equation Ax = Ax (Chap. 9).




1.6 Truncation Error 13

and making the approximation (page 214)

At z(t) +z(t + Ar)
Z(l + 7) ~ —2 .

This gives the implicit equation

. i+1+2;
Zj41 =2 +1wm% (1.58)
which can be solved by
1 4 leAl
i1 = l—iwzmz,-. (1.59)
T2
Now we have
e = s =1 (1.60)
- [0}
2 VI+5F

and the calculated orbit is stable.

1.6 Truncation Error

The algorithm in the last example is stable but of course not perfect. Each step
produces an error due to the finite time step. The exact solution
2 A2 3 A43
w” At —lw” At
1.61
TR e

2t + At = z(1)e = Z(l)<1 +iwAr —

is approximated by

iw At
z<r+Az)wz<r>l_@
2
iwAt iwAt  @?Ar i0PAP3
=z0(1+—)(1 — — )62
Z()<+2>(+2 2 8+)( )
. W? A2 —iw3 AL
=z()| 1 +iwAr — 3 + ) (1.63)

which deviates from the exact solution by a term of the order O(At3), hence the
local error order of this algorithm is O (A¢3) which is indicated by writing
iwAt
2(t + Aty = z(t)liz +o(ar’). (1.64)

iwAt
2

Integration up to a total time T = N Ar accumulates a global error of the order
NA =TAr.
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Table 1.4 Maximum and minimum integers

Java format Bit length Minimum Maximum

Byte 8 —128 127
Short 16 —32768 32767
Integer 32 —2147483647 2147483648
Long 64 —9223372036854775808 9223372036854775807
Char 16 0 65535

1.7 Problems

Problem 1.1 (Machine precision) In this computer experiment we determine the
machine precision €. Starting with a value of 1.0, x is divided repeatedly by 2 until
numerical addition of 1 and x =2~ gives 1. Compare single and double precision
calculations.

Problem 1.2 (Maximum and minimum integers) Integers are used as counters or to
encode elements of a finite set like characters or colors. There are different integer
formats available which store signed or unsigned integers of different length (Ta-
ble 1.4). There is no infinite integer and addition of 1 to the maximum integer gives
the minimum integer.

In this computer experiment we determine the smallest and largest integer num-
bers. Beginning with / = 1 we add repeatedly 1 until the condition / + 1 > I be-
comes invalid or subtract repeatedly 1 until / — 1 < I becomes invalid. For the 64
bit long integer format this takes to long. Here we multiply alternatively I by 2 un-
til I — 1 < I becomes invalid. For the character format the corresponding ordinal
number is shown which is obtained by casting the character to an integer.

Problem 1.3 (Truncation error) This computer experiment approximates the cosine
function by a truncated Taylor series

Tmax , x2n 2 x4 X0
coS(x) A MyCos(x, imax) = ()
n=0

=1- 4 — 4., (L65
(2n)! 2 tog g T (09

in the interval —m /2 < x < /2. The function mycos(x, nmax) is numerically com-
pared to the intrinsic cosine function.



Chapter 2
Interpolation

Experiments usually produce a discrete set of data points (x;, f;) which represent
the value of a function f(x) for a finite set of arguments {Xq---X,}. If additional
data points are needed, for instance to draw a continuous curve, interpolation is nec-
essary. Interpolation also can be helpful to represent a complicated function by a
simpler one or to develop more sophisticated numerical methods for the calculation
of numerical derivatives and integrals. In the following we concentrate on the most
important interpolating functions which are polynomials, splines and rational func-
tions. Trigonometric interpolation is discussed in Chap. 7. An interpolating function
reproduces the given function values at the interpolation points exactly (Fig. 2.1).
The more general procedure of curve fitting, where this requirement is relaxed, is
discussed in Chap. 10.

The interpolating polynomial can be explicitly constructed with the Lagrange
method. Newton’s method is numerically efficient if the polynomial has to be eval-
uated at many interpolating points and Neville’s method has advantages if the poly-
nomial is not needed explicitly and has to be evaluated only at one interpolation
point.

Polynomials are not well suited for interpolation over a larger range. Spline func-
tions can be superior which are piecewise defined polynomials. Especially cubic
splines are often used to draw smooth curves. Curves with poles can be represented
by rational interpolating functions whereas a special class of rational interpolants
without poles provides a rather new alternative to spline interpolation.

2.1 Interpolating Functions

Consider the following problem: Given are n 4 1 sample points (x;, f;),i =0---n
and a function of x which depends on n + 1 parameters a;:

D(x;a9---ay). (2.1)

P.O.J. Scherer, Computational Physics, Graduate Texts in Physics, 15
DOI 10.1007/978-3-319-00401-3_2,
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Fig. 2.1 (Interpolating
function) The interpolating ®(x)
function @ (x) reproduces a

given data set @ (x;) = f; and
provides an estimate of the f
function f(x) between the f 4
data points ‘

XgXy X, X3 Xy X5 X

The parameters are to be determined such that the interpolating function has the
proper values at all sample points (Fig. 2.1)

D(xi5a0---ay)=f; i=0---n. (2.2)
An interpolation problem is called linear if the interpolating function is a linear
combination of functions
D (x;ao---ap) =apPo(x) + a1 ®@1(x) + -+ + ay Pp(x). (2.3)
Important examples are
e polynomials
ap+aix + -+ a,x" 2.4)
e trigonometric functions
ao+ are’™ + are®™ + - + a e 2.5)
e spline functions which are piecewise polynomials, for instance the cubic spline
s() =i +Bi(x —xi) + i — 1)+ 85 —x)’ x<x<xipr (26)
Important examples for nonlinear interpolating functions are

e rational functions
po+ pix + -+ pyx™
q0+qix + -+ gnxV

2.7)
e exponential functions
ape™ +a et ..., (2.8)

where amplitudes a; as well as exponents A; have to be optimized.

2.2 Polynomial Interpolation

For n + 1 sample points (x;, f;), i =0---n, x; # x; there exists exactly one inter-
polating polynomial of degree n with

pxi)=fi, i=0---n. (2.9)
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2.2.1 Lagrange Polynomials

Lagrange polynomials [137] are defined as

Li(x) = (x—x0) - (x —xi—)(x —xi41) - (x — xp) . (2.10)

(xi = x0) -+ (i = Xi—1) (i — Xi1) -+ (X — xp)

They are of degree n and have the property
Li(xx) =i k. (2.11)
The interpolating polynomial is given in terms of Lagrange polynomials by

px) = Zf,L(x)—Zf, [T ==, 2.12)

Xi — X,
i=0  k=0kzi L K

2.2.2 Barycentric Lagrange Interpolation

With the polynomial

o) =[] —x) (2.13)

i=0
the Lagrange polynomial can be written as
w(x) 1

L; = - 2.14
o) X — X Hk:o,k;éi (xi — xx) ( )

which, introducing the Barycentric weights [24]

1
u; = (2.15)
U Mok (i — 1)
becomes the first form of the barycentric interpolation formula
Li(x) =w(x) (2.16)
= Xi
The interpolating polynomial can now be evaluated according to
n n u
P(X)ZXgﬁLi(x)zw(x)Xgﬁx_lxl (2.17)
1= 1=
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Having computed the weights u;, evaluation of the polynomial only requires O (n)
operations whereas calculation of all the Lagrange polynomials requires O (n?) op-
erations. Calculation of w(x) can be avoided considering that

n R
pl(x)=§Li(x)=w(x)§x_xi (2.18)
is a polynomial of degree n with
pi(xip)y=1 i=0---n. (2.19)
But this is only possible if
pi(x) =1 (2.20)

Therefore

Cp) | Yo fivey
pix) Yo

which is known as the second form of the barycentric interpolation formula.

p(x)

2.21)

2.2.3 Newton’s Divided Differences

Newton’s method of divided differences [138] is an alternative for efficient numeri-
cal calculations [271]. Rewrite

FE) = fxg) + LS00 ), (2.22)
X — X0

With the first order divided difference

i, xo) = L= S50 (2.23)

X — X0
this becomes

Flvxol = Flxr, xo] 4 Lol = Sl xol oy (224)

X — X1

and with the second order divided difference
flx,xol — flxi,x0] _ f(x) = f(xo)  flx1) — f(x0)
X —xi (= xo)(r—x1) (1 —x0)(x — x1)
. S (x) J(x1) S (x0)
C(r—xp)(x—x1)  (xp—xQ)(x1 —x)  (xo —x1)(x0 — X)
(2.25)

flx, x0,x1] =
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we have

()= f(x0) + (x —x0) flx1, X0l + (x — x0) (x —x1) fx, %0, x1].  (2.26)
Higher order divided differences are defined recursively by

Pl eoxy ] = L0127 'x";l] :f[xz LT Y

They are invariant against permutation of the arguments which can be seen from the
explicit formula

flxixg-x]= Z H& (2.28)

ik (Xk — Xi)
Finally we have
f @) =px)+qx) (2.29)
with a polynomial of degree n
p(x) = f(xo) + flx1, x0l(x — x0) + flx2x1x0](x — x0)(x —x1) + -
+ flxnXn—1-+-x0](x —x0)(x —x1) -+ (X = xp—1) (2.30)

and the function
q(x) = flxxp - x0l(x — x0) -+ (x — xp). (2.31)

Obviously g(x;) =0,i =0---n, hence p(x) is the interpolating polynomial.

Algorithm The divided differences are arranged in the following way:

fo
fi o flxoxi]
(2.32)

Jo—1 flxn—2xn-1] flxn—3xn—2%n-11--- flxo---xp-1]
fn f[xn—lxn] f[xn—an—lxn] f[xl e Xp] f[xO" “Xn]

Since only the diagonal elements are needed, a one-dimensional data array
t[0] - - - #[n] is sufficient for the calculation of the polynomial coefficients:

fori := 0 to n do begin
tli] == flil
for k :=i — 1 downto 0 do
t[k] = (¢[k + 1] — t[k]) /(x[i] — x[k]);
ali] :=1¢[0];
end;
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The value of the polynomial is then evaluated by

p:=aln];
fori:=n — 1 downto 0 do
p = p*x(x — x[i]) +ali];

2.2.4 Neville Method

The Neville method [180] is advantageous if the polynomial is not needed explicitly
and has to be evaluated only at one point. Consider the interpolating polynomial for
the points xq - - - x¢, which will be denoted as Py 1.« (x). Obviously

Po1x(x) = (x —x0) Pr..k (x) — (x — x) Po..k—1(x) (2.33)

Xk — X0

since for x = x1 - - - x;x—1 the right hand side is

(x —x0) f(x) — (x —xp) f(x) _

f(x). (2.34)
Xk — X0
For x = x( we have
—o = x)f ) _ £ (x) (2.35)
Xk — X0
and finally for x = x;
Ok = %) S () _ ). (2.36)

Xi — X0
Algorithm We use the following scheme to calculate Py ..., (x) recursively:
Py
Pr Py

P, Py Pora (2.37)

Pn Pn—l,n Pn—Z,n—l,n te P()1~~n

The first column contains the function values P;(x) = f;. The value Py;..., can be
calculated using a 1-dimensional data array p[0]--- p[n]:

for i := 0 to n do begin
plil:= f[i];
for k :=i — 1 downto 0 do
plk]l == (plk + 1]x(x — x[k]) — plkl*x(x — x[i]))/(x[k] — x[i]);
end;

S = plO];
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Fig. 2.2 (Interpolating 3
polynomial) The interpolated
function (solid curve) and the
interpolating polynomial
(broken curve) for the
example (2.40) are compared

2.2.5 Error of Polynomial Interpolation

The error of polynomial interpolation [12] can be estimated with the help of the
following theorem:

If f(x) is n + 1 times differentiable then for each X there exists & within the
smallest interval containing X as well as all the x; with

(n+1)
q(x) = ]_[(x f( — 1()5,). (2.38)

From a discussion of the function
n
o) =[] —x) (2.39)
i=0

it can be seen that the error increases rapidly outside the region of the sample points
(extrapolation is dangerous!). As an example consider the sample points (Fig. 2.2)

f(x)=sin(x) x; _0 —, T, 37” 2. (2.40)

The maximum interpolation error is estimated by (| f 1| < 1)

35
|[fx)—p (x)!_]w(x)]lzo_lzo ~0.3 (2.41)

whereas the error increases rapidly outside the interval 0 < x < 27 (Fig. 2.3).
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Fig. 2.3 (Interpolation error)
The polynomial w(x) is

shown for the example (2.40).
Its roots x; are given by the x 100
values of the sample points
(circles). Inside the interval

X0 - - - x4 the absolute value of X
wisbounded by [w(x)] <35 3 0
whereas outside the interval it
increases very rapidly

-100

2.3 Spline Interpolation

Polynomials are not well suited for interpolation over a larger range. Often spline
functions are superior which are piecewise defined polynomials [186, 228]. The
simplest case is a linear spline which just connects the sampling points by straight
lines:

Yi+1 — Vi

pit¥) =yi+ = (x —x;) (2.42)

i+l — Xi
s(x) =pi(x) wherex; <x < Xxjt1. (2.43)
The most important case is the cubic spline which is given in the interval x; <x <
Xit1 by
Pi(x) = e + i (x —xi) + yi (x —x0)* + 8 (x —x)>. (2.44)

We want to have a smooth interpolation and assume that the interpolating function
and their first two derivatives are continuous. Hence we have for the inner bound-
aries:

i=0---n—1
Pi(Xit1) = pit1(Xiy1) (2.45)
pi(xit1) = piyq (Xit1) (2.46)
pi (xig1) = piyy (xig1)- (2.47)

We have to specify boundary conditions at xo and x,. The most common choice are
natural boundary conditions s”(xg) = s”(x,) = 0, but also periodic boundary con-
ditions s”(xg) = 5" (xn), s'(x0) = 5" (xn), s(x0) = s(x,) or given derivative values
s'(xo) and s’(x,,) are often used. The second derivative is a linear function [244]

Pl (x) =2y + 68 (x — x;) (2.48)
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which can be written using ;1 = x;+1 — x; and M; = s”(x;) as

(x —x;) (Xig1 —x)

pi(x) =M + M; i=0--n—1
hit1 hit1
since
X

(xl) = L =s"(x;)

hist
" (X1 —xi) ”
pi X)) =My ———— =5"(xi31).

hiti

Integration gives with the two constants A; and B;

(x —x;)? (xit1 — x)?
() =M; — M, A,
Pi (x) i+1 2hi+l i 2h[+1 + A;
(x —x;)3 (Xip1 —x)3
pi(x) = M4 h 11 + M, lgh , + A;(x —x;) + B;.
i+ i+

From s(x;) = y; and s(x;4+1) = yi+1 we have

2

h?
M; ’6+1 +Bi=yi
2
M; lg ihiv1+ Bi =yiq1
and hence
h2
1
B =yi —M; 16+
Yi+1 — Vi +1
A= lhill _hi (Mi1 — M;).
i+

Now the polynomial is

i(x) = Mivi (x—x;) - M; (x —x;i —hiy1)® + Ai(x —x;) + B;
Pi = 6hist i 6hir1 i i+1 i i i
3 i+1 i i 2
— (x — x: _ 34 e
S (6hi+1 6hi+1> " 6hit1 =)

M; 2 M; 3
+(x—x,-)<A,~ — et 3hl+1) + B; + O hz—i—l

Comparison with

pi(x) =0 + Bi(x —x;) + vi(x — x;)? + 8 (x — x;)°

23

(2.49)

(2.50)

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)
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gives
M; ,
o = B; + ?hi+1 =y (2.60)
hi1 M; iv1 — Vi M; 2M;
= a; — miMi v =i, Mig 4+ 2M (2.61)
2 iy 6
Vi = 7’ (2.62)
My — M;
§i=—— 2.63
l 6hit1 (263
Finally we calculate M; from the continuity of s’(x). Substituting for A; in plf (x)
we have
"0 = M, (x—x)* oy, it —x)? LY i hiq (Misy — M)
Pi i+1 it i it it 6 i+1 i
(2.64)
and from p!_, (x;) = p;(x;) it follows
hi  yi—Yi-1 hi
Mi—+———— — —(M; — M;_
i ) + hi 6( i i 1)
hivi | yier —yi  hipa
=—M; — My — M; 2.65
i B hi—i—l 6 ( i+1 1) ( )
h; hi hit1 hivi  Yit1 = Yi Vi — Yi-1
Mi—+M;_1— + M; M; = — 2.66
l3+116+13+l+16 hi+1 hi ( )
which is a system of linear equations for the ;. Using the abbreviations
h:
p= (2.67)
hi + hit1
h;
1= = LI 2.68
Mi i hi + hiet ( )
6 . - v PR VP
di = <)’l+1 Yi Vi i 1) (2.69)
hi+hip1 \ hip hi
we have
wiMi_1 +2M; + AiMiy1=d; i=1---n—1. (2.70)
We define for natural boundary conditions
=0 wu,=0 dp=0 d,=0 2.71)
and in case of given derivative values
6 (yi—y 6 () Yn—Yn-1
r=1 =1 dpo=— - dy = — — . (272
0 Hn 0 hl( I Yo " Yn I (2.72)
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The system of equation has the form
2 X0 17 Mo 7] [ dy ]
w1 2 A M di
w2 2 A M dy
) = . (2.73)
Mn—1 2 An—1 My dn—]
L Mn 2 1L M, i L dy i
For periodic boundary conditions we define
h 6 - — Y-
R =1 — iy dy= (yl Yo Yn = Yn 1) (2.74)
hy 4+ hy hy+h, \ I hn
and the system of equations is (with M,, = M)
2 A w [ My ] [ a4
U2 2 Ay M; dr
Uz 2 A3 M3 d3
. = . (2.75)
Mn—1 2 Ap—1 My dn—1
_)\n Mn 2 h M, L dy B

All this tridiagonal systems can be easily solved with a special Gaussian elimination
method (Sects. 5.3, 5.4).

2.4 Rational Interpolation

The use of rational approximants allows to interpolate functions with poles, where
polynomial interpolation can give poor results [244]. Rational approximants with-
out poles [90] are also well suited for the case of equidistant x;, where higher order
polynomials tend to become unstable. The main disadvantages are additional poles
which are difficult to control and the appearance of unattainable points. Recent de-
velopments using the barycentric form of the interpolating function [25, 90, 227]
helped to overcome these difficulties.

2.4.1 Padé Approximant

The Padé approximant [13] of order [M/N] to a function f(x) is the rational func-
tion

Py(x)  po+ pix+---+ pux"
OnN(x)  qo+qix+---+gnxV

Ryyn(x) = (2.76)
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which reproduces the McLaurin series (the Taylor series at x = 0) of

f) =ao+ax +ax*+--- (2.77)
up to order M + N, i.e.

f(0)=R(0)

d d
5 @ =1RO

(2.78)

dM+N) dM+N)

Wf(o) = WR(O)-

Multiplication gives
po+ pix 4+ pux™ = (g0 +qix + -+ qnx") @ +aix +---) (279
and collecting powers of x we find the system of equations
Po = qoao0
P1=qoa1 +q1ap

P2 =qoaz +aiqi + aoq2

(2.80)
pPM=qoam +ay—1q1 +---+aoqmu
O0=gqgoapy+1 +qram + - +gnapy—n+1
0=qoam+nN +qrapm+n—1+ - +gnau
where
a,=0 forn<0 (2.81)
qj =0 forj>N. (2.82)

Example (Calculate the [3, 3] approximant to tan(x)) The Laurent series of the tan-
gent is

a; — N 2.83
n(x X+ =x +1 X+
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We set go = 1. Comparison of the coefficients of the polynomial

1 2
P+ pix + pax? + paxd = (14+q1x + gx> + q3x3) (x + §x3 + ExS) (2.84)

gives the equations

x': po=0
xl : pP1= 1
2 p=q
3 1
X't p3i=qa+ 3 (2.85)
A 1
x't 0 =g3+zq1
3
5 0 — 2 n 1
x> —
15 3%
6 0 — 2 n 1
x°: —
59 1393
We easily find
2 1
P2=q1=q3=0 B=-3 P3="15 (2.86)
and the approximant of order [3, 3] is
P (2.87)
33= "% 5 .
11— %xz

This expression reproduces the tangent quite well (Fig. 2.4). Its pole at +/10/2 =
1.581 is close to the pole of the tangent function at /2 &~ 1.571.

2.4.2 Barycentric Rational Interpolation

If the weights of the barycentric form of the interpolating polynomial (2.21) are
taken as general parameters u; 7 0 it becomes a rational function

Z =0 fl x— x,
ST

which obviously interpolates the data points since

R(x)= (2.88)

ILm_ R(x) = fi. (2.89)
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Fig. 2.4 (Padé
approximation to tan(x)) The
Padé approximant ((2.87),
dash-dotted curve)
reproduces the tangent (full
curve) quite well

)
E i
254 i
| : | |
-0p 1 2 3
X
With the polynomials'
n n n a)(x)
P(x) = Zuiﬁ | H r—xp) = Zuiﬁx —
i=0 j=0; j#i i=0
n n n w(x)
0w =2 [l == m=y
i=0  j=0;j#i i=0

a rational interpolating function is given by”

P(x)

R = .
=50

Obviously there are infinitely different rational interpolating functions which differ
by the weights u = (ug, u1 ---u,) (an example is shown in Fig. 2.5). To fix the
parameters u;, additional conditions have to be imposed.

2.4.2.1 Rational Interpolation of Order [M, V]

One possibility is to assume that P(x) and Q(x) are of order < M and < N, respec-
tively with M + N = n. This gives n additional equations for the 2(n + 1) polyno-
mial coefficients. The number of unknown equals n + 1 and the rational interpolant
is uniquely determined up to a common factor in numerator and denominator.

Lo (x) = [T/_(x — x;) asin (2.39).

21t can be shown that any rational interpolant can be written in this form.



2.4 Rational Interpolation 29

1

R(x)
(]

A0 1T T2 T3

Fig. 2.5 (Rational interpolation) The data points (1, %), 2, é), @3, %) are interpolated by several

rational functions. The [1, 1] approximant (2.95) corresponding to u = (5, —20, 15) is shown by
8x2—36x+38
103x2—12x+11)
4x2—20x+26
10(5—4x+x2)

the solid curve, the dashed curve shows the function R(x) = which is obtained for

u=(1, 1, 1) and the dash-dotted curve shows the function R(x) = which follows for

u= (1, —1, 1) and has no real poles

Example (Consider the data points f(1) = 3, f(2) = 1, f(3) = 15) The polynomi-
als are

1 1 1
P(x) = Euo(x —2)(x —3)+ gul(x —Dx—-3)+ muz(x —Dx-=2)

_3 +3 +1 n 5 4 3
= 3ug 5u1 5“2 2uo 5u1 louzx

+ ! +1 +1 2 (2.90)
2uo 5u1 ]Ougx .

Q) =uo(x =2)(x =3) +ur(x — D(x =3) +uz(x — D(x —2)
=6ug +3u; +2ur +[—S5ug —4uy; — 3uz]x + [ug +u1 + uz]x2.

(2.91)
To obtain a [1, 1] approximant we have to solve the equations
Lo+ 2+ uy =0 (2.92)
MO T E ‘
uo+uy+ur=0 (2.93)

which gives

ur =3ug u; =—4uo (2.94)
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and thus

6 1
U — TUOX 6—x
R(x) = > > =

= . 2.95
2upx 10x ( )

General methods to obtain the coefficients u; for a given data set are described in
[25, 227]. They also allow to determine unattainable points corresponding to u; =0
and to locate the poles. Without loss of generality it can be assumed [227] that
M>N.J

Let P(x) be the unique polynomial which interpolates the product f(x) Q(x)

Px)=fxi)Qx) i=0---M. (2.96)
Then from (2.31) we have
J@)Q(x) = Px)=(fO)lxo---xm, x](x —x0)- - (x — xp). (2.97)
Setting
x=x; i=M+1---n (2.98)
we have
J@xi)Qxi) — P(xi) = (f Qlxo- - xp, xiJ(xi — x0) -+ - (x — xpr) (2.99)
which is zero if P(x;)/Q(x;) = f; fori =0---n. But then

(fOlxo- - xm,xi]=0 i=M+1---n. (2.100)

The polynomial Q(x) can be written in Newtonian form (2.30)

N -l
Q)= wi[[r—x))=vo+vi(x—x0)+ -+ vnr—x0) - (x = xn_1).
i=0  j=0
(2.101)
With the abbreviation
gix)=x—x; j=0---N (2.102)
we find
(xr) g (xk) ()
(fgj)lxo---xpm,xi] = Z _SeRsw) Z f Gk
ki Lotk ok = Xr) ke=0--M,i k] [Tt e = x0)
= flxo--Xj—1,Xj41" XM, Xi] (2.103)

3The opposite case can be treated by considering the reciprocal function values 1/f (x;).
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Fig. 2.6 (Interpolation of a
step function) A step function
with uniform x-values
(circles) is interpolated by a
polynomial (full curve), a
cubic spline (dashed curve)
and with the rational
Floater-Hormann d = 1
function ((2.105), dash-dotted
curve). The rational function
behaves similar to the spline
function but provides in
addition an analytical
function with continuous
derivatives

which we apply repeatedly to (2.100) to get the system of n — M = N equations for
N + 1 unknowns

N
S v flg xjer x5 =0 i=MA1en (2.104)
j=0

from which the coefficients v; can be found by Gaussian elimination up to a scaling
factor. The Newtonian form of Q(x) can then be converted to the barycentric form
as described in [271].

2.4.2.2 Rational Interpolation Without Poles

Polynomial interpolation of larger data sets can be ill behaved, especially for the
case of equidistant x-values. Rational interpolation without poles can be a much
better choice here (Fig. 2.6).

Berrut [23] suggested to choose the following weights

up = (=K.
With this choice Q(x) has no real roots. Floater and Hormann [90] used the different

choice
1 1
uk=(—1)k_1( + ) k=1---n—1
Xk+1 — Xk Xk — Xk—1

(2.105)

1 1
up = (="

1,{0 = - _—
X1 — X0 Xn — Xn—1

which becomes very similar for equidistant x-values.
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Table 2.1 Floater-Hormann
weights for uniform data leai | d

L1,1,...,1,1,1

1,2,2,2,...,2,2,2,1
1,3,4,4,4,...,4,4,4,3,1
1,4,7,8,8,8,...,8,8,8,7,4,1

1,5,11,15,16, 16, 16, ..., 16, 16, 16, 15,11, 5, 1

B WD = O

Floater and Hormann generalized this expression and found a class of rational
interpolants without poles given by the weights

min(k,n—d) i+d

we= (=D Y I _ (2.106)

Xk — Xi
i=max(k—d,0) j:i,j;ék' k= Xjl

where 0 < d < n and the approximation order increases with d. In the uniform case
this simplifies to (Table 2.1)

max(k,n—d)

we=(=H N <k‘ii>. (2.107)

i=min(k—d,0)

2.5 Multivariate Interpolation

The simplest 2-dimensional interpolation method is bilinear interpolation.* It uses
linear interpolation for both coordinates within the rectangle x; < x < xj41, ¥ <

Yi < Yi+1:

p(x;i +hy,yi +hy)
P(xi + hy, yir1) — p(xi + hyx, i)

=pxi+hy,yi)+hy

Yi+l — Vi
= Fi ) +h S (i1, yi) — f (i vi)
e Xip1 = Xi
o F (s yid1) + Iy f(x,'+1,);i+l1):£(xzwyf+1) — F (s i) — hx f(xi+lxai)_’£]):£(xiyyi)
y Vil = i

(2.108)

“Bilinear means linear interpolation in two dimensions. Accordingly linear interpolation in three
dimensions is called trilinear.
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Fig. 2.7 Bispline
interpolation y

which can be written as a two dimensional polynomial

p(xi + hy, yi + hy) =ago + aiohy +a01hy +L111hxhy (2.109)
with
aoo = f(xi, yi)
@i, yi) — f&xi,yi)
alp =
Xi+1 — Xi
(2.110)

o = SOy yie1) = f (i, i)
Yi+l — Vi
_ i1, yiry) — fGi, yipD) — f&igr, yi) + f (i, yi)

an
i1 — X)) (Yie1 — ¥i)

Application of higher order polynomials is straightforward. For image processing
purposes bicubic interpolation is often used.

If high quality is needed more sophisticated interpolation methods can be ap-
plied. Consider for instance two-dimensional spline interpolation on a rectangular
mesh of data to create a new data set with finer resolution’

fii= f(ihy, jhy) withO<i <N, 0<j <N,. @2.111)
sJ y y

First perform spline interpolation in x-direction for each data row j to calculate new
data sets

firj=sWi, fij,0<i<Ny) 0<j<Ny, 0<i’'<N; (2.112)
and then interpolate in y direction to obtain the final high resolution data (Fig. 2.7)

firjy=sQj, frj;0<j<Ny) 0<i’<N; 0<j <N, (2.113)

2.6 Problems

Problem 2.1 (Polynomial interpolation) This computer experiment interpolates a
given set of n data points by

3 A typical task of image processing.
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Table 2.2 Zener diode

voltage/current data Voltage —1.5 —-1.0 —0.5 0.0

Current —3.375 -1.0 —0.125 0.0

Table 2.3 Additional

voltage/current data Voltage 1.0 20 30 40 41 42 45

Current 0.0 0.0 0.0 0.0 1.0 3.0 10.0

e a polynomial

poy=3"5 J] === (2.114)

0 k=0kwi 1 Yk
e alinear spline which connects successive points by straight lines
six)=a; +bi(x —x;) forx; <x <uxjyi (2.115)

e a cubic spline with natural boundary conditions

s)=pi(x) = + Bi(x —x) +yix —x)? +85(x —x)} xi <x<xip

(2.116)
s" (xn) = 5" (x0) = 0 (2.117)
e arational function without poles
Yo firts
Ry =22 (2.118)
Zi=0 X—X;
with weights according to Berrut
or Floater-Hormann
k-1 1 1
ug=(=1) + k=1---n—1 (2.120)
Xk+1 — Xk Xk — Xk—1
1 1 1
up=— up=(—)""—. (2.121)
X1 — X0 Xn — Xn—1

e Interpolate the data (Table 2.2) in the range —1.5 < x < 0.

o Now add some more sample points (Table 2.3) for —1.5 < x < 4.5.

e Interpolate the function f(x) = sin(x) at the points x = 0, %, T, 37”, 2m. Take
more sample points and check if the quality of the fit is improved.
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Table 2.4 Pulse and step

function data =3 =2 -1 1 3
Ypulse 0 0 0 0 0
Ystep 0 1 1

Table 2.5 Data set for

two-dimensional X 1 2 0

interpolation y 0 0 2
f 0 —1 —1

o Investigate the oscillatory behavior for a discontinuous pulse or step function as

given by the data (Table 2.4).

Problem 2.2 (Two-dimensional interpolation) This computer experiment uses bi-
linear interpolation or bicubic spline interpolation to interpolate the data (Table 2.5)

on a finer grid Ax = Ay =0.1.



Chapter 3
Numerical Differentiation

For more complex problems analytical derivatives are not always available and have
to be approximated by numerical methods. Numerical differentiation is also very
important for the discretization of differential equations (Sect. 11.2). The simplest
approximation uses a forward difference quotient (Fig. 3.1) and is not very accu-
rate. A symmetric difference quotient improves the quality. Even higher precision is
obtained with the extrapolation method. Approximations to higher order derivatives
can be obtained systematically with the help of polynomial interpolation.

3.1 One-Sided Difference Quotient

The simplest approximation of a derivative is the ordinary difference quotient which
can be taken forward

df A _fEHh) - ()

E(X) N h (3.1
or backward
i_f(x) ~ A_f — w (3.2)
X Ax h
Its truncation error can be estimated from the Taylor series expansion
AR —F)  FO RO +5 0+ — f(0)
h B h
h
=f’(X)-I-§f”(x)+---- (3.3)

The error order is O(h). The step width should not be too small to avoid rounding
errors. Error analysis gives

Af = fI-(f(x + )1 +e1), f()(1 +e2))
=(Af + f(x+h)er — f(0)e2)(1 + €3)
=Af+Afes+ f(x+h)er — f(x)ea+--- (3.4)
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Fig. 3.1 (Numerical f(x)
differentiation) Numerical
differentiation approximates
the differential quotient by a
difference quotient % ~ ﬁ—/;.
However, approximation by a

simple forward difference
47 (xp) A L0~ (x0)
dx 0 h ’

is

not very accurate

Af+Afes+ f(x+h)er — f(x)er

(A, (1 = 1
FL-(Af, h(1 + &4)) (e (I+es5)
A x+h
= —f(l +es—es+e3)+ MSI
h h
@)
— . 3.5
e (3.5)
The errors are uncorrelated and the relative error of the result can be estimated by
3%~ ax] f0)|,em
ap o S3em | R 25 (3.6)
Ax Ax

Numerical extinction produces large relative errors for small step width /. The op-
timal value of & gives comparable errors from rounding and truncation. It can be
found from

hy ., 2e
§|f )| = If(X)ITM. (3.7)

Assuming that the magnitude of the function and the derivative are comparable, we
have the rule of thumb

hy = /e ~ 1078

(double precision). The corresponding relative error is of the same order.

3.2 Central Difference Quotient
Accuracy is much higher if a symmetric central difference quotient is used
(Fig. 3.2):
Af _fa+—fa-5)
Ax h
OO E @ = (@ =@+ B0+
B h

h2
=f'(x)+ ﬁf’”(x) 4o (3.8)
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Fig. 3.2 (Difference
quotient) The central
difference quotient (right
side) approximates the
derivative (dotted) much
more accurately than the
one-sided difference quotient

(left side)

The error order is O (h?). The optimal step width is estimated from

h? 2em
Sl @ =rel== (3.9)
again with the assumption that function and derivatives are of similar magnitude as
ho = /48y ~ 107°. (3.10)

. . h3
The relative error has to be expected in the order of 53 ~ 10711,

3.3 Extrapolation Methods

The Taylor series of the symmetric difference quotient contains only even powers
of h:

x+h)— f(x—h h? h
p(y = LEEWZTCZR iy 2 gy 1 0 4 D
2h 3! 5!
The Extrapolation method [217] uses a series of step widths, e.g.
h.
hiy) = ?’ (3.12)

and calculates an estimate of D(0) by polynomial interpolation (Fig. 3.3). Consider
Do = D(hg) and Dy = D(%‘J). The polynomial of degree 1 (with respect to 4%)
p(h) = a + bh? can be found by the Lagrange method

2 _ @ /’l2 _ hZ
p(h) = Dy 4+ D52, (3.13)

g hg 2

hi— 2 2 —h
0~ 3 4 0
Extrapolation for 4 = 0 gives
1 4

p(O):—gDo—i—ng. (3.14)

Taylor series expansion shows

1 / h(% " hé ()]
P(0)=—§(f(x)+§f (x)+§f (x)+~->
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Fig. 3.3 (Numerical
differentiation) The derivative
% sin(x) is calculated
numerically using algorithms
with increasing error order
(3.1, 3.8, 3.14, 3.18). For very
small step sizes the error
increases as 1! due to
rounding errors

absolute error

10" 10" 10" 10" 10®* 10° 10* 107 10
step size h

4 ! h2 " h4 (®)]
+§(fuo+4 50+ 5J‘(ﬂ+~~> (3.15)

ng@(>+ (3.16)

that the error order is O(hg). For 3 step widths hg = 2h| = 4h, we obtain the poly-
nomial of second order (in /?)

=10 -

2 2 2
h? = Mypn2 =0 W2 —h2)(h? -
p(h):D()( 7)( ‘6)+D ( 0)( )
2 hZ 2 h2 2 h2 h2
(hg — ) (hg — 18) (To_ho)(___g)
2
(02— =)
+ Dy 0 5 (3.17)
(-G -
and the improved expression
1 1 1
16 2
PO = Doz _5 Lt e
116 4 16 6 " T6
1 4 64
ED0—5D1+45D2—f(X) O (h§). (3.18)
Often used is the following series of step widths:
h2
h? = 2—? (3.19)
The Neville method
h2 "2
(h* = 30 Pigtk (h?) = (h* = 30) Prooj—1 ()
Proi(h?) = 2/ P2l (3.20)

2 2
by _hy

2k 21
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gives for h =0

Piox_1— 2k—i Lk
Pig=— = s (3.21)
which can be written as
Pik—1 — Pig1.k
Pix=Pii1.x+ T = (3.22)
and can be calculated according to the following scheme:
Py=D(h*) Poi Por2 Poi2s
hZ
Py = D<7> P12 Pio3
)2 (3.23)
P,=D|— )P
2 < 4 ) 23
Here the values of the polynomials are arranged in matrix form
Pig=Tiri=T; (3.24)
with the recursion formula
T. P T .
Tpj=Tisrjo1 + L (3.25)

1-2/

3.4 Higher Derivatives

Difference quotients for higher derivatives can be obtained systematically using
polynomial interpolation. Consider equidistant points

Xp=x0+nh=---=x9—2h,xo—h,xo,x0+h,x0+2h,.... (3.26)
From the second order polynomial
() =y (x —x0)(x —x1) . (x —x_pDx —x1)
(e = x0) (x—1 — x1) (x0 — x—1)(x0 — x1)

(x —x_1)(x —x0)
! (x1 —x—1)(x1 — x0)

_ (x —x0)(x —x1) n (x —x_pD&x —x1)
(x —x—1)(x — x0)
3.27
+ 2 (3.27)
we calculate the derivatives
2x — x0 — X1 2x —x_1 —x1 2X —X_1 — X0
prx) =y Yo i (3.28)

2h? —h? 2h?2
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- 0 1
R e (3.29)
which are evaluated at xg:

1 1 fxo+h) — fxo—h)
"(x0) ¥ p'(x0) = =5 y-1+ oy = 3.30
S (x0) = p (x0) o) + TR 7 (3.30)

—h)—-2 h

1" (x0) = p”(x0) = fo=h) fh(;‘)) +fxo+h) (3.31)

Higher order polynomials can be evaluated with an algebra program. For five sample
points

xo —2h, xg — h, xo, x0 + h, xo +2h

we find
F(xo) ~ f(xo—2h) —8f(xo— h)l-;-th(xo +h) — f(xo+2h) .
f//(x )~ _f(xo —2h) + 16f(x0 —h)— 30f(XO) + 16f(x0 +h) — f(xO +2h)
’ 12h2
(3.33)
f///(xO) ~ —f(xo—2h)+2f(xg— hz)h: 2f(xo+h)+ f(xo+2h) (334
e _ fxo—2h) —4f(xo—h)+6f(xo+h)—4f(xo+h)+ f(xo+2h)
S (xo) & " '

3.5 Partial Derivatives of Multivariate Functions

Consider polynomials of more than one variable. In two dimensions we use the
Lagrange polynomials

(x — xx) (y—y)
Lii(x,y) = : (3.35)
iy g(xl'—Xk)};[l(y/—yz)

The interpolating polynomial is

P, y) = fijLij(x, ). (3.36)
iJ

For the nine sample points

(-1, y1) (o, y1)  (x1, 1)
(x—1.y0)  (x0,y0)  (x1, y0) (3.37)
(=1, y-1)  (x0, y—1)  (x1,y-1)
we obtain the polynomial
(x —x0)(x —x)(y = yo) (y — y1)

(3.38)
(x—1 = x0)(x—1 —x) (-1 —y0)(y—1 — y1)

px,y)= f-1,-1
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which gives an approximation to the gradient

f(Xo+h,yo)2—hf(XO—h,y0)
grad f (xoyo) ~ grad p(x0y0) = | /(0 \oimr— foo—t) | ° (3.39)
2h

the Laplace operator

92 92 92 92
(W + 8—y2>f(XO, Yo) & <87 + a—y2)p(XO, Yo)

1
= h_z(f(xo’ yo+ h) + f(x0, o — h)
+ f (xo, yo + 1) + £ (x0, yo — h) — 4 f (x0, y0))
(3.40)

and the mixed second derivative
2 2

xdy f(x0, y0) dxdy

p(x0, ¥0)

1
= 7 (FGo+h 30+ + fxo = h, yo = h)
— f(xo—h,yo+h) — f(xo+h,yo—h)). (34D

3.6 Problems
Problem 3.1 (Numerical differentiation) In this computer experiment we calculate
the derivative of f(x) = sin(x) numerically with

e the single sided difference quotient

df  fe+h) = f@)

3.42
i A (3.42)
e the symmetrical difference quotient
df fx+h)—fx—h
— =~ D, = , 343
™ nf(x) T (3.43)
e higher order approximations which can be derived using the extrapolation method
1 4
—gth(X)Jr gDh/2f(x) (3.44)
1 4 64
—D —=D —D . 3.45
15 nf(x) 5 h/zf(x)+45 h/af (x) (3.45)

The error of the numerical approximation is shown on a log-log plot as a function
of the step width /.



Chapter 4
Numerical Integration

Physical simulations often involve the calculation of definite integrals over compli-
cated functions, for instance the Coulomb interaction between two electrons. Inte-
gration is also the elementary step in solving equations of motion.

An integral over a finite interval [a, b] can always be transformed into an integral
over [0, 1] or [—1, 1]

b 1

/f(x)dx:/ f(a—l—(b—a)t)(b—a)dt

a 0
. 1 a+b b—at b_adt 41
—/1f<2+2>2 . .0

An Integral over an infinite interval may have to be transformed into an integral
over a finite interval by substitution of the integration variable, for example

o0 ! t dt
| rwae= (5 oS “2

00 1 2 +1
/_oof(x)dxzf_lf(l%z) (:2_71)241;. 4.3)

In general a definite integral can be approximated numerically as the weighted
average over a finite number of function values

b
/ f)dx Y wi f (xi). (4.4)

Specific sets of quadrature points x; and quadrature weights w; are known as “inte-
gral rules”. Newton-Cotes rules like the trapezoidal rule, the midpoint rule or Simp-
son’s rule, use equidistant points x; and are easy to apply. Accuracy can be improved
by dividing the integration range into sub-intervals and applying composite Newton-
Cotes rules. Extrapolation methods reduce the error almost to machine precision but
need many function evaluations. Equidistant sample points are convenient but not
the best choice. Clenshaw-Curtis expressions use non uniform sample points and
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46 4 Numerical Integration

a rapidly converging Chebyshev expansion. Gaussian integration fully optimizes
the sample points with the help of orthogonal polynomials.

4.1 Equidistant Sample Points

For equidistant points
b—a
N
the interpolating polynomial of order N with p(x;) = f(x;) is given by the La-
grange method

xi=a+ih i=0---N h= (4.5)

N N
X — X
ro =31 [l —— (4.6)
=0 k=0kzi Tk

Integration of the polynomial gives

b _N ‘ b N x
px)ydx =Y fi I1 '_Xkdx. (4.7)

a i=0 @ k=0,k#i Xi
After substituting
x=a+hs
X —x=h(s —k) 4.8)
xi —xp=0—k)h
we have
b N N N
— —k
/ 13 xkdxzf [T 3= hds=he; (4.9)
a Xi — Xk 0 i—k
k=0,k£i k=0,k£i
and hence
b N
/ p(x)dx = (b —a) Z fio;. (4.10)
a i=0
The weight factors are given by
w; = (b —a)a; = Nha;. “4.11)

4.1.1 Closed Newton-Cotes Formulae

For N =1 the polynomial is

X — X1 X — X0
px) = fo + fi (4.12)
X0 — X1 X1 — Xo
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a b a b
Fig. 4.1 (Trapezoidal rule and midpoint rule) The trapezoidal rule (left) approximates the integral

by the average of the function values at the boundaries. The midpoint rule (right) evaluates the
function in the center of the interval and has the same error order

and the integral is

b le—1 Ls—0
/ p(x)dx:f()/ ——hds + fi ——hds
a o 0—1 0

1-0

B 1-1D2 (©0-1)? 12 0%

__f°h< 2 2 >+f‘h<7_?>
=hf°J2rf1 (4.13)

which is known as the trapezoidal rule (Fig. 4.1). N =2 gives Simpson’s rule

2hf0+4f1 +f2.

4.14
6 (4.14)
Larger N give further integration rules
3 3
3hfo—i— fl‘;; L+ 3/8-rule
7 2 12 2 7
apy Jot 32+ 12/ +32f+7f Milne-rule
90
5h19f0+75f1+50f2+50f3+75f4+19f5
288
41 216 27 272 27 216 41
o Ao+ 2161 + 21+ 2723+ 27fa+216f5 +41f6 o 10
840
(4.15)

For even larger N negative weight factors appear and the formulas are not numeri-
cally stable.
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4.1.2 Open Newton-Cotes Formulae

Alternatively, the integral can be computed from only interior points

o b—a
xi=a+ih i=1,2---N th—i—l‘ (4.16)
The simplest case is the midpoint rule (Fig. 4.1)
b b
/ f(x)dxzzhﬁ:(b—a)f(“;r ) 4.17)
a
The next two are
3h
7(f1 + /f2) (4.18)
4h
?(2f1 — f2+213). (4.19)

4.1.3 Composite Newton-Cotes Rules

Newton-Cotes formulae are only accurate, if the step width is small. Usually the
integration range is divided into small sub-intervals

[xi, xiv1] xi=a4+ih i=0---N (4.20)

for which a simple quadrature formula can be used. Application of the trapezoidal
rule for each interval

h
I = E(f(xi) + f(xit1) (4.21)

gives the composite trapezoidal rule
b
T:h(%+f(a+h)+~-~+f(b—h)+%) (4.22)

with error order O (h?). Repeated application of Simpson’s rule for [a, a +2h], [a +
2h,a +4h], - - - gives the composite Simpson’s rule

S=%(f(a)+4f(a+h)+2f(a+2h)+4f(a+3h)+~-
+2f(b—2h)+4f(b—h)+ f(b)) (4.23)

with error order O (h*).!
Repeated application of the midpoint rule gives the composite midpoint rule

M =2h(f(a+h)+ fla+3h) +--+ f(b—h)) (4.24)

with error order O (h?).

!'The number of sample points must be even.
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4.1.4 Extrapolation Method (Romberg Integration)

For the trapezoidal rule the Euler-McLaurin expansion exists which for a 2m times
differentiable function has the form
xN
/ f)dx =T = axh? + ash® + -+ 0o 2h™ 2 + O (K*™).  (4.25)
X0

Therefore extrapolation methods are applicable. From the composite trapezoidal
rule for 4 and /2 an approximation of error order O (h*) results:

/ fx)dx — T (h) = azh® + agh*+ - - (4.26)

h? h*
/ f@dx =T(h/2) =2 +aaqot - (4.27)

4T (h/2) — T (h h*
f f(x)dx——( / ; ( )=—a47+--~. (4.28)

More generally, for the series of step widths
ho

he= 3¢ (4.29)

the Neville method gives the recursion for the interpolating polynomial

02 h
(h* = ) Ptk (h) = (h° = 55) Pro—1 ()
Pk (hz) = Z 2 2 r (4.30)
0 _ "0

22k 22i
which for & = 0 becomes the higher order approximation to the integral (Fig. 4.2)

27K Pkt — 272 Py P — 2272 p ok

Pt = 2k _o-2i - | — 22k—2i
Pig—1— Piy1.k
=Pk + W 4.31)
The polynomial values can again be arranged in matrix form
Py Por Ponz
P Pp
P, (4.32)
with
Tij=Piitj (4.33)
and the recursion formula
ho
Tio=P =T (4.34)
21
Tivq i—
T/_T,Hjﬁw (4.35)

1—22i
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10 Sl e g
&
S ohe
10°F 00 /¢ =
2 o 8
g h o /'h
E E ggg I¢ E
&2 .,8F -1 ! 3
% 10 o h ggg /1 th
172} \‘@\6 o <o
s | 8 Toeg . o /
12F Pid O ~¥%.
107f e /h' .
o~
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10 . : R
10° 10" 10° 10°
step width h

Fig. 4.2 (Romberg integration) The integral fonz sin(x2)dx is calculated numerically. Circles
show the absolute error of the composite trapezoidal rule (4.22) for the step size sequence
hi+1 = h; /2. Diamonds show the absolute error of the extrapolated value (4.31). The error or-
der of the trapezoidal rule is O (h?) whereas the error order of the Romberg method increases by
factors of h2. For very small step sizes the rounding errors dominate which increase as 4 ~!

4.2 Optimized Sample Points

The Newton-Cotes method integrates polynomials of order up to N — 1 exactly,
using N equidistant sample points. Unfortunately the polynomial approximation
converges slowly, at least for not so well behaved integrands. The accuracy of the
integration can be improved by optimizing the sample point positions. Gaussian
quadrature determines the N positions and N weights such, that a polynomial of or-
der 2N — 1 is integrated exactly. The Clenshaw-Curtis and the related Fejer methods
use the roots or the extrema of the Chebyshev polynomials as nodes and determine
the weights to integrate polynomials of order N. However, since the approxima-
tion by Chebyshev polynomials usually converges very fast, the accuracy is in many
cases comparable to the Gaussian method [185, 253]. In the following we restrict
the integration interval to [—1, 1]. The general case [a, b] is then given by a simple
change of variables.

4.2.1 Clenshaw-Curtis Expressions

Clenshaw and Curtis [60] make the variable substitution
x =cosf dx=—sinfdo (4.36)

for the integral

1 kg
/ fx)dx = / f(cost)sintdt 4.37)
-1 0
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and approximate the function by the trigonometric polynomial ((7.19) with N =
2M, T =2m)
M-1
1 1
f(cost) = —co + — Z cjcos(jt) + —cM cos(Mt) (4.38)
J 1

which interpolates (Sect. 7.2.1) f(cost) at the sample points

tnznAtzn% withn=0,1--- M (4.39)
X, = COS1,; = COS <n1) (4.40)
M
and where the Fourier coefficients are given by (7.17)
M—1 .
:f0+2§ f(cos(tn)) COS(MJYZ) + fucos(jm). (4.41)

The function cos(jt) is related to the Chebyshev polynomials of the first kind
which for —1 < x <1 are given by the trigonometric definition

Ti(x)= cos(j arccos(x)) 4.42)
and can be calculated recursively
To(x) =1 (4.43)
Ti(x)=x (4.44)
Tjp1(x) =2xTj(x) = Tj—1(x). (4.45)
Substituting x = cost we find
Tj(cost) =cos(jt). (4.46)

Hence the Fourier series (4.38) corresponds to a Chebyshev approximation

f(x)= ]X(:)a/T(x)_ To(x) + Z ]T(x)+ﬁTM(x) (4.47)

and can be used to approximate the 1ntegral

1 T 1 1 M-1
/_lf(x)dx%/O {mco—i-— ch cos(]t)+—cMcos(Mt) sinfd6
(4.48)
M—1 .
1 1 cos(jm)+1 1 cos(Mm)+1
=—co+ — o AR — (449
MCO+MZC/ =2 TagMToapr . @

J=1

where, in fact, only the even j contribute.
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Example (Clenshaw Curtis quadrature for M =5) The function has to be evaluated
at the sample points x; = cos(%k) = (1, 0.80902, 0.30902, —0.30902, —0.80902,
—1). The Fourier coefficients are given by

co 1 2 2 2 2 1 fo
C 1 1618 0.618 -0.618 —-1.618 -1 N
o |1 0618 -—1618 -—1.618 0.618 1 h (4.50)
gl |1 -0618 —1.618 1.618 0.618 -1 f ’
c4 1 —1.618 0.618 0.618 —1.618 1 fa
Cs5 1 -2 2 -2 2 —1 f5
and the integral is approximately
co
1 °l
1 2 2 (&)
xXdx~[- 0 —-—= 0 —— 0
/_1 7 (5 15 75 ) c3
4
cs
=0.0400 fo + 0.3607 f1 4+ 0.5993 f> 4 0.5993 f3
+0.3607 f4 + 0.0400 f5. (4.51)

Clenshaw Curtis weights of very high order can be calculated efficiently [240, 267]
using the FFT algorithm (fast Fourier transformation, Sect. 7.3.2)

4.2.2 Gaussian Integration

Now we will optimize the positions of the N quadrature points x; to obtain the
maximum possible accuracy. We approximate the integral by a sum

b N
/ f)dx =Y f(xiw; (4.52)
@ i=1

and determine the 2N parameters x; and w; such that a polynomial of order 2N — 1
is integrated exactly. This can be achieved with the help of a set of polynomials
which are orthogonal with respect to the scalar product

b
(fg) =/ fx)g(x)w(x)dx (4.53)

where the weight function w(x) and the interval [a, b] determine a particular set of
orthogonal polynomials.
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4.2.2.1 Gauss-Legendre Integration

Again we restrict the integration interval to [—1, 1] in the following. For integrals
with one or two infinite boundaries see Sect. 4.2.2.2. The simplest choice for the
weight function is

wx)=1. (4.54)

An orthogonal system of polynomials on the interval [—1, 1] can be found using the
Gram-Schmidt method:

Py=1 (4.55)
P = Fo fl Po(x)dx = (4.56)
| =X PoPy) 71x 0(x)dx =x .
2 Py ! 2 Po ! 2
Py =x"— / x“Pi(x)dx — / x“Py(x)dx
(P1Pr) J1 (PoPo) J_1
= x2 _l 4.57)
3
Pn—l !
P, =x" — 7/ x"P,_1(x)dx
<Pn71Pn71> -1
Py, /1 n
2 | P (x)dx — - (4.58)
(PoaPya) )~ "

The P, are known as Legendre-polynomials. Consider now a polynomial p(x) of
order 2N — 1. It can be interpolated at the N quadrature points x; using the Lagrange
method by a polynomial p(x) of order N — 1:

N
Pe)=Y L;j(x)p(x)). (4.59)
j=1
Then p(x) can be written as

px)=p) + (x —x)(x —x2) -+ (x — xn)g(x). (4.60)

Obviously g (x) is a polynomial of order 2N — 1) — N = N — 1. Now choose the
positions x; as the roots of the Legendre polynomial of order N

(x —xp)(x —x2) -+ (x —xn) = Py (x). (4.61)

Then we have
1
/l(x—xl)(x—xz)---(x—xN)q(x)dx=0 (4.62)

since Py is orthogonal to the polynomial of lower order. But now

1 1 1 N N
/]p(x)dx:/lﬁ(x)dxzflZp(x]-)Lj(x)dx=ijp(xj) (4.63)
- - =1 j=1
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with the weight factors
1
wj = / Lj(x)dx. (4.64)
-1

Example (Gauss-Legendre integration with 2 quadrature points) The second order
Legendre polynomial

Py(x)=x>— % (4.65)

has two roots
1

X1,2 =+ 5 (4.66)

The Lagrange polynomials are
X — [ X+ %
\/, \/» Ly=——— (4.67)

and the weights

1 2 1
w1=/ lex=—£<x—— 1x> =1 (4.68)
. 2 \2 V3,
1 ﬁ x2 1!
w2 /4 M= <2 * 3x>_1 (469

This gives the integral rule

! 1 1
/_1 f)dx ~ f(—\/;> + f<\/;> (4.70)

For a general integration interval we substitute

a+b b—a
= 4.71
x T (4.71)
and find the approximation
— b—
/ f(x)dx— < —; + au) Zadu
a+b 1
2 3
a+b b —a /1
=) 4.72
¥ f( . 3)) @)
The next higher order Gaussian rule is given by
n=3: w1=w3=5/9, w2=8/9, X3=—X1=0.77459-~~, x2=0.

4.73)
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4.2.2.2 Other Types of Gaussian Integration

Further integral rules can be obtained by using other sets of orthogonal polynomials,
for instance

Chebyshev polynomials
1
w(x) = ﬁ (4.74)
1 1
/ f(x)dx = / FOV1 = x2w(x)dx 4.75)
-1 -1
Thg1(x) =2xT, (x) — Ty—1(x) (4.76)
. 2k — 1 . 477
xk_cos( N n) wk_ﬁ. “@.77)
Hermite polynomials
wx) =e (4.78)
/00 fx)dx = foo f(x)exzw(x)dx 4.79)
Ho(x)=1, Hi(x)=2x, Hpt1(x)=2xH,(x) —2nHy—1(x).
Laguerre polynomials
wx) = e " (4.80)
/OO fx)dx = /00 fx)e*w(x)dx (4.81)
0 0
Lo(x) =1, Lix)=1—x,
(4.82)

1
Lns1(0) = = (@1 =0 La(6) = nLy1 ().

4.2.2.3 Connection with an Eigenvalue Problem

The determination of quadrature points and weights can be formulated as an eigen-
value problem [109, 133]. Any set of orthogonal polynomials satisfies a three term
recurrence relation

Puy1(x) = (aps1x + b)) Pa(x) — cpy1 Pum1 (%) (4.83)

with a, > 0, ¢, > 0 which can be written in matrix form [272]



56 4 Numerical Integration

b 1
_ﬁ L
Po(x) o b1 Po(x)
Pi(x) “ @@ Pi(x)
i _ . . .
CN—'I _bna 1
Py_i(x) ay-—1 aN—1  an-i Py_1(x)
oN _bn
an an
0
0
+ : (4.84)
0
aw Pn ()
or shorter
1
xP(x) =TP(x) + — Pn(x)en—1 (4.85)
ay

with a tridiagonal matrix 7. Obviously Py (x) = 0 if and only if
xjP(xj) =TP(x;), (4.86)

hence the roots of Py (x) are given by the eigenvalues of 7. The matrix T is sym-
metric if the polynomials are orthonormal, otherwise it can be transformed into a
symmetric tridiagonal matrix by an orthogonal transformation [272]. Finally the
quadrature weight corresponding to the eigenvalue x; can be calculated from the
first component of the corresponding eigenvector [109].

4.3 Problems

Problem 4.1 (Romberg integration) Use the trapezoidal rule

| 1 b
T(h)=h(§f(a)+f(a+h)+“'+f(b—h)+Ef(b)> =/ f@)dx + -

(4.87)
with the step sequence
h; = h—(.) (4.88)
21
and calculate the elements of the triangular matrix
T ,0)=T(;) (4.89)
TGk =T + 1k 1) k=D TEALEZD (4.90)

2
hi

2
hi+k

1-—
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to obtain the approximations
To1 = Por, To2 = Poia, Toz = Poi23, 4.91)

e calculate
2

g
/ sin(x?)dx = 0.6773089370468890331 - - - (4.92)
0

and compare the absolute error of the trapezoidal sums 7' (h;) = T; ¢ and the ex-
trapolated values Tp ;.
e calculate

Udx
e VX

for & = 1073. Compare with the composite midpoint rule

T(h)=h(f(a+§>+f<a+%>+~--+f(b—%)+f<b—g>>.

(4.94)

(4.93)



Chapter 5
Systems of Inhomogeneous Linear Equations

Many problems in physics and especially computational physics involve systems of
linear equations

ajxy + - +apx, = by

(5.1)
Ap1X1 + -+ GpuXn = by
or shortly in matrix form
Ax=Db (5.2)
which arise e.g. from linearization of a general nonlinear problem like (Sect. 20.2)
dF IF
Fi(x1 -+ xp) Fe” o\ (T g | (- x
0= : = : + o ; 4.
0 0 dF 3 Fy 0
Faioxn) \Ba®.x®) 2o ), 0
(5.3)
or from discretization of differential equations like
0= gy | £GEDAO=1GAD _yin
=38 Ax g(jAx
1 , ’
_ Ax 1 -l s | e

X
1 . .
~Ax  Ax f]+1 8j+1

If the dimension of the system is not too large standard methods like Gaussian
elimination or QR decomposition are sufficient. Systems with a tridiagonal matrix
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are important for cubic spline interpolation and numerical second derivatives. They
can be solved very efficiently with a specialized Gaussian elimination method. Prac-
tical applications often involve very large dimensions and require iterative methods.
Convergence of Jacobi and Gauss-Seidel methods is slow and can be improved by
relaxation or over-relaxation. An alternative for large systems is the method of con-
jugate gradients.

5.1 Gaussian Elimination Method

A series of linear combinations of the equations transforms the matrix A into an
upper triangular matrix. Start with subtracting a;1/a; times the first row from rows
2...n

T
al a{
T T
azT 32 — 12131
i . (5.5)
.T T _ T
al a, —lya;

which can be written as a multiplication

AV =1,A (5.6)
with the Frobenius matrix
1
I 1
a
L= b 1 Iy = =L, (5.7)
: . aii
—In1 1
The result has the form
arl a2 ctr Alp—1 Al
(1) (1) (1)
0 ay - ay | ay
A= o &Y . o a0 (5.8)
0o :
1 1
0 al) .. . oD

Now subtract % times the second row from rows 3 - - - n. This can be formulated as

AP =1,AD =[,1,A (5.9)
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with
1
0 1 L0
L2 = 0 _132 1 li2 — 1_2 .
. a(l)
: : - 22
0 —lp 1
The result is
2) 2) ) 2
ayp G a4y
2 ) 2
0 ay ay - ay
2 _ 2) 2
AT=10 0 azz - a
: : : ;
0 0 ar(l3) e a,(m)

Continue until an upper triangular matrix results after n — 1 steps:

A(n—l) — Ln_lA(n—Z)

1 (n=2)
n,n—1

Ln—l = "‘ ln’n_l =
1 an—l,n—l

_ln,nfl 1

A" D= L, ---LoLiIA=U

urp u2 U3 -+ Ulp

uzp U3 -+ U2p

U= uzz -+ U3p
Unn

The transformed system of equations
Ux=y y=Lyp1Ly-—1---L2Lib

can be solved easily by backward substitution:

1

Xn = Yn

Unn

(n=2)

61

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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Xp_| = Yn—1 — XnUn—1,n (5.18)

Up—1,n—1
(5.19)

Alternatively the matrices L; can be inverted:

1 1
b 1 1
-1 1 -1 _
Ly' = 13‘1 L' =
: . 1
lnl 1 ln,nfl 1
(5.20)
This gives
A=Ly'Lyt LU (5.21)
The product of the inverted matrices is a lower triangular matrix:
1
h 1
—1y7-1_ 11 l 1
L'yt = 3.1 3.2
It In2 1
(5.22)
1
3 1
—1y-1 -1 .
L=L Ly L, ,= : :
lp—11 12 -+ 1
lnl ln2 te ln,nfl 1

Hence the matrix A becomes decomposed into a product of a lower and an upper
triangular matrix

A=LU (5.23)
which can be used to solve the system of equations (5.2).
Ax=LUx=Db (5.24)
in two steps:
Ly=b (5.25)

which can be solved from the top

yi=b (5.26)
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y2=by —Dy1 (5.27)
(5.28)
and
Ux=y (5.29)
which can be solved from the bottom
1
X, = YV (5.30)
Unn
Xp_i = Yn=1 7 XnUn—1n (5.31)
Upn—1,n—1

(5.32)

5.1.1 Pivoting

To improve numerical stability and to avoid division by zero pivoting is used. Most
common is partial pivoting. In every step the order of the equations is changed in
order to maximize the pivoting element a; x in the denominator. This gives LU
decomposition of the matrix PA where P is a permutation matrix. P is not needed
explicitly. Instead an index vector is used which stores the new order of the equations

1 i
Pl =]:1 (5.33)
N iN
Total pivoting exchanges rows and columns of A. This can be time consuming for
larger matrices.

If the elements of the matrix are of different orders of magnitude it can be nec-
essary to balance the matrix, for instance by normalizing all rows of A. This can be
also achieved by selecting the maximum of

Aik

S el (5.34)

as the pivoting element.

5.1.2 Direct LU Decomposition

LU decomposition can be also performed in a different order [203]. For symmet-
ric positive definite matrices there exists the simpler and more efficient Cholesky
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method decomposes the matrix into the product LLT of a lower triangular matrix
and its transpose [204].

5.2 QR Decomposition

The Gaussian elimination method can become numerically unstable [254]. An al-
ternative method to solve a system of linear equations uses the decomposition [108]

A=QR (5.35)

with a unitary matrix Q* Q =1 (an orthogonal matrix 0T QO =1if Aisreal) and an
upper right triangular matrix R. The system of linear equations (5.2) is simplified
by multiplication with QT = 0!

ORx=Ax=Db (5.36)

Rx=0Q'b. (5.37)

Such a system with upper triangular matrix is easily solved (see (5.29)).

5.2.1 QR Decomposition by Orthogonalization

Gram-Schmidt orthogonalization [108, 244] provides a simple way to perform a QR
decomposition. It is used for symbolic calculations and also for least square fitting
(10.1.2) but can become numerically unstable.

From the decomposition A = QR we have

k
ajk = Zqz'jrjk (5.38)
j=1
k
a =) rjq; (5.39)

j=1

which gives the k-th column vector a; of A as a linear combination of the orthonor-
mal vectors q - - - q¢. Similarly q is a linear combination of the first k& columns
of A. With the help of the Gram-Schmidt method rj; and q; are calculated as fol-
lows:

ryp = |a1| (5.40)

a
qi= —. (5.41)
r11
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Fork=2-.-n:
Tik ‘= ;g i=1---k—1 (5.42)
bii=ar —ridi — - — rk—1.4Gk-1 (5.43)
Tk = by (5.44)
by
qi = —. (5.45)
T'kk
Obviously now
ap =rkqk + rk—1,kGk—1 + -+ riegi (5.46)
since per definition
qag=ri i=1---k (5.47)
and
rie = bel? = Al i b b =2 = = 20 (5.48)
Hence
1 1
Qar = — (@ — rigd - re— 1k Gk- D = — (Jag)* —rfy — - — ri_l,k) = rkk-
Tkk Tkk
(5.49)
Orthogonality gives
qa=0 i=k+1---n. (5.50)
In matrix notation we have finally
i ri o Fg
o e T
A=(ar---a,) =(q1--qn) A E (5.51)
T'nn

If the columns of A are almost linearly dependent, numerical stability can be im-
proved by an additional orthogonalization step

by — br — (qib)qr — -+ — (Qr—1br)qi—1 (5.52)

after (5.43) which can be iterated several times to improve the results [66, 244].
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Fig. 5.1 (Householder u
transformation) A
Geometrically the
Householder transformation
(5.53) is a mirror operation
with respect to a plane with
normal vector u

5.2.2 QR Decomposition by Householder Reflections

Numerically stable algorithms use a series of transformations with unitary matrices,
mostly Householder reflections (Fig. 5.1) [244]! which have the form

P=P' =1-2uu’ (5.53)
with a unit vector
[ul=1. (5.54)
Obviously P is an orthogonal matrix since
PP =(1-2uu’)(1 —2uu’) =1 —4uu” + 4uu’wu’ = 1. (5.55)
In the first step we try to find a vector u such that the first column vector of A

ar
aj=| : (5.56)

Anl
is transformed into a vector along the 1-axis

k

0
Pa;=(1-2uu’)a; =ke;=| . |. (5.57)

! Alternatively Givens rotations [108] can be employed which need slightly more floating point
operations.
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Multiplication with the transpose vector gives
k= (Pal)TPal = alTPTPal = |31|2
and
k= =la|

can have both signs. From (5.57) we have
a; —2u(ua;) =ke;.
Multiplication with alT gives
2(ua))’ = |ai]* — k(arer)
and since
a1 —key |* = Jai > + k% — 2k(aie1) =2la1|* — 2k(arer)
we have
2(ua))* = %Ial — key|?
and from (5.60) we find

a; — ke1 a; — ke1

2ua;  |a; —key|

To avoid numerical extinction the sign of k is chosen such that

o =sign(k) = —sign(aji).

Then,
1
u=
\/2(af1 4+ a2) +2lanlyal, + -+ a2
: 2 2 2
sign(ar1)(lai| + ay, +ax +"'+an])
> az
Qanl
: 2 2 2
sign(ar)(lanl +4/ay; +ay; +---+a;))
2uuTal = @l

67

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)
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1

@+ +a2) +lanlyfal, + -+ a2
x (a,zl Flanl/a? + - +d? +adi +-~-+a31) (5.67)

and the Householder transformation of the first column vector of A gives

—sign(an),/a%1 .- -a’%l

(1-2uu’)a; = (_) . (5.68)

X

0
Thus after the first step a matrix results of the form

(1) (1) 1

ayy A e a4,

(1) (1)

AD = piA= 0 ay oy
: 3 3

0 a,g; a,gn)

In the following (n — 2) steps further Householder reflections are applied in the
subspace k <1i, j <n to eliminate the elements

Ak+1,k * " An k
of the k-th row vector below the diagonal of the matrix

o W O R €

ap : 1,k—1 ayk : 1n
0 :
(k—1) (k—1) (k—1)
A1 h—1 -1,k A—1,n
AD_p . ...pa=]| : : (k—1) (k—1)
k—1 1 : : 0 Ak a ,
(k—1) (k—1)
i1,k At1,n
0o ... 0 ar(,/f/;l) a,(,'f;l)
(5.69)
Iy
P, =
Ig—1

1 —2un’”
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Finally an upper triangular matrix results

a) @ ooap,y o,
0 ay - ay,  a,
A =P, .- .PDA=R=| * 0o . : : . (5.70)
o a S @,
0 0 - 0 al

If the orthogonal matrix Q is needed explicitly additional numerical operations are
necessary to form the product

Q= (P P). (5.71)

5.3 Linear Equations with Tridiagonal Matrix

Linear equations with the form

bixi+cixa=n (5.72)
aixi—1 +bixi +cixip1=ri i=2---(n—1) (5.73)
apXp—1 +bpx, =1y (5.74)

can be solved very efficiently with a specialized Gaussian elimination method.?
They are important for cubic spline interpolation or second derivatives. We begin
by eliminating a,. To that end we multiply the first line with a>/b; and subtract it
from the first line. The result is the equation

Boxa + c2x3 = p2 (5.75)
with the abbreviations
c1a ras
Bo=br——— pp=r——. (5.76)
by by
We iterate this procedure
Bixi + cixit1 = pi (5.77)
Ci—10; Pi—10i
 =b; — oi =Ti — (5.78)
ﬂl 14 ﬁ171 1 4 ﬂlil

2This algorithm is only well behaved if the matrix is diagonal dominant |b;| > |a;| + |c;].
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until we reach the n-th equation, which becomes simply
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BnXn = pn (5.79)
Cn—1an Pn—1dn
=b, — =ry— ——". (5.80)
ﬂﬂ " ﬂn—l " " IBn—l
Now we immediately have
Pn
Xp=— (5.81)
"B
and backward substitution gives
Xioj = Pi—1 — Ci—1X; (5.82)
Bi-1
and finally
x=2 2 (5.83)
B2
This algorithm can be formulated as LU decomposition: Multiplication of the ma-
trices
1 B c
L 1 B
L= I3 1 U= B3 ¢ (5.84)
Iy 1 Bn
gives
B <
LU = - h 5.85
lii-1  (ici-1 +Bi)  ci (5:53)

lnIBn—l

Uncn—1+ Bn)
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which coincides with the matrix

if we choose

since then from (5.78)

and

b1 1

az

a; b,’ Ci
an—1
[
Bi-1
b =B +lici—
liBi-1=a.

5.4 Cyclic Tridiagonal Systems

bp—1 cu_1
dn by,

71

(5.86)

(5.87)

(5.88)

(5.89)

Periodic boundary conditions lead to a small perturbation of the tridiagonal matrix

The system of equations

by ¢
a
ai b ¢
ap—1
Cp
AX=r

aj
by—1 cp-1
an by

(5.90)

(5.91)

can be reduced to a tridiagonal system [205] with the help of the Sherman-Morrison
formula [236], which states that if Ag is an invertible matrix and u, v are vectors

and

1+v Aj'u#0

(5.92)
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then the inverse of the matrix>

A e AO —|— uVT (593)
is given by
_1 ~1 AaluVTA_1
AT =A) — i (5.94)
1+vIA  u
We choose
« o ai
0
w’ =] : (1 0 - 0 “—‘): . (5.95)
: o
0 aicy
Cn Cn o
Then
(b1 —a) c1 0
aj
T * . ‘ . * .
Ag=A —uv = ai b ¢
an—1 by Cn—1
0 ay  (by— )
(5.96)

is tridiagonal. The free parameter « has to be chosen such that the diagonal elements
do not become too small. We solve the system (5.91) by solving the two tridiagonal
systems

A()Xo =r
(5.97)
Apq=u
and compute x from
A v (Agr T
x:A_lr:Aalr—L(ilo):xo—q YR 598
14+ vI(A; u) l+viq

3Here uv’ is the outer or matrix product of the two vectors.



5.5 [Iterative Solution of Inhomogeneous Linear Equations 73
5.5 Iterative Solution of Inhomogeneous Linear Equations

Discretized differential equations often lead to systems of equations with large
sparse matrices, which have to be solved by iterative methods.

5.5.1 General Relaxation Method

We want to solve
Ax=Db (5.99)
iteratively. To that end we divide the matrix A into two (non singular) parts [244]

A=A+ Ay (5.100)

and rewrite (5.99) as
Aix=b — Axx (5.101)

which we use to define the iteration
x"HD = ¢ (x™) (5.102)
d(x)=—A;Ax+ A7 'D. (5.103)
A fixed point x of this equation fulfills
Xfp=P(Xpp) =—A7 ' Axpp, + AT'D (5.104)
and is obviously a solution of (5.99). The iteration can be written as
XD = —ATHA - ADx™ + AT'D
= (E-AT'A)x" + AT =x" — AT (Ax™ —b)  (5.105)

or

Ay (xTD —x™) = —(Ax™ —b). (5.106)

5.5.2 Jacobi Method

Jacobi divides the matrix A into its diagonal and two triangular matrices [38]:

A=L+4+U+D. (5.107)
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For A the diagonal part is chosen

A=D (5.108)
giving
x"D = _p~1A - D)x" + Db (5.109)
which reads explicitly
oed L x4 L, 5.110
X; _—;Za,]xj —l—; ;. (5.110)
123 /7&[ 12

This method is stable but converges rather slowly. Reduction of the error by a factor
of 1077 needs about % iterations. N grid points have to be evaluated in each
iteration and the method scales with O (N 2) [206].

5.5.3 Gauss-Seidel Method

With
Aj=D+L (5.111)
the iteration becomes
(D + L)x"tD = —yx™ 4+ p (5.112)

which has the form of a system of equations with triangular matrix [139]. It reads
explicitly

3 ayx = =3 + ;. (5.113)

J<i J>i

Forward substitution starting from x| gives

1
=t = (- Tal )

an jz2
1
; +1 +1
i=2 x = i (—azm(n = E aijx;") +b2>

Jj=3

. 1 1 1 1
i=3: x§"+ ) = E (—031x{"+ ) _ a32x§"+ ) — Zaijxj(‘n) + b3)
j=4
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+n_ 1 +1
£ >:;<_Z aijx j" ) Za,jx()—}—b) (5.114)
t j<i Jj>i

This looks very similar to the Jacobi method. But here all changes are made im-
mediately. Convergence is slightly better (roughly a factor of 2) and the numerical
effort is reduced [206].

5.5.4 Damping and Successive Over-Relaxation

Convergence can be improved [206] by combining old and new values. Starting
from the iteration

AxtD = (A; — A)x™ +b (5.115)
we form a linear combination with
Dx"*D = px™ (5.116)
giving the new iteration equation
(1 =)D + 0A)x") = ((1 =)D + 0A; — 0A)x™ +ob.  (5.117)
In case of the Jacobi method with D = A we have
DX = (D — wA)X™ + wb (5.118)

or explicitly

X = (1 — o)™ + ( Za,j ()+b) (5.119)

The changes are damped (0 < w < 1) or exaggerated* (1 < w < 2).
In case of the Gauss-Seidel method with A| = D + L the new iteration (5.117)
is

(D + owL)x"D = (D + wL — 0A)x™ + wb = (1 — 0)Dx™ — wUXx™ + wb
(5.120)
or explicitly

xi(n+1) (1 w)x(n) (Zaux(H]) Zaz,x(")+b) (5.121)

Jj<i Jj>i

4This is also known as the method of successive over-relaxation (SOR).
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It can be shown that the successive over-relaxation method converges only for 0 <
w<2.
For optimal choice of @ about % p~/ N iterations are needed to reduce the error

by a factor of 1077. The order of the method is O (N %) which is comparable to the
most efficient matrix inversion methods [206].

5.6 Conjugate Gradients

At the minimum of the quadratic function
T 1 r
h(x)=ho+b"'x+ T Ax (5.122)

the gradient
g=Vh(x)=Ax+b (5.123)

is zero and therefore the minimum of /4 is also a solution of the linear system of
equations

Ax = —b. (5.124)

The stationary point can be found especially efficient with the method of conjugate
gradients (page 107). The function / is minimized along the search direction

Sr+1=—8r+1 + Br+18r
by solving
3 1
0= - (bT(xr +As;) + E(x,T +asT)A(x, + Asr)>
=b’s, +x As, + As! As, (5.125)
b’ TA
A= S EXAS | BS (5.126)
s! As, ! Asy

The parameter g is chosen as

g2
Bri1 =L (5.127)
g

r

The gradient of £ is the residual vector and is iterated according to
g+1=AX, +ArS) +b=g, + A As,. (5.128)

This method [121] solves a linear system without storing the matrix A itself. Only
the product As is needed. In principle the solution is reached after N = dim(A)
steps, but due to rounding errors more steps can be necessary and the method has to
be considered as an iterative one.
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LU and QR decomposition can be also used to calculate the inverse of a nonsingular

matrix

AAT =1.

(5.129)

The decomposition is performed once and then the column vectors of A~! are cal-

culated similar to (5.24)
L(UA™Y) =1
or (5.37)

RA™' = 0F.

Consider now a small variation of the right hand side of (5.2)

b + Ab.

Instead of
A"'b=x
the resulting vector is
A7 (b + Ab) =x+ Ax

and the deviation can be measured by”
lax] = A~ ab]|

and since
IAIIx]l = [Ib]]
the relative error becomes

A Ab
10 _ oy pact1ab0
I DI

The relative error of b is multiplied by the condition number for inversion

cond(A) = | A|| A7

S>The vector norm used here is not necessarily the Euclidian norm.

(5.130)

(5.131)

(5.132)

(5.133)

(5.134)

(5.135)

(5.136)

(5.137)

(5.138)
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5.8 Problems

Problem 5.1 (Comparison of different direct Solvers, Fig. 5.2) In this computer
experiment we solve the system of equations

Ax=b (5.139)

with several methods:

e Gaussian elimination without pivoting (Sect. 5.1),

e Gaussian elimination with partial pivoting (Sect. 5.1.1),

e QR decomposition with Householder reflections (Sect. 5.2.2),

e QR decomposition with Gram-Schmidt orthogonalization (Sect. 5.2.1),

e QR decomposition with Gram-Schmidt orthogonalization with extra orthogonal-
ization step (5.52).

The right hand side is chosen as

1
2
b=A]| . (5.140)
n
hence the exact solution is
1
2
x=]| . 1. (5.141)
n

Several test matrices can be chosen:

e Gaussian elimination is theoretically unstable but is stable in many practical
cases. The instability can be demonstrated with the example [254]

A=|-1 -1 1 Ll (5.142)
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maximum absolute error

10 ““‘10 ‘ ‘ 100
dimension n

Fig. 5.2 (Comparison of different direct solvers) Gaussian elimination without (circles) and with
(x) pivoting, QR decomposition with Householder reflections (squares), with Gram-Schmidt or-
thogonalization (diamonds) and including extra orthogonalization (4) are compared. The maxi-
mum difference max;—i..., (|]x; — xf’“”’l) increases only slightly with the dimension 7 for the well
behaved matrix ((5.146), a) but quite dramatically for the ill conditioned Hilbert matrix ((5.148), b)

No pivoting takes place in the LU decomposition of this matrix and the entries in
the last column double in each step:

1 1 1 1
1 2 1 2
Ao | =11 2 4O 1 4
-1 -1 -1 2 -1 -1 4
! | (5.143)
1 2
A=) _ 4
zn;l

Since the machine precision is €y = 273 for double precision calculations
we have to expect numerical inaccuracy for dimension n > 53.
e Especially well conditioned are matrices [273] which are symmetric

Aij=Aji (5.144)
and also diagonal dominant

D 1A < Aiil. (5.145)
j#i
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Fig. 5.3 (Condition 102
numbers) The condition
number cond(A) increases
only linearly with the
dimension n for the well
behaved matrix ((5.146), full
circles) but exponentially for
the ill conditioned Hilbert
matrix ((5.148), open circles)

—_
(=]
>

condition number

10 5 10 15
dimension n

We use the matrix

—_
S =
—_—
—_—

A=|: : (5.146)

—
— —
—
—_ 3
S =

which can be inverted explicitly by

a b - b b
b a b b
A7l =] : . a= ! b=— ! (5.147)
B . - 1> 7= 2 :
b b b a b "2 =3+l
b b b b a

and has a condition number® which is proportional to the dimension n (Fig. 5.3).
e The Hilbert matrix [22, 122]

1 1 1
L5 3 m
11 1 1
2 3 4 n+1
S I L (5.148)
- 3 4 5 n+2 .
I IR I O
n n+l n+2 2n—1

is especially ill conditioned [16] even for moderate dimension. It is positive def-
inite and therefore the inverse matrix exists and even can be written down ex-
plicitly [222]. Its column vectors are very close to linearly dependent and the

8Using the Frobenius norm ||A|| = /3", A,.Zj‘
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condition number grows exponentially with its dimension (Fig. 5.3). Numerical
errors are large for all methods compared (Fig. 5.2).
e Random matrices

Aj=Ee[—1,1]. (5.149)



Chapter 6
Roots and Extremal Points

In computational physics very often roots of a function, i.e. solutions of an equation
like

flxp---xy)=0 (6.1)
have to be determined. A related problem is the search for local extrema (Fig. 6.1)
max f(xy---xy) min f(xy---xn) (6.2)
which for a smooth function are solutions of the equations
9 e
WX o iy N. (6.3)
3x,’

In one dimension bisection is a very robust but rather inefficient root finding method.
If a good starting point close to the root is available and the function smooth enough,
the Newton-Raphson method converges much faster. Special strategies are neces-
sary to find roots of not so well behaved functions or higher order roots. The combi-
nation of bisection and interpolation like in Dekker’s and Brent’s methods provides
generally applicable algorithms. In multidimensions calculation of the Jacobian ma-
trix is not always possible and Quasi-Newton methods are a good choice. Whereas
local extrema can be found as the roots of the gradient, at least in principle, direct
optimization can be more efficient. In one dimension the ternary search method or
Brent’s more efficient golden section search method can be used. In multidimen-
sions the class of direction set search methods is very popular which includes the
methods of steepest descent and conjugate gradients, the Newton-Raphson method
and, if calculation of the full Hessian matrix is too expensive, the Quasi-Newton
methods.

6.1 Root Finding

If there is exactly one root in the interval @y < x < bg then one of the following
methods can be used to locate the position with sufficient accuracy. If there are
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Fig. 6.1 Roots and local
extrema of a function

Fig. 6.2 Root finding by
bisection

multiple roots, these methods will find one of them and special care has to be taken
to locate the other roots.

6.1.1 Bisection

The simplest method [45] to solve

fx)=0 6.4)
uses the following algorithm (Fig. 6.2):

(1) Determine an interval [ag, bg], which contains a sign change of f(x). If no such
interval can be found then f(x) does not have any zero crossings.

(2) Divide the interval into [ag, ag+ bog“‘) 1 [ao+ bo;“‘) , bo] and choose that interval
[a1, b1], where f(x) changes its sign.

(3) repeat until the width b, — a,, < ¢ is small enough.!

The bisection method needs two starting points which bracket a sign change of
the function. It converges but only slowly since each step reduces the uncertainty by
a factor of 2.

Usually a combination like & = 2¢; + |b, |, of an absolute and a relative tolerance is taken.



6.1 Root Finding 85

Fig. 6.3 Regula falsi method

6.1.2 Regula Falsi (False Position) Method

The regula falsi [92] method (Fig. 6.3) is similar to the bisection method [45].
However, polynomial interpolation is used to divide the interval [x,,a,] with
f(xr) f(ar) <0. The root of the linear polynomial

)f(ar) — fx)

ar — Xy

px)=f(x)+ (x —xr (6.5)

is given by
ar — Xy _ ar f(x,) —x, f(ay)
fla)— fGx)  f&) = flar)

which is inside the interval [x;, a,]. Choose the sub-interval which contains the sign
change:

& =xr — f(x;) (6.6)

FO) &) <0— [xpyg1, arp1] =[x, &
f(xr)f(fr) >0— [xr+1a ar—i—l] =&, ar]

Then &, provides a series of approximations with increasing precision to the root of

fx)=0.

6.7)

6.1.3 Newton-Raphson Method

Consider a function which is differentiable at least two times around the root &.
Taylor series expansion around a point x¢ in the vicinity

1
F(x) = f(x0) + (x —x0) f/(x0) + E(x —x0)* f"(x0) + - -- (6.8)

gives for x =&

1
0= f(x0) + (§ — x0) f"(x0) + 5@ —x0)°f" (o) + -+ (6.9)
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Fig. 6.4 Newton-Raphson
method

2nd

\

order NR

Y

St order NR
f(x)

Truncation of the series and solving for & gives the first order Newton-Raphson
[45, 252] method (Fig. 6.4)

S
] = Xy — 6.10
T = S (xr) ( )
and the second order Newton-Raphson method (Fig. 6.4)
f1G) £V )2 = 2f (o) £ (x)
Xyl =Xy — . (6.11)

S (xr)

The Newton-Raphson method converges fast if the starting point is close enough
to the root. Analytic derivatives are needed. It may fail if two or more roots are close
by.

6.1.4 Secant Method

Replacing the derivative in the first order Newton Raphson method by a finite dif-
ference quotient gives the secant method [45] (Fig. 6.5) which has been known for
thousands of years before [196]

— f ) (6.12)

Xril =X X)) ————————— .
T r> — fr—1)

Round-off errors can become important as |f(x;) — f(x,—1)| gets small. At the
beginning choose a starting point xo and determine

2h
T O G~ TG @19

using a symmetrical difference quotient.
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Fig. 6.5 Secant method

X
6.1.5 Interpolation
The secant method is also obtained by linear interpolation
X —Xr—1
px) = —fr 1+ — /- (6.14)
Xr—1— Xr — Xr—1
The root of the polynomial p(x,+1) = 0 determines the next iterate x,
— A )
Xr41 = X 1 —Xr=1Jr) =X r .
- fr 1= fr T ' f fr 1

Quadratic interpolation of three function values is known as Muller’s method [177].
Newton’s form of the interpolating polynomial is

px) = fr +(x —xp) flxr, 1]+ (6 — x) (0 — x021) f L2, 21, Xr—2]

(6.16)
which can be rewritten
) = fr+ (& —x) f e, X114 (6 — %)% f X, Xp—1, Xr—2]
+ (o — xr— ) = xp) f X7, Xp—1, Xp—2]
= fr + (x _xr)zf[xrs Xr—1,Xr—2]
+ (x _xr)(f[xr, Xr—114 flxr, xp—2] — f[xrflvxer])
= fr+ Alx —x) + B(x — x,)? (6.17)
and has the roots
2
x,+1=xr—ii AT (6.18)

2B 4B? B

To avoid numerical cancellation, this is rewritten
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Fig. 6.6 Root finding by y
interpolation of the inverse i _
function /Y= (2(1)
e o x=f (y)
(S5 1 iy A
fol------ Lo
Xr+1- - % E E E
o E XrXr—1 Xr—2 X
"""" f r+1
X4l =Xr + L(—Aﬂ:,/A2 —4Bf;)
r r 2B r
2, Ny
= A A2 —4B
i —any AT 1)
=2
= Ir (6.19)

A+ /A2 —4Bf,’

The sign in the denominator is chosen such that x,4; is the root closer to x,. The
roots of the polynomial can become complex valued and therefore this method is
useful to find complex roots.

6.1.6 Inverse Interpolation

Complex values of x, can be avoided by interpolation of the inverse function instead

x=f"'). (6.20)

Using the two points x,, x,_; the Lagrange method gives

y_fr y_fr—l
. , 6.21
POY =X (621

and the next approximation of the root corresponds again to the secant method (6.12)

xr—lfr _xrfr—l (Xr—1—x)
Xt1=p0)=—"7F—"—"—=0x + — /. (6.22)
" fr = fri A
Inverse quadratic interpolation needs three starting points x;, x,_1, x,_7 together
with the function values f;, fr—_1, fr—2 (Fig. 6.6). The inverse function x = f -1 )

is interpolated with the Lagrange method
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(a) (b) (©)

p(y) |
0, ) / a 5 5
/ y i/[/(fz X2) y j Y

(fy x4) (fy x4) (fy x4)

Fig. 6.7 (Validity of inverse quadratic interpolation) Inverse quadratic interpolation is only appli-
cable if the interpolating polynomial p(y) is monotonous in the range of the interpolated function
values f1 ... f3. (a) and (b) show the limiting cases where the polynomial has a horizontal tangent
at f1 or f3. (c) shows the case where the extremum of the parabola is inside the interpolation range
and interpolation is not feasible

p(y) _ (y - frfl)(y - fr) Xpoo + (y - fr72)(y - fr) X
(2= fr-D(fra = )7 (frot = ) (o1 = £

O—=fic) = fri2)

. 6.23
VA A 23
For y = 0 we find the next iterate
fr—lfr fr—2fr
r - 0) = r— r—
R Sl e Yy Ay L § AR S Ty A S R
fr—lfr—Z (624)

LT Ty S
Inverse quadratic interpolation is only a good approximation if the interpolating
parabola is single valued and hence if it is a monotonous function in the range of
fr» fr=1, fr—2. For the following discussion we assume that the three values of x
are renamed such that x| < xp < x3.
Consider the limiting case (a) in Fig. 6.7 where the polynomial has a horizontal
tangent at y = f3 and can be written as

2
p(y) =x3+ (x —JQ)%. (6.25)
Its value at y =0 is
73

0) = —ya)— 73

p0) =x3+ (x1 x3)(f1 ~ A
= 53 6.26
—x1+(x3—x1) l—m . ( )

If f1 and f3 have different sign and | f1| < | f3| (Sect. 6.1.7.2) we find
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f3 3
(f1— fa)2 4

Brent [36] used this as a criterion for the applicability of the inverse quadratic
interpolation. However, this does not include all possible cases where interpolation
is applicable. Chandrupatla [54] gave a more general discussion. The limiting con-
dition is that the polynomial p(y) has a horizontal tangent at one of the boundaries
x1,3. The derivative values are

1— (6.27)

dp .. x(fi—f) x3(f1— /) X1 x]
Ay s Ay S Yo ARy Ry g o
__ (=1 [)62(f3—f1)2 .
B-m-L -2
N Dt f1)2}
(f2— f1)?
(f2 — fu)(x2 —x1)
= — 6.28
(f3—f1)(f3—f2)[ 5 ] (6.28)
dp, . x(fs—f1) x1(f3 — f2) x3 x3
A Ay S Ay S 7R Y DR S Ry S P
__ (=D [_xz(f3—f1)2+x3(f3—f1)2
(2= (s —f) (f3— f2)? (f3— f2)?
B f2)? ]
Shepr
_ (=03 —x) [< 1 )2 o1 ] (6.29)
(L= (- )L\ -1 1-§
with [54]
I Rntd S - fi (6.30)
X3 — X =N
X2 — X3 h-r
—l=—= b —-1= . 6.31
5 X3 — X1 - (631)

Since for a parabola either f| < f> < f3 or f1 > f> > f3 the conditions for appli-
cability of inverse interpolation finally become

P2 < £ (6.32)
1—&>(1—9)? (6.33)
which can be combined into

—J1—¢<|@| < E. (6.34)

This method is usually used in combination with other methods (Sect. 6.1.7.2).
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6.1.7 Combined Methods

Bisection converges slowly. The interpolation methods converge faster but are less
reliable. The combination of both gives methods which are reliable and converge
faster than pure bisection.

6.1.7.1 Dekker’s Method

Dekker’s method [47, 70] combines bisection and secant method. The root is brack-
eted by intervals [c,, b,] with decreasing width where b, is the best approxima-
tion to the root found and ¢, is an earlier guess for which f(c,) and f(b,) have
different sign. First an attempt is made to use linear interpolation between the
points (b, f(b;)) and (a,, f(a,)) where a, is usually the preceding approximation
ar = by_1 and is set to the second interval boundary a, = c,_1 if the last iteration
did not lower the function value (Fig. 6.8).

Starting from an initial interval [xo, x1] with sign(f(xo)) # sign(f(x1)) the
method proceeds as follows [47]:

e initialization

fi=f&) fo= f(xo0)
i f1] < | fol then {
b=x1 c=a=xp
fo=f fe=fa= fo}
else {

b=xy c=a=x
fo=fo fe=rfa=f1}

e iteration

If x, is very close to the last b then increase the distance to avoid too small steps
else choose x; if it is between b and x,,, otherwise choose x,, (thus choosing the
smaller interval)

b+ §sign(c —b) ifabs(xy —b) <§
Xp =4 Xg ifb+8<xg<xy0rb—38>x5>x,
Xm else.
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Fig. 6.8 Dekker’s method r

(x)

Determine x; as the latest of the previous iterates xg...x,—1; for which
sign(f (xk)) # sign(f (x,)).
If the new function value is lower update the approximation to the root
Jr=fxr)
if | fr] < | fi| then {
a=b b=x, c=x;
fa=f fo=F fe=Ji}
otherwise keep the old approximation and update the second interval boundary
if | f] = | fk| then {
b=xy a=c=x,
fo=Te Jfa=fc= 1)

repeat until [c —b| < e or f, =0.

6.1.7.2 Brent’s Method

In certain cases Dekker’s method converges very slowly making many small steps of
the order €. Brent [36, 37, 47] introduced some modifications to reduce such prob-
lems and tried to speed up convergence by the use of inverse quadratic interpolation
(Sect. 6.1.6). To avoid numerical problems the iterate (6.24) is written with the help
of a quotient

_ Jofe Jafe
Xpgpl = a—+ b
(fa_fb)(fa_fc) (fb_fa)(fb_fc)
fbfa c
(fc - fb)(fc - fa)
—pt+ P (6.35)

q
with
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fb fa fa fb fb
? fa<(c )fc(fc fc> ( “)(fc 1))

— (C_b)fb(fc}cz fb) . (b —a) fb(]}l;fcfc)
_ afp fe(fo — fo) +DUfa fo(fo — fo) + fofe(fe — fo)]l +cfafo(fa — fb)
fal? (6.36)
q}(& B 1)(@ B 1)(@ ~ 1) __Ua= Sy = fI U= fa)
fe fe fa faf?
(6.37)

If only two points are available linear interpolation is used. The iterate (6.22)
then is written as

(a—b) p
o =b+ —p+ 2 6.38
Xr41 fb_fafb p (6.38)
with
p:(a—b)% q:(%—l). (6.39)

The division is only performed if interpolation is appropriate and division by zero
cannot happen. Brent’s method is fast and robust at the same time. It is often rec-
ommended by text books. The algorithm is summarized in the following [209].
Start with an initial interval [xq, x1] with f(xg) f(x1) <0

e initialization

a=xy) b=x1 c=a
fa=f@) fo=f0) fe=/ta
e=d=b—a
e iteration
If ¢ is a better approximation than b exchange values
if | ol < | fy then {
a=b b=c c=a
Ja=1F o=t fc:fa}
calculate midpoint relative to b
X, =0.5(c —b)
stop if accuracy is sufficient
if |x,,| < & or fp =0 then exit

use bisection if the previous step width e was too small or the last step did not
improve
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if e] < e or|fq] <|fpl then {
e=d=xy}

otherwise try interpolation

else {
if a = ¢ then {
p=2xm§ = fb_fu}
fa Jfa
else{
P =2 fb(fc}cz— fo) o —“)fb(?;;cm

(=)0
g=|=—-1)=—-1)|=-1
fe fe fa
make p a positive quantity
if p > 0then {g = —q}else {p = —p}
update previous step width
s=e e=d

use interpolation if applicable, otherwise use bisection

if 2p <3x,q9 — |eq| and p < |0.5s¢| then {

d=£}

q
else {e =d = x,,}
a=b fa=fp
if |d| > ¢ then {
b=>b+d}

else {b=0b+ esign(xy)}
calculate new function value
fo=f(b)
be sure to bracket the root
if sign( fp) = sign( f,) then {

c=a fe=/a
e=d=>b—a}
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Fig. 6.9 Chandrupatla’s f
method

6.1.7.3 Chandrupatla’s method

In 1997 Chandrupatla [54] published a method which tries to use inverse quadratic
interpolation whenever possible according to (6.34). He calculates the relative posi-
tion of the new iterate as (Fig. 6.9)

X —C
“bh-c
_ 1 |: Jefb a+ Jafe b
b—cl(fa—fo)fa= S (o= J)(fo— fo)
+ fbfa C_Cj|
(fe = fo)(fe — fa)

:a_c Je Jb + fafe
b—cfe—fafo—Ffa (o= Ff)fo—fo)

The algorithm proceeds as follows:

(6.40)

Start with an initial interval [xg, x1] with f(xg) f(x1) <0

e initialization

b=xy a=c=x

fo=fb) fa=fc=f(o)
t=0.5

e iteration

xr=a—+tb—a)
fr=f(x)



96

6 Roots and Extremal Points

absolute error

|
30
iterations

40

50 60

Fig. 6.10 (Comparison of different solvers) The root of the equation f(x) = x2 —2 is determined
with different methods: Newton-Raphson (a, squares), Chandrupatla (b, circles), Brent (c, trian-
gle up), Dekker (d, diamonds), regula falsi (e, stars), pure bisection (f, dots). Starting values are
x1 = —1, xp = 2. The absolute error is shown as function of the number of iterations. For x; = —1,
the Newton-Raphson method converges against —+/2

Fig. 6.11 (Comparison of
different solvers for a third
order root) The root of the
equation f(x) = (x — 1)3 is
determined with different
methods: Newton-Raphson
(a), Chandrupatla (b),

Brent (c), Dekker (d), regula
falsi (e), pure bisection (f).
Starting values are x; =0,
x2 = 1.8. The absolute error
is shown as function of the
number of iterations

Fig. 6.12 (Comparison of
different solvers for a high
order root) The root of the
equation f(x) = xB s
determined with different
methods: Newton-Raphson
(a), Chandrupatla (b, circles),
Brent (c¢), Dekker (d), regula
falsi (e), pure bisection (f,
dots). Starting values are
x1=—1,xp =2. The
absolute error is shown as
function of the number of
iterations

absolute error

absolute error

50
number of iterations

L1 ‘
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! |
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iterations



6.1 Root Finding 97

if sign(f;) = sign(f,) {

c=a fe=fa
a=x; fo=F}
else {

c=b b=a a=x;

fc:fb fb:fa fa:ft}

Xm=a fm=fa
if abs( fp) < abs(f,) {
Xm=b  fm= fb}
tol =2ep x| + €4
1ol
"=

if ; > 0.5 or f;, =0 exit
s:a_b @_fa_fb

c—b _fc_fb
ifl—,/1—§<<1><\/§{

;= Ja Je +C_a Ja Jb }
Jo—Jfafo—FJc b—afe—fafe—Tp

else {r =0.5}

ift <y {t=1}

ift>0—-1){t=1-1}

Chandrupatlas’s method is more efficient than Dekker’s and Brent’s, especially for
higher order roots (Figs. 6.10, 6.11, 6.12).

6.1.8 Multidimensional Root Finding

The Newton-Raphson method can be easily generalized for functions of more than
one variable. We search for the solution of a system of n nonlinear equations in n
variables x;

VAYCTRERE)
SanCxr -+ xp)
The first order Newton-Raphson method results from linearization of
0=f(x) =f(x") + J (x") (x —=x°) + - -- (6.42)

with the Jacobian matrix



98 6 Roots and Extremal Points

o ... dh
x| 0xy
J=| + .. | (6.43)
fn 0fn
e e

If the Jacobian matrix is not singular the equation

0=f(x") + J (x°) (x — x°) (6.44)
can be solved by
x=x" — (J(x°)) 'f(x°). (6.45)
This can be repeated iteratively
XD =xO — (7 (x)) 7 e(x"). (6.46)

6.1.9 Quasi-Newton Methods

Calculation of the Jacobian matrix can be very time consuming. Quasi-Newton
methods use instead an approximation to the Jacobian which is updated during each
iteration. Defining the differences

d® =xth _x (6.47)
y" = f(x(’“)) _ f(x(r)) (6.48)

we obtain from the truncated Taylor series
£(xU D) = £(x) + 7 (x7) (x"TD —x) (6.49)

the so called Quasi-Newton or secant condition
y =7(x")a". (6.50)

We attempt to construct a family of successive approximation matrices J,- so that, if
J were a constant, the procedure would become consistent with the Quasi-Newton
condition. Then for the new update J, | we have

Jrpd® =y, (6.51)

Since d, y) are already known, these are only n equations for the n? elements of
Jr+1. To specify J,-41 uniquely, additional conditions are required. For instance, it
is reasonable to assume, that

Jrpyu=Ju foralluld®, (6.52)

Then J, 4 differs from J, only by a rank one updating matrix
Jop1=Jr +ud®7, (6.53)

From the secant condition we obtain
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Jr41d? = 7,d7 +u(d@”d"7) =y (6.54)

hence

(y" - J.d"). (6.55)

a2
This gives Broyden’s update formula [42]

Jrs1=Jy (y" - 7,d7)a"7. (6.56)

1
MPIGIE

To update the inverse Jacobian matrix, the Sherman-Morrison formula [236]

-l_ 4—1_ ATuv' A
W) = AT T (6.57)
can be applied to have
ot @ - T
T a0y ) - Jd0)
Ty — g@yq»T g1
_Jr_l _ ( r Y ) r (658)

AT Ly

6.2 Function Minimization

Minimization or maximization of a function® is a fundamental task in numerical
mathematics and closely related to root finding. If the function f (x) is continuously
differentiable then at the extremal points the derivative is zero

df
i
Hence, in principle root finding methods can be applied to locate local extrema of
a function. However, in some cases the derivative cannot be easily calculated or the
function even is not differentiable. Then derivative free methods similar to bisection
for root finding have to be used.

0. (6.59)

6.2.1 The Ternary Search Method

Ternary search is a simple method to determine the minimum of a unimodal func-
tion f(x). Initially we have to find an interval [ag, bg] which is certain to con-
tain the minimum. Then the interval is divided into three equal parts [ag, col,

2In the following we consider only a minimum since a maximum could be found as the minimum

of — f(x).
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Fig. 6.13 Ternary search
method

[co, dol, [do, bo] and either the first or the last of the three intervals is excluded
(Fig. 6.13). The procedure is repeated with the remaining interval [a1, b1] = [ag, dp]
or [ay, b1] = [co, bol.

Each step needs two function evaluations and reduces the interval width by a fac-
tor of 2/3 until the maximum possible precision is obtained. It can be determined by
considering a differentiable function which can be expanded around the minimum
X0 as

(x — x0)*
fx) = f(xo) + Tf"()éo)v“w (6.60)
Numerically calculated function values f(x) and f (xg) only differ, if
(x — x0)*
— "(x0) > em f (x0) 6.61)
which limits the possible numerical accuracy to
. 2f(xo0)
= —xo| = 6.62
&(x0) = min|x — x| F7x0) EM (6.62)

and for reasonably well behaved functions (Fig. 6.14) we have the rule of thumb
[207]

£(x0) & /En1. (6.63)

However, it may be impossible to reach even this precision, if the quadratic term
of the Taylor series vanishes (Fig. 6.15).
The algorithm can be formulated as follows:

e iteration
if (b — a) < & then exit
1 2
c=a+§(b—a) d=a+ g(b—a)

fe=f() fa=[fd)
if fo < fgthenb=delsea=c
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10 ; ; T T ; T ;
5 f(x)=140.01%x"+0.1%x" E

absolute error

10 18E . ! . ! . ! . ! A . E
0 10 20 30 40 50 60
number of iterations

Fig. 6.14 (Ternary search method) The minimum of the function f(x) =1+ 0.01x2 4+ 0.1x% is
determined with the ternary search method. Each iteration needs two function evaluations. After
50 iterations the function minimum fri, = 1 is reached to machine precision ey & 10716, The
position of the minimum xy, cannot be determined with higher precision than /ey, ~ 1078 (6.63)

10 T T T T T

absolute error

If-f

min|

L L | L | L | L L
107 10 20 30 40 50 60
number of iterations

Fig. 6.15 (Ternary search method for a higher order minimum) The minimum of the function
f(x)=1+0.1 x* is determined with the ternary search method. Each iteration needs two function
evaluations. After 30 iterations the function minimum fi, = 1 is reached to machine precision
ey ~ 10716, The position of the minimum xp,;, cannot be determined with higher precision than

Ve~ 1074
6.2.2 The Golden Section Search Method (Brent’s Method)

To bracket a local minimum of a unimodal function f(x) three points a, b, ¢ are
necessary (Fig. 6.16) with

fla)y>fb) fo)> fb). (6.64)
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[ Y
[TA o
o

Cc X

Fig. 6.16 (Golden section search method) A local minimum of the function f(x) is bracketed by
three points a, b, c. To reduce the uncertainty of the minimum position a new point £ is chosen in
the interval a < & < ¢ and either a or ¢ is dropped according to the relation of the function values.

For the example shown a has to be replaced by &

f(x)
f

a

f(x)
f

a

el

Fig. 6.17 Golden section search method

1-B

—
Vo

Bt APt

The position of the minimum can be determined iteratively by choosing a new
value & in the interval a < £ < ¢ and dropping either a or ¢, depending on the ratio
of the function values. A reasonable choice for £ can be found as follows (Fig. 6.17)
[147,207]. Let us denote the relative positions of the middle point and the trial point

as
b— —-b b— —-b
g_“ : Zli € —B c—a (6.65)
—a — —a
c—a c—a
The relative width of the new interval will be
c—¢& b—a .
=1-8-1t) or =8 ifa<&<b (6.66)
c—a c—a
— —-b
574 _t4p) o SZ0_(-p) ifh<t<c (6.67)
c—a c—a
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The golden search method requires that

c+a—2b_(c—b)—(b—a)

c—a c—a

tr=1-28= (6.68)
Otherwise it would be possible that the larger interval width is selected many times
slowing down the convergence. The value of ¢ is positive if ¢ — b > b — a and
negative if ¢ — b < b — a, hence the trial point always is in the larger of the two
intervals. In addition the golden search method requires that the ratio of the spacing
remains constant. Therefore we set

B t+B_ 1-8
-8t t
B t t

l—ﬂzl—ﬁ—t:E ifb<é&<ec. (6.70)

ifa<é&<b (6.69)

Eliminating t we obtain for a < & < b the equation

(/31;1)(’32_’_/3_1):0 6.71)

Besides the trivial solution § = 1 there is only one positive solution

5-1
B= \/_2 ~(0.618. (6.72)
For b <& < ¢ we end up with
B 2 _
—ﬂ_l(ﬁ —38+1)=0 (6.73)

which has the nontrivial positive solution

3-45
g = 2f ~0.382. (6.74)

Hence the lengths of the two intervals [a, b], [b, c] have to be in the golden ratio ¢ =

# ~ 1.618 which gives the method its name. Using the golden ratio the width of

the interval bracketing the minimum reduces by a factor of 0.618 (Figs. 6.18, 6.19).
The algorithm can be formulated as follows:
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10 T T T T T T T
£(x)=140.01%x°+0.1%x" E

absolute error

-18E . | . | . ! . . . E
109 10 20 30 40 50 60
number of iterations

Fig. 6.18 (Golden section search method) The minimum of the function f(x) = 1 +
0.01x2 4 0.1x* is determined with the golden section search method. Each iteration needs only
one function evaluation. After 40 iterations the function minimum f,;;, = 1 is reached to machine
precision ey ~ 10710, The position of the minimum xp,;, cannot be determined to higher precision
than /ey ~ 1078 (6.63)

if ¢ — a < 6 then exit

if (b —a) > (c — b) then {

x =0.618b 4+ 0.382a

fx=f)

if fy < fothen{c=b b=x fo=fi fo=/f
elsea=x f,=f}

if (b —a) < (¢ — b) then {

x =0.618b +0.382c

fx=f)

if fy <fpthenfa=>b b=x fo=fo [fo=/fi}
elsec=x f.= fi}

To start the method we need three initial points which can be found by Brent’s
exponential search method (Fig. 6.20). Begin with three points

ao, bo = ag + h, co + 1.618h (6.75)

where hy is a suitable initial step width which depends on the problem. If the mini-
mum is not already bracketed then if necessary exchange ag and bg to have

fao) > f(bo) > f(co). (6.76)
Then replace the three points by
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f(x)=1+0.1%x" :

absolute error
L
o
T
|

- L L | L | | L L
1079 10 20 30 40 50 60
number of iterations

Fig. 6.19 (Golden section search for a higher order minimum) The minimum of the function
f(x) =14 0.1x*is determined with the golden section search method. Each iteration needs only
one function evaluation. After 28 iterations the function minimum f,;, = 1 is reached to machine
precision ey ~ 10710, The position of the minimum xp,;, cannot be determined to higher precision
than ¥y ~ 1074

Fig. 6.20 Brent’s f(x)
exponential search

ai=byg bi=cy c1=co+ 1.618(co — bg) (6.77)

and repeat this step until

S (bn) < f(cn) (6.78)

or n exceeds a given maximum number. In this case no minimum can be found and
we should check if the initial step width was too large.

Brent’s method can be improved by making use of derivatives and by combining
the golden section search with parabolic interpolation [207].
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Fig. 6.21 (Direction set

minimization) Starting from

an initial guess X a local y
minimum is approached by

making steps along a set of
direction vectors s, @

6.2.3 Minimization in Multidimensions

We search for local minima (or maxima) of a function

h(x)
which is at least two times differentiable. In the following we denote the gradient
vector by
oh oh
T
X)=|—, ..., — 6.79
g (x) <8x1 ax,,) (6.79)
and the matrix of second derivatives (Hessian) by
82
H = h). (6.80)
8x,~ 0x j

The very popular class of direction set methods proceeds as follows (Fig. 6.21).
Starting from an initial guess Xq a set of direction vectors s, and step lengths A, is
determined such that the series of vectors

X;4+1 = Xr + ArSp (6.81)

approaches the minimum of /(x). The method stops if the norm of the gradient
becomes sufficiently small or if no lower function value can be found.

6.2.4 Steepest Descent Method

The simplest choice, which is known as the method of gradient descent or steepest
descent? is to go in the direction of the negative gradient

3Which should not be confused with the method of steepest descent for the approximate calculation
of integrals.
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S =g (6.82)

and to determine the step length by minimizing 4 along this direction
h(X) = h(x, — Agy) = min. (6.83)

Obviously two consecutive steps are orthogonal to each other since

d
0= ah(xr-',-l — A8 )a=0 = _gf+1gr- (6.84)

This can lead to a zig-zagging behavior and a very slow convergence of this method
(Figs. 6.22, 6.23).

6.2.5 Conjugate Gradient Method

This method is similar to the steepest descent method but the search direction is
iterated according to

Xr4+1 = Xp + ArSy (6.86)
Sr+1 = —8r+1 T Br+15 (6.87)

where A, is chosen to minimize 4 (X;+1) and the simplest choice for 8 is made by
Fletcher and Rieves [89]

gZ
Bro1 =5 (6.88)
g

r

6.2.6 Newton-Raphson Method

The first order Newton-Raphson method uses the iteration
X1 =% — H(x,) 'g(x,). (6.89)
The search direction is
s=H g (6.90)

and the step length is A = 1. This method converges fast if the starting point is close
to the minimum. However, calculation of the Hessian can be very time consuming
(Fig. 6.22).
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Fig. 6.22 (Function
minimization) The minimum
of the Rosenbrock

function h(x, y) =

100(y — x2)? 4+ (1 — x)? is
determined with different
methods. Conjugate gradients
converge much faster than
steepest descent. Starting at
(x,y)=1(0,2),
Newton-Raphson reaches the
minimum at x =y = 1 within
only 5 iterations to machine
precision

function value

absolute gradient

absolute error of minimum position
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10°F :
107f :
10-14! 9
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number of iterations
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number of iterations
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6.2.7 Quasi-Newton Methods

number of iterations

Calculation of the full Hessian matrix as needed for the Newton-Raphson method
can be very time consuming. Quasi-Newton methods use instead an approximation
to the Hessian which is updated during each iteration. From the Taylor series
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‘ ) 1, 1. . ) : 1, ) ) : 1,
0oQ0 05 10 5 x 00 7.05 1.0 5 x 0_003 05 1.0 5 x
| e\ \
0.5 | 05 ) 05| \
; \ |
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Fig. 6.23 (Minimization of the Rosenbrock function) Left: Newton-Raphson finds the minimum
after 5 steps within machine precision. Middle: conjugate gradients reduce the gradient to 4 x 10714
after 265 steps. Right: The steepest descent method needs 20000 steps to reduce the gradient to
5 x 10714, Red lines show the minimization pathway. Colored areas indicate the function value
(light blue: < 0.1, grey: 0.1...0.5, green: 5...50, pink: > 100). Screenshots taken from Prob-
lem 6.2

1
h(x):ho+bTx+§xTHx+~-- (6.91)
we obtain the gradient
gx,)=b+Hx, + - =gX—-1) + HX —X—1) +---. (6.92)
Defining the differences
d-= Xr+1 — Xr (693)
Y =841 —8& (6.94)

and neglecting higher order terms we obtain the Quasi-Newton or secant condition
Hd, =y,. (6.95)

We want to approximate the true Hessian by a series of matrices H, which are
updated during each iteration to sum up all the information gathered so far. Since
the Hessian is symmetric and positive definite, this also has to be demanded for
the H,.* This cannot be achieved by a rank one update matrix. Popular methods use
a symmetric rank two update of the form

Hyy1=H, + ouu’ + ﬂva. (6.96)

The Quasi-Newton condition then gives
Hyp1d, = Hed, +a(u’d )u+g(vid)v=y, (6.97)
hence H,d, —y, must be a linear combination of u and v. Making the simple choice

u=y, v=H.d, (6.98)

“This is a major difference to the Quasi-Newton methods for root finding (6.1.9).
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and assuming that these two vectors are linearly independent, we find

1 1
- = 6.99
P=-Gta) = @ra) (©59)
1 1
(u'd,) (yrdy)
which together defines the very popular BFGS (Broyden, Fletcher, Goldfarb,
Shanno) method [43, 86, 105, 235]

(6.100)

vy, (Hed)(H,d)"
yld, d’ H,d,

Alternatively the DFP method by Davidon, Fletcher and Powell, directly updates
the inverse Hessian matrix B = H~! according to

dd!  (By)(By)"
YZdr erBrYr '

Both of these methods can be inverted with the help of the Sherman-Morrison
formula to give

H 1 =H + (6.101)

Bri1 =B, + (6.102)

(d, — B;y)d, +d,d- — By,)"  (d- - Byy)"y

B, =B dd’”
=B yld, (y/'d)?
(6.103)
(yr — Hrdr)er + ¥y (yr — Hrdr)T (yr — Hyd,)d, T
H =H, — .
S v, oTdyz Y
(6.104)

6.3 Problems

Problem 6.1 (Root finding methods) This computer experiment searches roots of
several test functions:

f(x)=x"-2 n=1,2,3,4 (Fig. 6.10)
f(x) = 5sin(5x)

£(x) = (cos(2x))” — x
f@=5(Ix+2[-1)

f(x)=¢e"Inx

fx)=@x—1)7> (Fig.6.11)

fx)=x% (Fig. 6.12)

You can vary the initial interval or starting value and compare the behavior of
different methods:
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bisection

regula falsi

Dekker’s method

Brent’s method
Chandrupatla’s method
Newton-Raphson method

Problem 6.2 (Stationary points) This computer experiment searches a local mini-
mum of the Rosenbrock function’

hx, y) = 100(y — x2)* + (1 — ). (6.105)
e The method of steepest descent minimizes & (x, y) along the search direction
s = —g™ = —400x (x7 — yp) — 2(x, — 1) (6.106)
s = —gW = —200(y, — x;). (6.107)
e Conjugate gradients make use of the search direction
S)En) — _g)(cn) + ﬂnsin—l) (6.108)
$ = g™ 4 B,sD (6.109)
e The Newton-Raphson method needs the inverse Hessian
1 -
e oy ~ho (6.110)
det(H) _hxy Ryx
det(H) = hyyhyy — h3, 6.111)

By = 1200x% — 400y 42 hyy =200 h,, =—400x (6.112)
and iterates according to

n
(”’“) = <X"> —H! <g§;> . (6.113)
Yn+1 Yn qy

You can choose an initial point (xq, yo). The iteration stops if the gradient norm
falls below 10~'# or if the line search fails to find a lower function value.

3 A well known test function for minimization algorithms.



Chapter 7
Fourier Transformation

Fourier transformation is a very important tool for signal analysis but also helpful
to simplify the solution of differential equations or the calculation of convolution
integrals. In this chapter we discuss the discrete Fourier transformation as a numer-
ical approximation to the continuous Fourier integral. It can be realized efficiently
by Goertzel’s algorithm or the family of fast Fourier transformation methods. Com-
puter experiments demonstrate trigonometric interpolation and nonlinear filtering as
applications.

7.1 Fourier Integral and Fourier Series

We use the symmetric definition of the Fourier transformation:

~ 1 o0 .
f@)=F[fl(w)= —/ fne " d. (7.1)
27 J—co

The inverse Fourier transformation
I 75 1 * ~ iwt
H=F" ]t):—/ w)e dw 7.2)
A S NN f(w) (

decomposes f(t) into a superposition of oscillations. The Fourier transform of a
convolution integral

oo
g)=f()®h(t)= / f(t")h(t —1')dt’ (7.3)
—00
becomes a product of Fourier transforms:
1 o0 4 !/ o0 H ’
g(w) = o /_OO dr' f(t')e™™" /_ooh(t 4 )d(t —1')
=27 f(0)h (o). (7.4)
P.O.J. Scherer, Computational Physics, Graduate Texts in Physics, 113
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A periodic function with f(t +7) = f (! is transformed into a Fourier series

00 T
f@Oy= 3 e f(on) with wn=n27”, f(wn>=% /O e tdr. (15)

n=—oo

For a periodic function which in addition is real valued f(t) = f(¢)* and even
f(t) = f(—t), the Fourier series becomes a cosine series

f@) = f@o)+2) f(wn) coswnt (7.6)

n=1

with real valued coefficients

T
f(a),,):l/ f(t)coswyt dt. (7.7)
T Jo

7.2 Discrete Fourier Transformation

We divide the time interval 0 < ¢ < T by introducing a grid of N equidistant points
T .
tnznAtznﬁ withn=0,1---N — 1. (7.8)

The function values (samples)

Jn=f(tn) (7.9)
are arranged as components of a vector
fo
f= :
-1
With respect to the orthonormal basis
SO,n
e, = : , n=0,1---N—-1 (7.10)
SN—1,n
f is expressed as a linear combination
N-1
f=>" fuen. (7.11)
n=0

I'This could also be the periodic continuation of a function which is only defined for 0 < 7 < T
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The discrete Fourier transformation is the transformation to an orthogonal base in

frequency space

e

N-1
ew/ — E el(l)jtnen —

n=0 . :
elm J(N=1)
with
2r
Wi = —
J T J
These vectors are orthogonal
1—eili=i)2n . ) ,
€€ w; Zel(] J)Nn= W—O for j — j'#0
| N forj—j =0
€€, , =N3j i

wj/

Alternatively a real valued basis can be defined:

2 . . .
COS(W]”) J=0,1-- jmax
.27, . .
Sm(ﬁ]”) J=1,2 jmax

. N . N -1
Jmax = > (even N)  jmax = — (odd N).
The components of f in frequency space are given by the scalar product
o, =few, = Zf e i@itn = Zfeﬂ]% "y = fnefin".

From

N-1
E fwj el(l)j[,, — E E fn/e_let"/eletn — an
j=0 n' j

we find the inverse transformation

| N ' N—
Jn= N Z fwjeletn = ﬁ Z
j=0 j=0

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)
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Fig. 7.1 (Equivalence of w 1
and wy_1) The two functions
coswt and cos(N — 1wt
have the same values at the
. 0.5
sample points #, but are very
different in between | |
0 || -
05+ i
1 ‘ ! ‘ ! ‘ ! ‘ ! ‘
0 0.2 04 0.6 0.8 1

7.2.1 Trigonometric Interpolation

The last equation can be interpreted as an interpolation of the function f(¢) at the
sampling points #, by a linear combination of trigonometric functions

N—1
f0=5 3 oy @ F) (7.20)
j=0
which is a polynomial of
g=eiTt, (7.21)
Since
e iwjtn — o 1R Jn _ oiF (N=j)n _ gion—jin (7.22)

the frequencies w; and wy_; are equivalent (Fig. 7.1)

N—-1 N-—1
wa_j — Z fne_l N (N=j)n — Z fnel NI — fa)_j- (723)
n=0

n=0

If we use trigonometric interpolation to approximate f(z) between the grid
points, the two frequencies are no longer equivalent and we have to restrict the
frequency range to avoid unphysical high frequency components (Fig. 7.2):

2 N —1 27 N —1
————=<wj<——— Nodd

T 2 T 2

27 N 27 (N

_735%57 E—l) N even.

(7.24)
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time t/T

frequency index j

117

Fig. 7.2 (Trigonometric interpolation) For trigonometric interpolation the high frequencies have
to be replaced by the corresponding negative frequencies to provide meaningful results between the
sampling points. The circles show sampling points which are fitted using only positive frequencies
(full curve) or replacing the unphysical high frequency by its negative counterpart (broken curve).

The squares show the calculated Fourier spectrum

The interpolating function (N even) is

g

(r)-— Z foo @t

N
2
N-1
2 ~ .
[ = N > fuel!
___N-1
Jj=="5
The maximum frequency is
2w N
Wmax = - ?
and hence
1 N
fmax = Ewmax = ﬁ =

even N

fs
.

(7.25)

(7.26)

(7.27)

(7.28)

This is known as the sampling theorem which states that the sampling frequency f;

must be larger than twice the maximum frequency present in the signal.
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7.2.2 Real Valued Functions

For a real valued function

=1 (7.29)
and hence
N N-—1 ) B N-—1 ) N
fay = (Z fne—‘“’f’") =D fu = For . (7.30)
n=0 n=0

Here it is sufficient to calculate the sums for j = 0--- N /2. If the function is real
valued and also even

fn=fa (7.31)

N-1 N-1
fwj _ Z fine—letn — Z fne—l(—w_j)tn — fw,j (7.32)
n=0 n=0

and the Fourier sum (7.19) turns into a cosine sum

M—1

~ 2 ~ 2r
— oot 5 ;fchos<2M_1]n> odd N =2M—1 (7.33)

1
2M

fn:

1. oML T 1 -
fo= mfwo + I 2} fa,j cos Mjn + Wf“w cos(nmr) even N =2M
]:
(7.34)
which correspond to two out of eight different versions [268] of the discrete cosine
transformation [2, 211].

Equation (7.34) can be used to define the interpolating function

1. oML 1 . 2 M
f@ = mfwo + i ; fwj cos(w;t) + mfwM cos( id t). (7.35)

The real valued Fourier coefficients are given by

M-1
Jo,=fo+2Y facos@;jt,) odd N =2M — 1 (7.36)
n=1
M—1
Jo; = fo+2 Z Sucos(wjty) + fucos(jwr) even N =2M. (7.37)

n=1
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7.2.3 Approximate Continuous Fourier Transformation

We continue the function f(¢) periodically by setting

InN=1o (7.38)

and write
_ —iwjn _ 1 —iw; —iwj(N—1) 1 7.39
=D I = S fot e fit e Pyt fu. (139

Comparing with the trapezoidal rule (4.13) for the integral

" et fyds ~ T<1 —i010 f0) 4+ e~iF £
/Oe I f0dt xS e f0) 4o f(ﬁ)"‘
+e_iwj§(N—1)f(z(N — 1)) + lf(T)> (7.40)
N 2 '
we find
A( )= 1 T —iwjt (Hdt ~ 1~ (7.41)
fwj —T/Oe f Nﬁfw‘f .

which shows that the discrete Fourier transformation is an approximation to the
Fourier series of a periodic function with period 7 which coincides with f(¢) in the
interval 0 <t < T'. The range of the integral can be formally extended to 0o by
introducing a windowing function

[ 1 forO<t<T
W) = (7.42)

0 else.

The discrete Fourier transformation approximates the continuous Fourier transfor-
mation but windowing leads to a broadening of the spectrum. For practical purposes
smoother windowing functions are used like a triangular window or one of the fol-
lowing [119]:

n=(N=D/2)2

W(t,) =e —2Cqw=nyr o <0.5 Gaussian window

2nn
W (t,) = 0.53836 — 0.46164 cos(N

1 ) Hamming window

2nn . .
W, = O.5<1 — cos(N l)) Hann(ing) window.
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7.3 Fourier Transform Algorithms

Straightforward evaluation of the sum

N-1

fo; =Y _ cos 2—”jn fu +isin z—njn fu (7.43)
J N N

n=0

needs O (N?) additions, multiplications and trigonometric functions.

7.3.1 Goertzel’s Algorithm

Goertzel’s method [103] is very useful if not the whole Fourier spectrum is needed
but only some of the Fourier components, for instance to demodulate a frequency
shift key signal or the dial tones which are used in telephony.
The Fourier transform can be written as
N-l 2: 27i 2mi 27i
Y fae T RI= foteT NI (fide Ny (fyoate N fyop) o) (T.44)
n=0

which can be evaluated recursively
YN—1= fN-1

i (7.45)
yn:fn+e_ijn+1 n=N-2..-.0

to give the result

fo; = yo. (7.46)

Equation (7.45) is a simple discrete filter function. Its transmission function is ob-
tained by application of the z-transform [144]

w@) =y upz™" (7.47)

n=0

(the discrete version of the Laplace transform) which yields

yoy=—19__ (7.48)

1—ze n/

One disadvantage of this method is that it uses complex numbers. This can be
avoided by the following more complicated recursion

unt1 =uny =0 ) 4
7.
un:fn+2un+1cos§k—un+2 forn=N—-1---0 ( )
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with the transmission function
u(z) 1
f@ 1 g Tyt 22
1

= — — (7.50)
(1—ze™ W) (1 — ze W)

A second filter removes one factor in the denominator

2= (1) 7.51)

which in the time domain corresponds to the simple expression

27

Yn =Up — 657]’/ln+1-
The overall filter function finally again is (7.48).

yo _ 1
f(@ 1 —Ze_%-/.

Hence the Fourier component of f is given by

(7.52)

A~ 2mi -
Jo; =yo=uo—eN'u;. (7.53)

The order of the iteration (7.44) can be reversed by writing

A 27i

27 a7 2@ 27 N
fo; = for e W NV gpy j=em WIND(feWIN=D gy 1) (7.54)

which is very useful for real time filter applications.

7.3.2 Fast Fourier Transformation

If the number of samples is N = 27, the Fourier transformation can be performed
very efficiently by this method.? The phase factor

e I W Im = win (7.55)

can take only N different values. The number of trigonometric functions can be
reduced by reordering the sum. Starting from a sum with N samples

N—1
Fn(fo--- fn-1)= Z W' (7.56)
n=0

2There exist several Fast Fourier Transformation algorithms [74, 187]. We consider only the sim-
plest one here [62].
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we separate even and odd powers of the unit root

N_ N_
3 2 3 @m+1)
i2m j (2m+
Fn(for-fv-D) =Y fan W™+ D frms1 Wy,
m=0 m=0
N N
= —i 2 jm j = 12 jm
= fome VLWL fompre V2
m=0 m=0

= Fxp(fo, fa--- fn—a) + Wi Fnp(fi, f3 - fu-1).
(7.57)

This division is repeated until only sums with one summand remain

Fi(fa) = fa- (7.58)

For example, consider the case N = 8:

Fs(fo--- f7) = Fa(fo fofafe) + Wi FaCfi f3 f5.f7)

Fa(fofofafs) = Fa(fofa) + Wi Fa(fofe)
Fa(f1f3f5f7) = Fa(f1f5) + W] Fa(f3 f7)

P(fofo) = fo+Wj fa
F(fafe) = fa+ Wi fo
P (fifs)=fi+ W fs
Fa(faf1) = f3+ Wy fi.

Expansion gives
F8:f0+W{f4+WZf2+W4{W{f6
+ W i+ WIW fs + Wi W] 5+ wiw]w] g, (7.59)

Generally a summand of the Fourier sum can be written using the binary represen-
tation of n

n:Zli I;=1,2,4,8- (7.60)

in the following way:

—i2n _j2x ) j j
fueT NI = frem WO = Wl W (7.61)
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The function values are reordered according to the following algorithm

(i) count from 0 to N — 1 using binary numbers m = 000, 001, 010, - - -
(ii) bit reversal gives the binary numbers n = 000, 100, 010, - - -
(iii) store f;, at the position m. This will be denoted as s,,, = f;,

As an example for N = 8 the function values are in the order

) fo
81 Ja
52 f2
53 fe
al=15 (7.62)
85 S5
6 f3
57 f

Now calculate sums with two summands. Since sz can take only two different
values

i 1 for j =0,2,4,6
J _ J 3~y
Wy = {—1 for j=1,3,5,7 (7.63)

a total of 8 sums have to be calculated which can be stored again in the same
workspace:

ot f so + Wé)SI
fg N fi so + W2151
2
2+ fe $2+ W2353
f2—fe 52+ Wyis3
= . 7.64
fit+fs sS4+ W§S5 ( )
? _T_ ;5 54+ Wjss
3 7 6
- f s6 + Wy's7
s6 + W27S7
Next calculate sums with four summands. WL{ can take one of four values
1 for j=0,4
. -1 for j=2,6
Wi = / (7.65)

Wy forj=1,5
—Wy forj=3,7.
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The following combinations are needed:

so + Wfsz
Jo+ fa+(fa+ fo) s 4+ Wls
fo+ fa—(fa+ fo) : ‘;3
(fo— fa) + Wa(fa = fo) S0+ Wis>
(fo—Sfo) = Walf2— fo) | _ [ 51+ Wiss (7.66)
i+ fs+(z+ ) S4+Wfs6 ' '
it fs =B+ 1) 55+ Wisy
(f1—f5) £ Walfs — f1) 54+ WOs
(fi = f5) £ Walfs = f) e
s5 + W4S7
The next step gives the sums with eight summands. With
1 j=0
Ws j=
w3 2
. 3 =
Wi = Vs ] (7.67)
-Ws j
—W82 j=6
—W§’ j=
we calculate
+ Wy
fot fat (ot f)+ i+ fs+ (s + /) o
Jo+ fa—(f2+ fo) + Ws(f1 + f5 — (f3+ f7) ! 825
(fo— fa) + Walfa = fo) + WE(f1 — f5) = Wa(fs — f7) 52+ Wgss
(fo— fa) = Walfa — fo) + W5 ((fi — f) £ Walfs — ) | _ | s3+ Wess
fotfut(2+fo) =i+ f5+(fs+ 1) 50 + Wyss
fot fa—(fat fo) = Ws(fi+ f5s = (f3+ f2) s1+ Wiss
(fo— fa) + Walfo — fo) — W2 ((f1 — f5) £ Wal(f3 — f7)) 53 + Wose
(fo— fa2) = Walf2 — fo) — W3 ((fi — f5) = Walf3 — f7)) )
53+ Wgsy
(7.68)

which is the final result.

The following shows a simple Fast Fourier Transformation algorithm. The num-
ber of trigonometric function evaluations can be reduced but this reduces the read-
ability. At the beginning Data[k] are the input data in bit reversed order.

size :=2
first ;=0
While first < Number_of_Samples do begin
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for n := 0 to size/2 — 1 do begin
ji=first+n
k:=j+size/2 — 1
T :=exp(—2*Pixixn/Number_of_Samples)«Data[k]
Data[j]:= Data[j]+ T
Data[k] := Datalk] — T

end;

first := firstx2

size := size*2

end;

7.4 Problems

Problem 7.1 (Discrete Fourier transformation) In this computer experiment for a
given set of input samples

T
fnzf(n—) n=0---N—1 (7.69)
N
e the Fourier coefficients
N—1 . o
fwj:ane_’“’ft” wj=7j, j=0---N—1 (7.70)
n=0

are calculated with Goertzel’s method (7.3.1).
e The results from the inverse transformation

1 N—1 oy
fo= 5 2 T, ¥ (1.71)
=0

are compared with the original function values f(%,).
e The Fourier sum is used for trigonometric interpolation with only positive fre-
quencies

1 Nl ~ -2 i
FO =52 o, (7). (7.72)
j=0

e Finally the unphysical high frequencies are replaced by negative frequencies
(7.24). The results can be studied for several kinds of input data.

Problem 7.2 (Noise filter) This computer experiment demonstrates a nonlinear fil-
ter.
First a noisy input signal is generated.
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The signal can be chosen as

e monochromatic sin(wt)
e the sum of two monochromatic signals aj sinw;? + as sinwot
e arectangular signal with many harmonic frequencies sign(sin wt)

Different kinds of white noise can be added

e dichotomous +£1
e constant probability density in the range [—1, 1]
e Gaussian probability density

The amplitudes of signal and noise can be varied. All Fourier components are re-
moved which are below a threshold value and the filtered signal is calculated by
inverse Fourier transformation.



Chapter 8
Random Numbers and Monte Carlo Methods

Many-body problems often involve the calculation of integrals of very high dimen-
sion which cannot be treated by standard methods. For the calculation of thermo-
dynamic averages Monte Carlo methods [49, 85, 174, 220] are very useful which
sample the integration volume at randomly chosen points. In this chapter we dis-
cuss algorithms for the generation of pseudo-random numbers with given probabil-
ity distribution which are essential for all Monte Carlo methods. We show how the
efficiency of Monte Carlo integration can be improved by sampling preferentially
the important configurations. Finally the famous Metropolis algorithm is applied to
classical many-particle systems and nonlinear optimization problems.

8.1 Some Basic Statistics

In the following we discuss some important concepts which are used to analyze
experimental data sets [218]. Repeated measurements of some observable usually
give slightly different results due to fluctuations of the observable in time and errors
of the measurement process. The distribution of the measured data is described by a
probability distribution, which in many cases approximates a simple mathematical
form like the Gaussian normal distribution. The moments of the probability density
give important information about the statistical properties, especially the mean and
the standard deviation of the distribution. If the errors of different measurements
are uncorrelated, the average value of a larger number of measurements is a good
approximation to the “exact” value.

8.1.1 Probability Density and Cumulative Probability Distribution

Consider an observable &, which is measured in a real or a computer experiment.
Repeated measurements give a statistical distribution of values.

P.O.J. Scherer, Computational Physics, Graduate Texts in Physics, 127
DOI 10.1007/978-3-319-00401-3_8,
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Fig. 8.1 (Cumulative A
probability distribution of L e e —
transition energies) The L
figure shows schematically
the distribution of transition
energies for an atom which F(x) -
has a discrete and a
continuous part 1
X
0 >
X
The cumulative probability distribution (Fig. 8.1) is given by the function
F(x) = P{& <x} (8.1)
and has the following properties:
e F(x) is monotonously increasing
e F(—00)=0, F(oco)=1
e F(x) can be discontinuous (if there are discrete values of &)
The probability to measure a value in the interval x; < & < x; is
P(x) <& <x2) = F(x2) — F(x1). (8.2)
The height of a jump gives the probability of a discrete value
P& =x9)=F(xo+0)— F(xo—0). (8.3)
In regions where F'(x) is continuous, the probability density can be defined as
1
f(x0)=F'(x¢g) = lim — P(xg <& <xp+ Ax). (8.4)
Ax—0 Ax

8.1.2 Histogram
From an experiment F(x) cannot be determined directly. Instead a finite number N
of values x; are measured. By

Zy(x)

we denote the number of measurements with x; < x. The cumulative probability
distribution is the limit

Fx)= lim %ZN(x). (8.5)

A histogram (Fig. 8.2) counts the number of measured values which are in the in-
terval x; <x <Xxj41:
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Fig. 8.2 (Histogram) The 100
cumulative distribution of 100 B 7

. . 80
Gaussian random numbers is E
shown together with a = 60 7]
histogram with bin width N 40 - ]
Ax =0.6 r 1
20 —

0
0.2 —
® l

o

0.1f -
-3 -2 -1 0 1 2 3

1
N(ZN(xi+l) — ZN(x)) ® F(xiz1) — F(x) = P(xi <& <xiz1).  (8.6)

Contrary to Zy (x) itself, the histogram depends on the choice of the intervals.

8.1.3 Expectation Values and Moments

The expectation value of the random variable £ is defined by

o0 b
E[g]:/ xdF(x)= lim fxdF(x) (8.7)

a——00,b—00

with the Riemann-Stieltjes integral [202]

b N
/a xdF(x)= Nli_r)nw;xi (FGxi) = FOi-) |y 2o e (8.8)
Higher moments are defined as

E[£"] =foo xFdF(x) (8.9)

—00

if these integrals exist. Most important are the expectation value
X =E[&] (8.10)

and the variance, which results from the first two moments

o0
62=/ (x—f)zdF=/x2dF+/f2dF—2xfxdF
—0Q

— E[£2] - (El8))°. (8.11)
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Fig. 8.3 Cumulative 14
probability distribution of a
fair die T

The standard deviation o is a measure of the width of the distribution. The expecta-
tion value of a function ¢(x) is defined by

E[p(x)] =/ e(x)dF(x). (8.12)

For continuous F(x) we have with dF (x) = f(x) dx the ordinary integral
E[&"] = /oo XK fydx (8.13)
E[p(x)] =/ p(x) f(x)dx (8.14)

whereas for a pure step function F(x) (only discrete values x; are observed with
probabilities p(x;) = F(x; +0) — F(x; —0))

:Zxkp(xi) (815)
[e)] =D et pGr). (8.16)

8.1.4 Example: Fair Die

When a six-sided fair die is rolled, each of its sides shows up with the same prob-
ability of 1/6. The cumulative probability distribution F(x) is a pure step function
(Fig. 8.3) and

= 6 IS 2
x:/_ooxszlg]:xi(F(xi+0)—F(x,~—0)):82)6[:?:3'5
(8.17)
6 ) X p
:i;xi (F(xi +0) — F(x; — 0)) = 8; __15‘1666.” 818

(8.19)

Q
I
=
|

=|

(38}
I
)
o
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8.1.5 Normal Distribution

The Gaussian normal distribution is defined by the cumulative probability distribu-
tion

O (x) = — /x —1*12 gy (8.20)
X) = — e .
A/ 27'[ —00
and the probability density
1 2
(x) = e /? (8.21)
v V2
with the properties
o0
/ p(x)dx =D (00) =1 (8.22)
—00
oo
X = / xpx)dx =0 (8.23)
—00
o o0
o?=x2 :/ x2p(x)dx = 1. (8.24)
—00
Since @ (0) = % and with the definition
Po(x) = — /x /2 gy (8.25)
o(x) = — e .
V2w Jo
we have
1
D (x) = = + Dp(x) (8.26)

2

which can be expressed in terms of the error function'

erf(x) = % /0 " et g — 2000 (v/3x) (8.27)
as
®o(x) = 1erf(i> (8.28)
0X) = 3 ﬁ . .

A general Gaussian distribution with mean value X and standard deviation o has the
probability distribution

1 (x' —x)? (8.29)
¥ = — X _—— .
Vo o2 P 202

and the cumulative distribution

Terf(x) is an intrinsic function in FORTRAN or C.
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x—X A | (x' —x)?
¢fya—(x)=¢( > ):/oodxa 5 exp<—7> (8.30)

e 831
el o

8.1.6 Multivariate Distributions

Consider now two quantities which are measured simultaneously. £ and # are the
corresponding random variables. The cumulative distribution function is

F(x,y)=P( <xandn <y). (8.32)

Expectation values are defined as

o0 o 5
E[p(x, )] = / / o(x, y)d*F(x, y). (8.33)
—00 J—00
For continuous F(x, y) the probability density is
Fay= LT (8:34)
X,y)=— .
: Y dxady
and the expectation value is simply
o o
Elpn] [ ax [ avowpsey. (835)
—00 —00

The moments of the distribution are the expectation values

My = E[£"']. (8.36)

Most important are the averages

x=E[§] y=E[n] (8.37)
and the covariance matrix
( E[(¢-%%  ElGE-D0 —i)]) _ (- m-xy
E[E-0-M]  Elm—» Y-Xy y:—3>
(8.38)
The correlation coefficient is defined as
oy (8.39)

p=—= — )
JaI-P) (-

If there is no correlation then p =0 and F (x, y) = F1(x) F2(y).
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Fig. 8.4 (Central limit 1 ‘ ‘
theorem) The cumulative | 74‘/
distribution function of n
(8.42) is shown for N =4 and 0.8 ]
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distribution (8.20) E 0.6 i
=
<
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8.1.7 Central Limit Theorem

Consider N independent random variables &; with the same cumulative distribution
function F (x), for which E[£]=0 and E[£2] = 1. Define a new random variable
v = §i+&+--+éN
VN

with the cumulative distribution function Fy (x). In the limit N — oo this distribu-
tion approaches (Fig. 8.4) a cumulative normal distribution [215]

(8.40)

1 x 2
lim Fy(x)=®(x)= —f e 2 ds. (8.41)
N—o0 N V21 J oo
8.1.8 Example: Binomial Distribution
Toss a coin N times giving & = 1 (heads) or & = —1 (tails) with equal probability

P =1.Then E[£]=0and E[§?] = 1. The distribution of

N
1
n=— & (8.42)
can be derived from the binomial distribution
1 Ny N N
l=|=-+(-= =27V (—N-» 8.43
L)) e (VY,) e

where p counts the number of tosses with & = 4-1. Since

n=p-1+4(N—-p)-(-1)=2p—-Ne[-N,N] (8.44)
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the probability of finding n = ﬁ is given by the binomial coefficient

_2p—N\ N( N )
P<n_ = >_2 N (8.45)
or
p( _n )—2N< ) (8.46)
1=5)= v ) :

8.1.9 Average of Repeated Measurements

A quantity X is measured N times. The results X - -- Xy are independent random
numbers with the same distribution function f(X;). Their expectation value is the
exact value E[X;] = del- X; f(X;) = X and the standard deviation due to mea-

surement uncertainties is ox =,/ E[X l.z] — X2. The new random variables

X — X

5= (8.47)
ox
have zero mean
E[X;]—X
El§]l=———=0 (8.48)
ox
and unit standard deviation
X2 4+ X2 -2XX; E[X?] — X2
ong[s,?]—E[giF:E[ ' 5 ’}: ——=1. (849)
Ox Ox
Hence the quantity
N
i X;i—NX
n= ibi_ by = £(X X) (8.50)
VN V/Nox
obeys a normal distribution
() = ——e /2, (8.51)
S Tn
From
_ _ VN _
fX)dX = fydn= f(n(X)) o X (8.52)
we obtain
— VN N — 5
fX)= ex {——(X—X) } (8.53)
/ V2mox P 20)2(

The average of N measurements obeys a Gaussian distribution around the exact
value X with a reduced standard deviation of

oy = X (8.54)
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8.2 Random Numbers

True random numbers of high quality can be generated using physical effects like
thermal noise in a diode or from a light source. Special algorithms are available
to generate pseudo random numbers which have comparable statistical properties
but are not unpredictable since they depend on some initial seed values. Often an
iteration

rivr = f(ri) (8.55)

is used to calculate a series of pseudo random numbers. Using 32 Bit integers there
are 232 different numbers, hence the period cannot exceed 232,

8.2.1 Linear Congruent Mapping

A simple algorithm is the linear congruent mapping
ri+1 = (ari +c¢) mod m (8.56)

with maximum period m. Larger periods can be achieved if the random number
depends on several predecessors. A function of the type

ri= fri—t,ri—2 -+ "ri—t) (8.57)

using 32 Bit integers has a maximum period of 23%.

Example For t = 2 and generating 10° numbers per second the period is
584942 years.

8.2.2 Marsaglia-Zamann Method

A high quality random number generator can be obtained from the combination of
two generators [168]. The first one

ri = (ri—a — ri—3 — ¢) mod (2% — 18) (8.58)
with
)1 forryp—r,—3<0
€= {O else (8.59)
has a period of 2°°. The second one
ri = (69069r;_1 + 1013904243) mod 232 (8.60)

232

has a period of 232, The period of the combination is 2'?”. Here is a short subroutine

in C:
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#define N 100000
typedef unsigned long int unlong /* 32 Bit */
unlong x=521288629, y=362436069, z=16163801, c=1,n=1131199209;
unlong mzran()
{ unlong s;
if (y>x+c) {s=y-(x+c)-18; c=0;}
else {s=y-(x+c)-18;c=1;}
x=y; y=z; z=s; n=69069*n+1013904243;
return(z+n);

8.2.3 Random Numbers with Given Distribution

Assume we have a program that generates random numbers in the interval [0, 1] like
in C:
rand() /(double)yRAND_MAX .

The corresponding cumulative distribution function is

0 forx <O
Fox)=3x forO<x<l1 (8.61)
1 forx > 1.

Random numbers with cumulative distribution F(x) can be obtained as follows:
choose an RN r € [0, 1] with P(r < x) = Fy(x)
leté = F~'(r)
F (x) increases monotonously and therefore
P <x)=P(F() <F(x))=P(r<F(x))=Fo(F(x)) (8.62)

but since 0 < F(x) < 1 we have

P =x)=F(x). (8.63)

This method of course is applicable only if F~! can be expressed analytically.

8.2.4 Examples

8.2.4.1 Fair Die

A six-sided fair die can be simulated as follows:
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choose a random number r € [0, 1]
forO<r <

for z <r <

1 for 2 <r <
LetéE=F~'(r)=
for 2 <r <

for

AN N B~ W N =
SN OV N R D=

NN B N N AN —

A
<
A

for

8.2.4.2 Exponential Distribution

The cumulative distribution function

Fx)=1-e/* (8.64)
which corresponds to the exponential probability density
1
fx) = Xe—f/* (8.65)
can be inverted by solving
r=1—e/* (8.66)

for x:

choose a random number r € [0, 1]
letx = F~'(r) = —Aln(1 —r).

8.2.4.3 Random Points on the Unit Sphere

‘We consider the surface element

1
— R*dysin6 ds. (8.67)
4
Our aim is to generate points on the unit sphere (8, ¢) with the probability density
1 1
fO,9)dpdd = —desin0dd = ——ded cosb. (8.68)
47 4
The corresponding cumulative distribution is
1 [eost ¢ ¢ 1—cos@
F@,p)=—— dcosf dp=——"""—=F,Fp. 8.69
6,9 4n/1 Cosfo‘pzn 2 o Fo (8.69)

Since this factorizes, the two angles can be determined independently:
choose a first random number r; € [0, 1]
letp = F, "' (r1) =2mr)
choose a second random number r; € [0, 1]
let @ = F,; ' () = arccos(1 — 2r).
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8.2.4.4 Gaussian Distribution (Box Muller)

For a Gaussian distribution the inverse F~! has no simple analytical form. The
famous Box Muller method [34] is based on a 2-dimensional normal distribution
with probability density

1 x%+y?
fx,y)= EGXP{— 2 } (8.70)
which reads in polar coordinates
1
(&, y)dxdy = fp(p, @)dpdgs—e " pdpde. (8.71)
Hence
1 2
oo @) =_—pe™" 2 (8.72)

and the cumulative distribution factorizes:

1 P 2 10 2
F - — - Te=P /2d = (1—e?)=F F . (8.73
(P 9) =59 /O p'e o 27T( e ") = Fy(@)Fp(p). (8.73)

The inverse of F), is

p=+—In(1—r) (8.74)
and the following algorithm generates Gaussian random numbers:

ri =RN €0, 1]

rn =RN €0, 1]

p=+—In(1—=ry)

©=21r

X = pcosg.

8.3 Monte Carlo Integration

Physical problems often involve high dimensional integrals (for instance path in-
tegrals, thermodynamic averages) which cannot be evaluated by standard methods.
Here Monte Carlo methods can be very useful. Let us start with a very basic exam-
ple.

8.3.1 Numerical Calculation of nt

The area of a unit circle (r = 1) is given by r?z = 7. Hence 7 can be calculated by
numerical integration. We use the following algorithm:
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Fig. 8.5 Convergence of the 4
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choose N points randomly in the first quadrant, for instance N indepen-
dent pairs x, y € [0, 1]

calculate 2 = x? + y?

count the number of points within the circle, i.e. the number of points
Z(r* <1).

2
T is approximately given by 2=,

The result converges rather slowly (Figs. 8.5, 8.6)

8.3.2 Calculation of an Integral

Let & be a random variable in the interval [a, b] with the distribution

(8.75)

1
P <£<x-+di)=fx)dx=] 74 for x € [a, b]
0 else.
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The expectation value of a function g(x) is

00 b
E[gn)]= / g f(x)dx = / g(x)dx (8.76)
—00 a
hence the average of N randomly taken function values approximates the integral
b 1 N _
/ gx)dx~ ﬁzg(&')Zg(E)- (8.77)
a i=1
To estimate the error we consider the new random variable
N
=~ 2 8®. (8.78)
i=1
Its average is
e b
y=Elyl= v Z E[g@)]=E[¢n)] = / g(x)dx (8.79)
i=l a

and the variance follows from
1 2
o, =E[(y —¥)*] [( Zg(&)——”: [(NZ(g(&-)—V))]
(8.80)
1 _ -
= HE[Y (6@ )] = 5 6@ ~3@) = ol (8:81)

The width of the distribution and hence the uncertainty falls off as 1/+/N.

8.3.3 More General Random Numbers

Consider now random numbers & € [a, b] with arbitrary (but within [a, b] not van-
ishing) probability density f(x). The integral is approximated by

b b
P s  S s

The new random variable

g(&)
8.83
Z /@) ®89
according to (8.81) has a standard dev1at10n given by
1 g@))
T = T = 8.84
o=z (5e ®59

which can be reduced by choosing f similar to g. Then preferentially £ are gener-
ated in regions where the integrand is large (importance sampling).
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8.4 Monte Carlo Method for Thermodynamic Averages
Consider the partition function of a classical N particle system

11 3N 3N o—BH(p1-pN-q1--qN)
ZNVT:thN/dp /dq e P1PN-q1qN (8.85)

with an energy function

N 2

p.
H = ! %4 . 8.86
;2mi+ @1--qn) (8.86)

If the potential energy does not depend on the momenta and for equal masses the
partition function simplifies to

11 it _
ZNVT=M}13—N/dP3Ne P /dq3Ne AV @)

1 (2xmkT \*N/?
:ﬁ<7n212 ) / dg*Ne PV @ (8.87)

and it remains the calculation of the configuration integral
Zon = / dg*Ne PV @, (8.88)

In the following we do not need the partition function itself but only averages of
some quantity A(g) given by

_ Jdg*N Age V@

(A) = T dqNe FV@ (8.89)
8.4.1 Simple Sampling
Let & be a random variable with probability distribution
P(& €lg.q+dql) = f(q)dq (8.90)
[f(q)dq =1 (8.91)
We choose M random numbers & and calculate the expectation value of A(§) from
| M
E[A®)]= lim — A(’”)=/A dq. 8.92
[A®]= Jim — n; ") =] A@f@dq (8.92)

Consider now the case of random numbers & equally distributed over the range

gmin * * - dmax-
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1

f(q) = { g 4 € [¢min> gmax]

(8.93)
else.

Define a sample by choosing one random value & for each of the 3N coordinates.
The average over a large number M of samples gives the expectation value

_ (m)
E(AG - gwe ") = tim S A o
m=
as
/A(qi)e_ﬁv(q")f(m)~-~f(93zv)dq1~~dqu
1 gmax Gmax
[ — A( .)e—ﬂV(‘Ii)d 3N' (8.95)
(qmax - Qmin)3N /‘;min ‘/‘]min ql q
Hence
E(A@E)e BV &)y  [Im Agpe PV @) dg™N
E@PVGE) [ =BV @) dg3N ~ (A) (8.96)

is an approximation to the average of A(g;), if the range of the g; is sufficiently
large. However, many of the samples will have small weight and contribute only
little.

8.4.2 Importance Sampling

Let us try to sample preferentially the most important configurations. Choose the
distribution function as

e BV1-q43n)
f(q1"'q3N):m. (8.97)
The expectation value of A(g) approximates the thermal average
M Ne—BV(4i) g,3N
A ST et L
m=1
(8.98)

and the partition function is not needed explicitly for the calculation.

8.4.3 Metropolis Algorithm

The algorithm by Metropolis [175] can be used to select the necessary configura-
tions. Starting from an initial configuration qo = (q(o) qé%) a chain of configu-
rations is generated. Each configuration depends only on its predecessor, hence the

configurations form a Markov chain.
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Fig. 8.7 Principle of detailed ]
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The transition probabilities
Wisj=PQi —q;) (8.99)
are chosen to fulfill the condition of detailed balance (Fig. 8.7)
Wi — e BV@)—Via)) (8.100)

4 j—i
This is a sufficient condition that the configurations are generated with probabilities
given by their Boltzmann factors. This can be seen from consideration of an ensem-

ble of such Markov chains: Let N, (q;) denote the number of chains which are in
the configuration q; after n steps. The changes during the following step are

AN(Q) = Nos1(@) = Na(@) = Y Na(@)DWjmi — Nu(@)Wiss j.

qj€conf.
(8.101)
In thermal equilibrium
Neq (q) = NOe_ﬁV(qi)
and the changes (8.101) vanish:
AN(q;) = Ny Ze_ﬂV(q'j)Wj%i _ e—ﬁV(q[‘)Wiﬁj
q;
=N Y e BV, — e PV, e @) V@)
q;
=0. (8.102)
A solution of
AN(@) = Y Na@)Wjmi— Nu(@)Winj =0 (8.103)
qj€conf.

corresponds to a zero eigenvalue of the system of equations
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D ON@HWj—i = N@) ) Winj=AN(q)). (8.104)
q; 4qj
One solution of this eigenvalue equation is given by
Neg(@)) _ —pviap-vaa) (8.105)
N eq (ql)
However, there may be other solutions. For instance if not all configurations are
connected by possible transitions and some isolated configurations are occupied
initially.
Metropolis Algorithm This famous algorithm consists of the following steps:

(a) choose a new configuration randomly (trial step) with probability

T(qi - qtrial) = T(qtrial - qi)
(b) calculate
C_ﬁ 14 (qrritzl)
T e—BV(w)

(c) if R > 1 the trial step is accepted q;+1 = Qrial
(d) if R < 1 the trial step is accepted only with probability R. Choose a random
number £ € [0, 1] and the next configuration according to

) awia if§ <R
ql-‘rl - qi lfg Z R

The transition probability is the product
Wisj=Ti-jAi-; (8.106)

of the probability 7;_, ; to select i — j as a trial step and the probability A;_, ; to
accept the trial step. Now we have

forR>1— A;ij=1, Aj; =R

(8.107)
Since T;— j = Tj—;, in both cases
Neq(qj) _ Wi—)j _ Ai—)j — R:efﬂ(v(qj)*v((b'). (8108)

Neg(@)) Wi  Aj

8.5 Problems

Problem 8.1 (Central limit theorem) This computer experiment draws a histogram
for the random variable t, which is calculated from N random numbers &; - - - &n:
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YN &
ol

The &; are random numbers with zero mean and unit variance and can be chosen as

T =

(8.109)

e & = =+1 (coin tossing)
o Gaussian random numbers

Investigate how a Gaussian distribution is approached for large N.

Problem 8.2 (Nonlinear optimization) MC methods can be used for nonlinear op-
timization (Traveling salesman problem, structure optimization etc.) [31]. Consider
an energy function depending on many coordinates

E(g1,92---9N)- (8.110)

Introduce a fictitious temperature 7 and generate configurations with probabilities

1
P(q1--qn) = ge_E(q"“qN)/T. (8.111)

Slow cooling drives the system into a local minimum. By repeated heating and cool-
ing other local minima can be reached (simulated annealing).

In this computer experiment we try to find the shortest path which visits each
of up to N = 50 given points. The fictitious Boltzmann factor for a path with total
length L is

P(L)=¢eLIT (8.112)
Starting from an initial path S = (i1, i2---ixy) n < 5 and p are chosen randomly and
anew path 8" = (i1 ip—1,iptn---ip,ipsn+1---in) is generated by reverting the
sub-path
ip-ipin—>ipin - ip.

Start at high temperature 7 > L and cool down slowly.



Chapter 9
Eigenvalue Problems

Eigenvalue problems are omnipresent in physics. Important examples are the time
independent Schrodinger equation in a finite orthogonal basis (Chap. 9)

M

> (¢ 1HI¢;)C; = EC) ©.1)

j=1
or the harmonic motion of a molecule around its equilibrium structure (Sect. 14.4.1)

2 eq 3*U eq
o’mi(& — &)= TR 9.2)

J

Most important are ordinary eigenvalue problems,! which involve the solution of
a homogeneous system of linear equations

N
Zaijxj = AX; 9.3)
j=1

with a Hermitian (or symmetric, if real) matrix [198]

aji =a;“j. (9~4)

Matrices of small dimension can be diagonalized directly by determining the
roots of the characteristic polynomial and solving a homogeneous system of linear
equations. The Jacobi method uses successive rotations to diagonalize a matrix with
a unitary transformation. A very popular method for not too large symmetric ma-
trices reduces the matrix to tridiagonal form which can be diagonalized efficiently
with the QL algorithm. Some special tridiagonal matrices can be diagonalized ana-
Iytically. Special algorithms are available for matrices of very large dimension, for
instance the famous Lanczos method.

'We do not consider general eigenvalue problems here.
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148 9 Eigenvalue Problems
9.1 Direct Solution

For matrices of very small dimension (2, 3) the determinant
det|a;j — Ad;j| =0 9.5)

can be written explicitly as a polynomial of A. The roots of this polynomial are the
eigenvalues. The eigenvectors are given by the system of equations

Z(a,-j - ASij)uj =0. (96)

J

9.2 Jacobi Method

Any symmetric 2 X 2 matrix

al a
A= (@1 an 9.7)
ap ax
can be diagonalized by a rotation of the coordinate system. Rotation by the angle ¢
corresponds to an orthogonal transformation with the rotation matrix

R, = (cos<p —sm(p> . ©9.8)

sing  cos¢g
In the following we use the abbreviations
c=cosg, §=sing, t=tang. 9.9

The transformed matrix is

RAR- = (€ — aiy ap c s
s ap an —s c

_ c?ayy + s*axy — 2esar es(ar —axn) + (¢ — sHa
es(ai —an) + (2 —sHan s?ai + c2ax + 2csan

(9.10)

It is diagonal if

0=cs(aj; —axn)+ (6‘2 — sz)alz I sin(2p) + appcos(2p)  (9.11)

2
or

2
tan(2g) = —12 (9.12)

azz —daii
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Calculation of ¢ is not necessary since only its cosine and sine appear in (9.10).

From [198]

1—2 2 —52 ar) —ap

= =cot(2p) =
t 2cs ( (,0) 2a12

we see that ¢ is a root of
o a2 —ajl

+—1t—-1=0
an

t

hence

(9.13)

9.14)

2
- - 1
. _a222 air \/1 <a222 au) .
a2 a2 a2§a—£11 + /1 +(a2§a—]zn)2

9.15)

For reasons of convergence [198] the solution with smaller magnitude is chosen

which can be written as

Slgn(azzaljll )
=

axp—aig a —adil\2
1=y |+ 1+ (5 )

(9.16)

again for reasons of convergence the smaller solution ¢ is preferred and therefore

we take
1 t
Cc = S = .
V1412 1+12

The diagonal elements of the transformed matrix are

aj = c2a11 + S26122 —2csayn

dy = s2a11 + 026122 + 2csayps.
The trace of the matrix is invariant
ay +axn =ai +axn

whereas the difference of the diagonal elements is

2

arn — dn = (2 — s%) (a1 — az) — 4esar
1—1¢2 apt

1 —2\ —2¢2
= (a;1 —axp) + | —an -

t 1+1¢2

= (a1 — ax) — 2tay

9.17)
(9.18)
(9.19)
(9.20)
aint
141¢2
(9.21)
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and the transformed matrix has the simple form

ajl —ajnt
. 22
( ax + alzl) ©-22)

For larger dimension N > 2 the Jacobi method uses the following algorithm:

(1) look for the dominant non-diagonal element max ;|a;;|
(2) perform a rotation in the (ij)-plane to cancel the element a;; of the transformed
matrix A = R@) . A. R@)~1 The corresponding rotation matrix has the form

1

RN _ - (9.23)

(3) repeat (1-2) until convergence (if possible).
The sequence of Jacobi rotations gives the over all transformation
Al

RAR™' = RR\AR{ 'Ry - = . (9.24)
AN

Hence
Al
AR'=R™! (9.25)
AN

and the column vectors of R~! = (v1, va---vy) are the eigenvectors of A:

AV, V2 VN) = (A1V], A2V2 - - ANVN). (9.26)

9.3 Tridiagonal Matrices

A tridiagonal matrix has nonzero elements only in the main diagonal and the first
diagonal above and below. Many algorithms simplify significantly when applied to
tridiagonal matrices.
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9.3.1 Characteristic Polynomial of a Tridiagonal Matrix

The characteristic polynomial of a tridiagonal matrix

ajip — A apn
azy ax — A
Pa(1) = det , (9.27)
’ aAN—IN
aNN-1 aNN — A

can be calculated recursively:

Py=1
Pi(A) =aj — A
Py(A) = (a2 — X)) P1(X) —ajpaz; (9.28)

Py(A) =(any —A)Pv_1(A) —an nv—1an—1,n Pn—2 (D).

9.3.2 Special Tridiagonal Matrices

Certain classes of tridiagonal matrices can be diagonalized exactly [55, 151, 281].

9.3.2.1 Discretized Second Derivatives

Discretization of a second derivative involves, under Dirichlet boundary conditions
f(x0) = f(xn+1) =0, the differentiation matrix (Sect. 18.2)

-2 1
1 -2 1
M= . (9.29)
1 -2 1
1 =2
Its eigenvectors have the form
fi sink
f=1| fu | =| sin(nk) |. (9.30)

fN sin(Nk)
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This can be seen by inserting (9.30) into the n-th line of the eigenvalue equation

(9.31)

ME=2f
(Mf), = (sin((n — 1)k) +sin((n + 1)k) — 2sin(nk))
= 2sin(nk)(cos(k) — 1) = A(f),

with the eigenvalue
.ok
A =2(cosk — 1) = —4sin 7)
The first line of the eigenvalue equation (9.31) reads
(Mf); = (—2sin(k) + sin(2k))
= 2sin(k)(cos(k) — 1) = A(f),
and from the last line we have
(Mf)y = (—2sin(Nk) + sin([N — 1]k))
=1y = 2(cos(k) - 1) sin(Nk)
which holds if
sin((N — l)k) = 2sin(Nk) cos(k).
This simplifies to
sin(Nk) cos(k) — cos(Nk) sin(k) = 2sin(Nk) cos(k)
sin(Nk) cos(k) + cos(Nk) sin(k) =0
sin((N + k) =0.

Hence the possible values of k are

T | withi=12---N
N+ 1)

and the eigenvectors are explicitly (Fig. 9.1)

sin(NLHl)
f= sin(NLHln)

sin(NL_HlN)

(9.31)

(9.32)

(9.33)

(9.34)

(9.35)

(9.36)

(9.37)

(9.38)

(9.39)
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Fig. 9.1 (Lowest eigenvector
for fixed and open
boundaries) Top: for fixed
boundaries f, = sin(nk)
which is zero at the additional

points xg, xy1. For open Xo X1 X2 XN-1 XN Xnp1 X
boundaries

Jfn =cos((n — 1)k) with

horizontal tangent at x1, xy

due to the boundary

conditions f> = fo, R
Sv-1=fnn Xo X Xp Xt XN Xy X

For Neumann boundary conditions %(x 1) = %(xN) = 0 the matrix is slightly
different (Sect. 18.2)

M= S . (9.40)

Its eigenvalues are also given by the expression (9.33). To obtain the eigenvectors,
we try a more general ansatz with a phase shift

sin @y
f=| sin(&;+m— k) |. 9.41)

sin(®1 + (N — 1)k)
Obviously

sin(®1 + (n — Dk — k) + sin(@1 + (n — Dk + k) — 2sin(@1 + (n — 1)k)
=2(cosk — 1) sin(@1 + (n — 1)k). (9.42)

The first and last lines of the eigenvalue equation give

0= —2sin(P;) + 2sin(®; + k) — 2(cosk — 1) sin(P;)
=2cos P sink (9.43)

and



154 9 Eigenvalue Problems

0= —2sin(®; + (N — Dk) + 2sin(@; + (N — Dk — k)
—2(cosk — 1) sin(@; + (N — 1)k)
=2cos(®Py + (N — 1)k) sink (9.44)

which is solved by

¢1=z P I, 1=12---N (9.45)
2 N -1

hence finally the eigenvector is (Fig. 9.1)

f=| cos(z=LnD) |. (9.46)

1)

Even simpler is the case of the corresponding cyclic tridiagonal matrix

-2 1 1
1 -2 1
M = (9.47)
1 =2 1
1 )
which has eigenvectors
eik
f=| ek (9.48)
eiI.Vk
and eigenvalues
—ik | ik ok
A=—-2+e " 4+e" = 2(Cos(k) — 1) = —sin 3 (9.49)

where the possible k — values again follow from the first and last line
—2elk 42k 4 etNK = (2 4 eIk 4 elk) el (9.50)

eik +ei(N_l)k _ zeiNk — (_2 + e—ik +eik)eiNk (951)
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which both lead to
elVk =1 (9.52)
2
k=—I, [=0,1---N—1. (9.53)
N

9.3.2.2 Discretized First Derivatives

Using symmetric differences to discretize a first derivative in one dimension leads
to the matrix?

D= - A . (9.54)
-1 1
~1

The characteristic polynomial of the Hermitian matrix iD is given by the recursion
9.3.1)

Pp=1
Pr=—A
(9.55)
Py =—APnN_1 — Pn—2
which after the substitution x = —A /2 is exactly the recursion for the Chebyshev

polynomial of the second kind Uy (x). Hence the eigenvalues of D are given by the
roots x; of Uy (x) as

k
AD=2ixk=2icos(NZI> k=1,2---N. (9.56)

The eigenvalues of the corresponding cyclic tridiagonal matrix

1 -1

D= - A (9.57)
—1 1
1 —1

2This matrix is skew symmetric, hence i7" is Hermitian and has real eigenvalues ix.
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are easy to find. Inserting the ansatz for the eigenvector

expik
: (9.58)
expiNk
we find the eigenvalues
elm+Dk _ oim=Dk _ 5 oimk (9.59)
A =2isink (9.60)
and from the first and last equation
1 =Nk (9.61)
eik — ei(N+1)k (962)
the possible k-values
2
k:%l, [=0,1---N—1. (9.63)

9.3.3 The QL Algorithm

Any real matrix A can be decomposed into the product of a lower triangular matrix
L and an orthogonal matrix Q7 = 0! (this is quite similar to the Q R factorization
with an upper triangular matrix which is discussed in Sect. 5.2)

A=0L. (9.64)

For symmetric tridiagonal matrices this factorization can be efficiently realized by
multiplication with a sequence of rotation matrices which eliminate the off-diagonal
elements in the lower part

Q=RWN-LNV . gEIRAD, (9.65)
An orthogonal transformation of A is given by
0'AQ=0"0LQ=L0. (9.66)
The QL algorithm is an iterative algorithm. It uses the transformation

Apy1 = QZ;An On= QZ;(An —0p)0n +o0p = QZ; OnLnQn +oy
=L,0n+ oy (9.67)
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where the shift parameter o, was introduced to improve convergence and the QL
factorization is applied to A, — o,,. This transformation conserves symmetry and
tridiagonal form. Repeated transformation gives a sequence of tridiagonal matrices,
which converge to a diagonal matrix if the shifts o,, are properly chosen. A very
popular choice [198] is Wilkinson’s shift

2 J—
b 5= 42— (9.68)

18] + /82 + a2, 2

ay a2
apz azz

o =ajy1 — sign(é)

which is that eigenvalue of the matrix (
one if aj; = a).

) which is closer to aq; (the smaller

9.4 Reduction to a Tridiagonal Matrix

Any symmetric matrix can be transformed to a tridiagonal matrix by a series of
Householder transformations (5.53)

uu’

A'=PAP withP=PT =1-2—.
lu|?

(9.69)

The following orthogonal transformation P brings the first row and column to tridi-
agonal form. We divide the matrix A according to

T
a;  «
A= 9.70
< o Arest) ( )

with the (N — 1)-dimensional vector

ap
o=
aln
Now let
0
a O+ A !
12
u= _ = (2) +2e®  withe® =|0 (9.71)
aiy 0
Then

lu? = |a|® + A% + 22ap2 (9.72)
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and
T(a\ _ 2
u’ (1) = el + 2an. (9.73)

The first row of A is transformed by multiplication with P; according to

ar ar ot + Aain 0 @)
P = -2 A . 9.74
l("‘) ("‘) lot|? + A2 4 2hapy [\ @ e O79

The elements number 3 - - - N are eliminated if we choose>

Py (9.75)

because then

|| + rai2 la|? £ |alarn

2+ A2+ 2hay o + o £ 2lalaz

(9.76)

and

0 Flof
P <““> - <““> - < ) —2e@=1 0 . (9.77)
o o o )
0
Finally we have
all (1%) 0 s 0
) 2 2 (2)
App Gy dyz =0 oy
@ _ - @ - ©)
A P1AP; 0 a3 . asy (9.78)
e e O
0 ayy azy -+ ayy
as desired.
For the next step we choose
(2)
) 0
a=| |, u=|0]xjxe® (9.79)
10) o
AN

3To avoid numerical extinction we choose the sign to be that of Aj;.
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to eliminate the elements ay4 - - - az . Note that P> does not change the first row and
column of A@ and therefore

@

an ay 0 o o0
@ @ 0
ajp ay a; 0 - 0
0 4 4B . LB
A® =P, A® p, = B8 S (9.80)
0
Ca B 3)
0 O a3N .« e “ e aNN

After N — 1 transformations finally a tridiagonal matrix is obtained.

9.5 Large Matrices

Special algorithms are available for matrices of very large dimension to calculate
only some eigenvalues and eigenvectors. The famous Lanczos method [153] diago-
nalizes the matrix in a subspace which is constructed from the vectors

X0, AXg, A%xo--- AVxo (9.81)

which, starting from an initial normalized guess vector X( are orthonormalized to
obtain a tridiagonal matrix,

AX() - (X()AX())X() _ AX() — apxo

X =

|Axo — (x0AX0)Xo| bo
AX] - boX() — (X]AX])X] AX] — boXo — a|Xi
X2 = =
[Ax] — boxo — (X1 AX1)X1] by
(9.82)
Xy = AXN_1 —bN—2XN—2 — XN 1AXN_1)XN—1
[AXy—1 —by_2XN—2 — (XN—1AXN_1)XN—1]
_ AXN_| —bNy_2XN—2 —aN—1XN—1 _TN-]
by_1 by_1’
This series is truncated by setting
ay = (Xy Axy) (9.83)

and neglecting

ry ZAXN —bN_lxN_l — aNXN. (9.84)
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Within the subspace of the x; - - - X,y the matrix A is represented by the tridiagonal
matrix

ap by
by a1 b

T = (9.85)

an—1 by
by_1  an

which can be diagonalized with standard methods. The whole method can be iter-
ated using an eigenvector of T as the new starting vector and increasing N until the
desired accuracy is achieved. The main advantage of the Lanczos method is that the
matrix A will not be stored in memory. It is sufficient to calculate scalar products
with A.

9.6 Problems

Problem 9.1 (Computer experiment: disorder in a tight-binding model) We con-
sider a two-dimensional lattice of interacting particles. Pairs of nearest neighbors
have an interaction V and the diagonal energies are chosen from a Gaussian distri-
bution

1 29 A2
P(E)= e E7/2A7 9.86
(E) Ao (9.86)

The wave function of the system is given by a linear combination

Y= Z Cijij (9.87)

i

where on each particle (i, j) one basis function ;; is located. The nonzero elements
of the interaction matrix are given by

H(ijlij) = Ejj (9.88)

H@jli£1, j))=HGjli,j£1)=V. (9.89)

The matrix H is numerically diagonalized and the amplitudes C;; of the lowest
state are shown as circles located at the grid points. As a measure of the degree of
localization the quantity

>oiclt (9.90)
i

is evaluated. Explore the influence of coupling V and disorder A.



Chapter 10
Data Fitting

Often a set of data points has to be fitted by a continuous function, either to obtain
approximate function values in between the data points or to describe a functional
relationship between two or more variables by a smooth curve, i.e. to fit a certain
model to the data. If uncertainties of the data are negligibly small, an exact fit is
possible, for instance with polynomials, spline functions or trigonometric functions
(Chap. 2). If the uncertainties are considerable, a curve has to be constructed that
fits the data points approximately. Consider a two-dimensional data set

(xi,y) i=1---m (10.1)
and a model function
f&x,ar---ap) m=n (10.2)

which depends on the variable x and n < m additional parameters a;. The errors of
the fitting procedure are given by the residuals

ri=yi — f(xi,a1---ay). (10.3)

The parameters a; have to be determined such, that the overall error is minimized,
which in most practical cases is measured by the mean square difference’

] m
S ceea)) = — 2 10.4
@ a)=—3 r, (10.4)

i=1

The optimal parameters are determined by solving the system of normal equa-
tions. If the model function depends linearly on the parameters, orthogonalization
offers a numerically more stable method. The dimensionality of a data matrix can be
reduced with the help of singular value decomposition, which allows to approximate
a matrix by another matrix of lower rank and is also useful for linear regression, es-
pecially if the columns of the data matrix are linearly dependent.

! Minimization of the sum of absolute errors > |ri| is much more complicated.
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10.1 Least Square Fit

A (local) minimum of (10.4) corresponds to a stationary point with zero gradient.
For n model parameters there are n, generally nonlinear, equations which have to
be solved [275]. From the general condition

3S
Dd g j=1.. (10.5)
8(1]‘
we find
m
OF (x; ay -~
Z”’M —0 (10.6)

0a;
i=1 J

which can be solved with the methods discussed in Chap. 6. For instance, the
Newton-Raphson method starts from a suitable initial guess of parameters

(@)---af) (10.7)

n

and tries to improve the fit iteratively by making small changes to the parameters

a‘;.'H =a}+ Adj. (10.8)

The changes Aaj. are determined approximately by expanding the model function
n o
of (xj,aj---ad)
+1 1 : i
f(xz,ai . 5+ ) f(x,,al ay)—f-ZlTnAaj-F (109)
j=

to approximate the new residuals

n
_ f(x““l '")Aaj (10.10)
j=l1
and the derivatives
ar; of (xi,aj---ay)

e . 10.11
Baj 8aj ( )
Equation (10.6) now becomes
m n
~ af (xi) ¢\ 9f (xi)
ri— Aa’ (10.12)
3 (- 3 e

which is a system of n (usually overdetermined) linear equations for the Aaj, the
so-called normal equations:

Af () Af (i) 5~ 5 Of (x;)
ZZ %2, dax Aaj_gri o (10.13)

i=1j=1
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With the definition
1 3 () 3f (i)
Apj = — 10.14
ki m ; dax  0daj ( )
1~ 0f ()
by = — i 10.15
k= ;y Tar (10.15)
the normal equations can be written as
n
> AjAaj=1by. (10.16)

j=1

10.1.1 Linear Least Square Fit

Especially important are model functions which depend linearly on all parameters
(Fig. 10.1 shows an example which is discussed in Problem 10.1)

foara) =Y "a;fj). (10.17)
j=1
The derivatives are
aj

and the minimum of (10.4) is given by the solution of the normal equations

1 n m 1 m
. Zka(xi)fj(xi)aj = ;yifk(xi) (10.19)

j=li=l

which for a linear fit problem become

> Aijaj=by (10.20)
j=1
with
1 m
Ay = — ) fi(x; 10.21
kj m;fk(x)f/(x) (10.21)

1 m
b=~ gyl-fkm). (10.22)
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Fig. 10.1 (Least square fit)
The polynomial

C(T)=aT +bT? (full
curve) is fitted to a set of data 5
points which are distributed L.5x10
randomly around the “exact”

values C(T) = agT + boT?>

2.0x10°

10 Data Fitting

(dashed curve). For more g 1,()><1()5 -
details see Problem 10.1

5.0x10*f

0.00

Example (Linear regression) For a linear fit function

f(x)=ao+ax

the mean square difference is

1 m
Ssa = - z;()ﬁ —ap —arx;)?
=

and we have to solve the equations

0= N

1 m
= =n—12(yi—ao—alxi)=?—ao—alf

dagp

i=1

_ 08sd

1 & — _
0= = ;Z()’i —ap —apx;)x; =Xy — aoX — dai
=

da
1 =1

which can be done here with determinants

X

2

(10.23)

(10.24)

(10.25)

(10.26)

(10.27)
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10.1.2 Linear Least Square Fit with Orthogonalization

With the definitions
ai 1
x=| : b=| : (10.28)
dap Ym
and the m x n matrix
aip - amp S o fulxn)
A= : : = " : (10.29)
aml *°° Amn fl(xm) fn(xm)

the linear least square fit problem (10.20) can be formulated as a search for the
minimum of

|AX — b| = v (Ax — b)T (Ax — b). (10.30)

In the last section we calculated the gradient

d|Ax — b|?

3 =AT(Ax—b) + (Ax—b)TA=24T Ax - 24D (10.31)
X

and solved the normal equations
AT Ax=ATb. (10.32)

This method can become numerically unstable. Alternatively we use orthogonaliza-
tion of the n column vectors a; of A to have

ri r12 LR & V7]
2 MR £977)

A=@;---a,)=(q1--qu) . : (10.33)
Ynn

where a; and qj are now vectors of dimension m. Since the q; are orthonormal
q/ qi = 8ix we have

q’ iy riz s T
1 rn e
A= . 1. (10.34)
T IR

9 Tnn

The qx can be augmented by another (m — n) vectors to provide an orthonormal
basis of R™. These will not be needed explicitly. They are orthogonal to the first
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n vectors and hence to the column vectors of A. All vectors q; together form an

orthogonal matrix

O=(q1 * @ Gut1 - Qm)
and we can define the transformation of the matrix A:
qf
q:T R rir s+ Tin
A= 1 (a1-~an>=QTA=( ) R=
0
qn—H r
. nn
q;,
The vector b transforms as
T T
) b q; L S|
b:QTb=<“> b.=| : |b b;=| : |b.
b , ,
qn qm

Since the norm of a vector is not changed by unitary transformations

Ib — Ax| = \/ (b, — Rx)2 +b?

Rx=h,.

which is minimized if

The error of the fit is given by
|b — Ax| = [by].

Example (Linear regression) Consider again the fit function
fx)=ao+arx

for the measured data (x;, y;). The fit problem is to determine

I x y1

a .
( 0>— : =min.
aj .

I xp Ym

Orthogonalization of the column vectors

(10.35)

(10.36)

(10.37)

(10.38)

(10.39)

(10.40)

(10.41)

(10.42)

(10.43)
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with the Schmidt method gives:

rir=~/m
1
N
q =
1
N
1 m
ra=—=Y xi=+mx
by = (x; —X)

_ Xi — X
L=\ "o, )
Transformation of the right hand side gives

V1 —
qf [ Vmy
qg‘ . ﬁxy;x y

Ym

X

and we have to solve the system of linear equations

e (4 L)) (2

0 J/mo

ai

The solution

coincides with the earlier results since

(x —x)?>=x2—%°.

10.2 Singular Value Decomposition
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(10.44)

(10.45)

(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

(10.53)

(10.54)

Computational physics often has to deal with large amounts of data. Singular value
decomposition is a very useful tool to reduce redundancies and to extract the most
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important information from data. It has been used for instance for image compres-

sion [216], it is very useful to extract the essential dynamics from molecular dynam-
ics simulations [99, 221] and it is an essential tool of bio-informatics [71].

10.2.1 Full Singular Value Decomposition

For m > n,? any real® m x n matrix A of rank < n can be decomposed into a
product

A=UxVvT (10.55)
N
aiy -+ Qin uip o Ulm Vi1 - Unl
a DR a - u DY M Sn v ... v
ml mn ml mm 0 --- 0 1n nn
(10.56)

where U is an m x m orthogonal matrix, X' is an m x n matrix, in which the upper
partis an n x n diagonal matrix and V is an orthogonal n x n matrix.

The diagonal elements s; are called singular values. Conventionally, they are
sorted in descending order and the last n — r of them are zero. For a square n x n
matrix singular value decomposition (10.56) is equivalent to diagonalization

A=USUT. (10.57)

10.2.2 Reduced Singular Value Decomposition

We write
U= Uy, Upn-n) (10.58)

with the m x n matrix U,, and the m x (m — n) matrix U,,_, and

S
Y= (O) (10.59)

with the diagonal n x n matrix S. The singular value decomposition then becomes

A= U, Upn_p) <g> vl =u,svT (10.60)

2Qtherwise consider the transpose matrix.

3Generalization to complex matrices is straightforward.
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which is known as reduced singular value decomposition. U, (usually simply de-

noted by U) is not unitary but its column vectors, called the left singular vectors,
are orthonormal

m
Zui,rui,s =65 (10.61)
i=1

as well as the column vectors of V which are called the right singular vectors

n
> virvis = s (10.62)
i=1
Hence the products
ul'u,=v'v=E, (10.63)

give the n X n unit matrix.
In principle, U and V can be obtained from diagonalization of AT A and AAT,
since

ATA=(v2TUT)(U2vT)=V(S,0)<g> vi=vsivT (10.64)

AAT=(UuzvTh)(veTuT)=U (g) s,0uT =u,s*ur. (10.65)

However, calculation of U by diagonalization is very inefficient, since usually only
the first n rows are needed (i.e. Uy). To perform a reduced singular value decompo-
sition, we first diagonalize

ATA=vDvT (10.66)

which has positive eigenvalues d; > 0, sorted in descending order and obtain the
singular values

Vdi
§=D'? = . (10.67)
Vd,
Now we determine a matrix U such, that
A=UsvT (10.68)
or, since V is unitary
Y=AV =US. (10.69)

The last n — r singular values are zero if r < n. Therefore we partition the matrices
(indices denote the number of rows)

(Yr 0u—r)=(Ur Un_,)<5’ 0 ):(U,S, 0). (10.70)
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We retain only the first » columns and obtain a system of equations

yu o0 dir uip - Uiy S1
: = oo (10.71)
Ym1i o Ymr Unml -+ Umr Sy
which can be easily solved to give the first  rows of U
urr e Uiy Yiro o0 Y sl_l
= oo . (10.72)
Uml - Umr Yml = Ymn Sr_l

The remaining n — r column vectors of U have to be orthogonal to the first r
columns but are otherwise arbitrary. They can be obtained for instance by the Gram
Schmidt method.

For larger matrices direct decomposition algorithms are available, for instance
[72], which is based on a reduction to bidiagonal form and a variant of the QL
algorithm as first introduced by Golub and Kahan [107].

10.2.3 Low Rank Matrix Approximation

Component-wise (10.60) reads
,
Qij =) Ui kSKVjk- (10.73)
k=1

Approximations to A of lower rank are obtained by reducing the sum to only the
largest singular values (the smaller singular values are replaced by zero). It can be
shown [243] that the matrix of rank [ <r

l
1
“i(,f' = Z”i,kSkvj,k (10.74)
k=1

is the rank-/ matrix which minimizes

2
Y laij—a)|". (10.75)
i.j

If only the largest singular value is taken into account, A is approximated by the
rank-1 matrix

al(l]) =S1Uj1Yj,1- (10.76)
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As an example, consider an m X n matrix

xi(f) - xn(f1)
A= (10.77)
x1tw) - xXp(tm)

which contains the values of certain quantities x - - - x,, observed at different times
t - - - . For convenience, we assume that the average values have been subtracted,
such that Z?:l x; = 0. Approximation (10.76) reduces the dimensionality to 1, i.e.
a linear relation between the data. The i-th row of A,

(x1(t) -+ xa(ti)) (10.78)
is approximated by
S1 U1 (v1,1 vn,l) (10.79)
which describes a direct proportionality of different observables
1 1
—x;j(t;) = —x (). (10.80)
vj1 Uk, 1

According to (10.75) this linear relation minimizes the mean square distance
between the data points (10.78) and their approximation (10.79).

Example (Linear approximation [165]) Consider the data matrix

r (1 2 3 4 5
A _(1 2.5 39 35 4.0>~ (10.81)

First subtract the row averages

x=3 y=2098 (10.82)
to obtain
-2 -1 0 1 2
T _
A= <—1.98 —0.48 0.92 0.52 1.02) ' (10-83)
Diagonalization of
10.00 7.00
Ty
ATA= < 7.00 6.308) (10-84)
gives the eigenvalues
dy =15.393 dr,=0.915 (10.85)

and the eigenvectors

0.792 —0.610
V_<O.610 —0.792)‘ (10.86)
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Since there are no zero singular values we find

—0.181 —0.380
—0.070  0.252

U=Avs'=]| 0036 0797 |. (10.87)
0.072 —0.217
0.143  —0.451

This gives the decomposition*

T
_ S Vi) _ T T
A= (U1 u2) ( Sz) (VT> =sjuv; +suzv)
2

—-2.212 —1.704 0.212 —-0.276
—0.860 —0.662 —0.140 0.182
=1 0.445 0343 | +| —0.445 0577 |. (10.88)
0.879 0.677 0.121  —0.157
1.748 1.347 0.252 —-0.327

If we neglect the second contribution corresponding to the small singular value s;
we have an approximation of the data matrix by a rank-1 matrix. The column vectors
of the data matrix, denoted as x and y, are approximated by

X=s51v11u1  y=s102101 (10.89)

which describes a proportionality between x and y (Fig. 10.2).

10.2.4 Linear Least Square Fit with Singular Value Decomposition

The singular value decomposition can be used for linear regression [165]. Consider
a set of data, which have to be fitted to a linear function

y=co+cix1+ -+ cpxn (10.90)
with the residual

ri=co+cixi1+ -+ cuXin — Yi- (10.91)

Let us subtract the averages

ri —7=c1(xl~,1 —-X1)+--- +Cn(xi,n —Xn) — (i =) (10.92)

Y viT is the outer or matrix product of two vectors.
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2

Fig. 10.2 (Linear approximation by singular value decomposition) The data set (10.81) is shown
as circles. The linear approximation which is obtained by retaining only the dominant singular
value is shown by the squares and the full line. It minimizes the mean square distance to the data
points. Stars and the dashed line show the approximation by linear regression, which minimizes
the mean square distance in vertical direction

which we write in matrix notation as

r—r X110 —X1 - Xln—Xp cl yi—Yy
- : R : (10.93)
m —T Xm1—X1 - Xmnp—Xn Cn Ym —Y
or shorter
r=Xc—y. (10.94)
Now let us insert the full decomposition of X
r=UXVTc—y. (10.95)
Since U is orthogonal
Ulr=xvlie—UTy=>xa-» (10.96)
where we introduce the abbreviations
a=Vie b=UTy. (10.97)

The sum of squared residuals has the form



174 10 Data Fitting

2
2 T2 (S O a, . b,
=ttt =[5 0) () - (o)

=|S,a, —b,|> +b2_, <|S,a, — b, |

n—r =

Hence a,,_, is arbitrary and one minimum of Sp is given by
a,=5"'b, a,,=0
which can be written more compactly as
a=X"b
with the Moore-Penrose pseudoinverse [20] of ¥
sy !

rt=

Finally we have
c=VXtuly=x"y
where
xt=vxtu’

is the Moore-Penrose pseudoinverse of X.

Example The following data matrix has rank 2

-3 —4 -5 1.0
-2 -3 -4 1.1
x=lo o o] y=| o
2 3 4 ~1.0
3 4 5 ~1.1

A solution to the linear fit problem is given by

1.0
-0917 1.167 0 -—1.167 00917 1.1
c=X"y=|[-0.167 0.167 0 -0.167 0.167
0.583 —-0.833 0 0.833 —0.583 -1.0
0.525
=| 0.000

—0.525

(10.98)

(10.99)

(10.100)

(10.101)

(10.102)

(10.103)

(10.104)

(10.105)
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The fit function is

¥y =0.525(x1 — x3) (10.106)
and the residuals are
0.05
—0.05
Xec—y= 0 . (10.107)
—0.05
0.05

10.3 Problems

Problem 10.1 (Least square fit) At temperatures far below Debye and Fermi tem-
peratures the specific heat of a metal contains contributions from electrons and lat-
tice vibrations and can be described by

C(T)=aT +bT>. (10.108)

The computer experiment generates data

Tj=To+ jAt (10.109)
Cj=(aoTj +boT})(1 +¢) (10.110)

with relative error
ej =¢€&;j. (10.111)

Random numbers &; are taken from a Gaussian normal distribution function
(Sect. 8.2.4.4).
The fit parameters a, b are determined from minimization of the sum of squares

1 n 2
Szz;(cj—an—bn3) . (10.112)
j=

Compare the “true values” ag, by with the fitted values a, b.



Chapter 11
Discretization of Differential Equations

Many processes in science and technology can be described by differential equations
involving the rate of changes in time or space of a continuous variable, the unknown
function. While the simplest differential equations can be solved exactly, a numer-
ical treatment is necessary in most cases and the equations have to be discretized
to turn them into a finite system of equations which can be solved by computers
[6, 155, 200]. In this chapter we discuss different methods to discretize differential
equations. The simplest approach is the method of finite differences, which replaces
the differential quotients by difference quotients (Chap. 3). It is often used for the
discretization of time. Finite difference methods for the space variables work best
on a regular grid. Finite volume methods are very popular in computational fluid dy-
namics. They take averages over small control volumes and can be easily used with
irregular grids. Finite differences and finite volumes belong to the general class of
finite element methods which are prominent in the engineering sciences and use an
expansion in piecewise polynomials with small support. Spectral methods, on the
other hand, expand the solution as a linear combination of global basis functions
like polynomials or trigonometric functions. A general concept for the discretiza-
tion of differential equations is the method of weighted residuals which minimizes
the weighted residual of a numerical solution. Most popular is Galerkin’s method
which uses the expansion functions also as weight functions. Simpler are the point
collocation and sub-domain collocation methods which fulfill the differential equa-
tion only at certain points or averaged over certain control volumes. More demand-
ing is the least-squares method which has become popular in computational fluid
dynamics and computational electrodynamics. The least-square integral provides a
measure for the quality of the solution which can be used for adaptive grid size
control.

If the Green’s function is available for a problem, the method of boundary el-
ements is an interesting alternative. It reduces the dimensionality and is, for in-
stance, very popular in chemical physics to solve the Poisson-Boltzmann equa-
tion.
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178 11 Discretization of Differential Equations
11.1 Classification of Differential Equations

An ordinary differential equation (ODE) is a differential equation for a function of
one single variable, like Newton’s law for the motion of a body under the influence
of a force field

d2
m@X(Z‘)ZF(X, 1), (11.1)

a typical initial value problem where the solution in the domain 7y <t < T is deter-
mined by position and velocity at the initial time

d
x(t =19) =Xo ax(t =1y) = Vp. (11.2)

Such equations of motion are discussed in Chap. 12. They also appear if the
spatial derivatives of a partial differential equation have been discretized. Usually
this kind of equation is solved by numerical integration over finite time steps At =
th+1 — t,. Boundary value problems, on the other hand, require certain boundary
conditions! to be fulfilled, for instance the linearized Poisson-Boltzmann equation
in one dimension (Chap. 17)

d2q> 29 ! (x) (11.3)
- — K = ——pW .
dx2 gl
where the value of the potential is prescribed on the boundary of the domain x¢ <
x <X

D(xg) =Dy DP(x1)=D. (11.4)

Partial differential equations (PDE) finally involve partial derivatives with respect
to at least two different variables, in many cases time and spatial coordinates.

11.1.1 Linear Second Order PDE

A very important class are second order linear partial differential equations of the
general form

N N 52 N 3
i=1j=1 i=1
where the coefficients a;;, b;, ¢, d are functions of the variables x1 ... xy but do not

depend on the function f itself. The equation is classified according to the eigen-
values of the coefficient matrix a;; as [141]

IDirichlet b.c. concern the function values, Neumann b.c. the derivative, Robin b.c. a linear com-
bination of both, Cauchy b.c. the function value and the normal derivative and mixed b.c. have
different character on different parts of the boundary.
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e clliptical if all eigenvalues are positive or all eigenvalues are negative, like for the
Poisson equation (Chap. 17)

S Yot =L oy (11.6)

) PG ) X, Y, =—-- X, Yy, .

0xZ  yr 972 Pe PLARAE

e hyperbolic if one eigenvalue is negative and all the other eigenvalues are positive
or vice versa, for example the wave equation in one spatial dimension (Chap. 18)

2 2
B_f — C28_
012 dx2

e parabolic if at least one eigenvalue is zero, like for the diffusion equation
(Chap. 19)

£=0 (11.7)

] L L

— v, 2, ) —D| ——+ —+ — v, ) =8, y, 2.t

atf(xyz ) <8x2+8y2+azz)f(xyz )=S8(x,y,2,0)
(11.8)

e ultra-hyperbolic if there is no zero eigenvalue and more than one positive as well
as more than one negative eigenvalue. Obviously the dimension then must be 4 at
least.

11.1.2 Conservation Laws

One of the simplest first order partial differential equations is the advection equation

3 3
5 [0 U (=0 (11.9)

which describes transport of a conserved quantity with density f (for instance mass,
number of particles, charge etc.) in a medium streaming with velocity «. This is a
special case of the class of conservation laws (also called continuity equations)

%f(x,t)erivJ(x, 1) =gXx,1) (11.10)

which are very common in physics. Here J describes the corresponding flux and g
is an additional source (or sink) term. For instance the advection-diffusion equation
(also known as convection equation) has this form which describes quite general
transport processes:

0
§C =div(DgradC —uC) + S(x,t) = —divJ + S(x, 1) (11.11)
where one contribution to the flux

J=—DgradC +uC (11.12)

is proportional to the gradient of the concentration C (Fick’s first law) and the sec-
ond part depends on the velocity field u of a streaming medium. The source term
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S represents the effect of chemical reactions. Equation (11.11) is also similar to the
drift-diffusion equation in semiconductor physics and closely related to the Navier
Stokes equations which are based on the Cauchy momentum equation [1]

du Ju .
pzz <E +ugradu)=dlva+f (11.13)

where o denotes the stress tensor. Equation (11.10) is the strong or differential form
of the conservation law. The requirements on the smoothness of the solution are re-
duced by using the integral form which is obtained with the help of Gauss’ theorem

/(gf(x,t)—g(x,z))dwr?g J(x, 1) dA = 0. (11.14)
v \o! av

An alternative integral form results from Galerkin’s [98] method of weighted
residuals which introduces a weight function w(x) and considers the equation

/(%f(x,t)+divJ(x, t)—g(x,t))w(x)dV:O (11.15)
\%

or after applying Gauss’ theorem

/;/{(%f(x, B — g(x, t))w(x) — J(x, 1) grad w(x)}dV

+¢ wx)J(x,1)dA =0. (11.16)
av

The so called weak form of the conservation law states that this equation holds for
arbitrary weight functions w.

11.2 Finite Differences

The simplest method to discretize a differential equation is to introduce a grid of
equidistant points and to discretize the differential operators by finite differences
(FDM) as described in Chap. 3. For instance, in one dimension the first and second
derivatives can be discretized by

X—=>xp=mAx m=1...M 11.17)
SO = fu=flm) m=1...M (11.18)
Bf N < d ) _ fm+1 - fm ( d ) _ fm+1 - fmfl
— —f) =—— o |—f) =—F7——
0x ax" /), Ax ox” ), 2Ax

(11.19)

2 2 —
0 f (a ):fm+1+fm_1 2fn. (1120)

[ % —_

0x2 dx2 f Ax?
These expressions are not well defined at the boundaries of the grid m = 1, M unless
the boundary conditions are taken into account. For instance, in case of a Dirichlet
problem fo and fjs41 are given boundary values and
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2
<if> _h=F (%f) _h=2fi+fo (11.21)
1 X 1

dx 2Ax Ax?
< 0 ) fuer— fu fusr — fu—
—f = or
ox” )y Ax 2Ax
32 )
KA. fm-1 fM+fM+1. (11.22)
ax2" )y Ax?
Other kinds of boundary conditions can be treated in a similar way.
11.2.1 Finite Differences in Time
Time derivatives can be treated similarly using an independent time grid
t—>t,=nAt n=1...N (11.23)
ft,x) = fon = ftn, xm) (11.24)
and finite differences like the first order forward difference quotient
9 n+l _ rn
| Jn" = Jm (11.25)
at At
or the symmetric difference quotient
9 f nr;-&-l _ r;rzl—l
- > -7 11.26
ot - 2At ( )

to obtain a system of equations for the function values at the grid points f,. For
instance for the diffusion equation in one spatial dimension

af (x,1) 92
P =Dﬁf(x,t)+5(x,t) (11.27)

the simplest discretization is the FTCS (forward in time, centered in space) scheme

At
(fut! —.fnf):Dm(

which can be written in matrix notation as

Tt F Fmt = 2f3) + Sy At (11.28)

At
f,.1 —f, = D—— Mf£, + S, At (11.29)
Ax?
with
It -2 1
o 1 -2 1
f,=| /5| and M= =2 1 . (11.30)
f;’& 1 -2
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11.2.2 Stability Analysis

Fully discretized linear differential equations provide an iterative algorithm of the
type2

f,.1 = Af, + S, At (11.31)

which propagates numerical errors according to

fn+1 + &nt1 = A, +en) + S, At (11.32)
£ip1 = A, (11.33)

Errors are amplified exponentially if the absolute value of at least one eigenvalue of
A is larger than one. The algorithm is stable if all eigenvalues of A are smaller than
one in absolute value (Sect. 1.4). If the eigenvalue problem is difficult to solve, the
von Neumann analysis is helpful which decomposes the errors into a Fourier series
and considers the Fourier components individually by setting

eik
f,=g"k) : (11.34)
eikM
and calculating the amplification factor
fn+1
;n = |g(k)|. (11.35)
m

The algorithm is stable if |g(k)| <1 for all k.

Example For the discretized diffusion equation (11.28) we find

At
2" (k) :g"(k)—}-ZDFg”(k)(Cosk— 1) (11.36)
X
At At 5[k
1—4p 2L oy <1 (11.38)
Ax2 S8W= '
hence stability requires
ar _1 (11.39)
Ax2 — 2 ’

2Differential equations which are higher order in time can be always brought to first order by
introducing the time derivatives as additional variables.
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11.2.3 Method of Lines

Alternatively time can be considered as a continuous variable. The discrete values
of the function then are functions of time (so called lines)

Sm(t) (11.40)

and a set of ordinary differential equations has to be solved. For instance for diffu-
sion in one dimension (11.27) the equations

dfn, D
T=h—2(fm+l+fm—1 —2fm) + S (1) (11.41)
which can be written in matrix notation as
fi -2 1 fi S1+ % fo
fi -2 1 f2 $2
N N -2 1 m S5
dr | . Ax? . :
fu 1 =2 fm Sy + h%fM—H
(11.42)
or briefly
d
af(t) = Af(t) + S(v). (11.43)

Several methods to integrate such a semi-discretized equation will be discussed in
Chap. 12. If eigenvectors and eigenvalues of A are easy available, an eigenvector
expansion can be used.

11.2.4 Eigenvector Expansion

A homogeneous system

d
L) = Af0) (11.44)

where the matrix A is obtained from discretizing the spatial derivatives, can be
solved by an eigenvector expansion. From the eigenvalue problem

Af = Af (11.45)

we obtain the eigenvalues A and eigenvectors f; which provide the particular solu-
tions:

f(t) = e''fy, (11.46)
%(e“f,\) =Ar(e"f) = A(eM'Ey). (11.47)
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These can be used to expand the general solution

f() =) Cre"'fs.
A

(11.48)

The coefficients C; follow from the initial values by solving the linear equations

f(t=0)=>_ Cifs.
A

If the differential equation is second order in time

d2
@f(t) = Af(r)

the particular solutions are
£(r) = eV,

d2
ﬁ(eitﬁfk) _ A(eitﬁfx) _ A(eitﬁfx)
and the eigenvector expansion is

f(0) = > (Crae™* + Cre VHYE,.
A
The coefficients C) 1+ follow from the initial amplitudes and velocities

ft=0=) (Cis +Cif;
A

d

—f(r=0)= MCyy — Crof.

f=0 leﬁﬁ )
For a first order inhomogeneous system

d
—f(t) = Af(r) + S(r)
dr

the expansion coefficients have to be time dependent

f(r) = Z C,. (e,
A
and satisfy
d dcy
—f(t) — Af(t) = —LeMf, =S(@).
o () — Af@) ;dte 5 =S(1)

After taking the scalar product with f,f
(o

dr e M(£.S0)

3Tf A is not Hermitian we have to distinguish left- and right-eigenvectors.

(11.49)

(11.50)

(11.51)

(11.52)

(11.53)

(11.54)

(11.55)

(11.56)

(11.57)

(11.58)
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can be solved by a simple time integration. For a second order system

d2
—f(t) = Af(¢) +S(¢ 11.59
(0 = AT +8() (11.59)
we introduce the first time derivative as a new variable
d
=—f 11.60
g8=3 ( )

to obtain a first order system of double dimension

o (e)=(00) () + ) ate

where eigenvectors and eigenvalues can be found from those of A (11.45)

(S‘(I)) (ij%fx)=<i;/f§fk)=iﬁ<i?m> (11.62)

(£vatl ) (g (1)> = (M VAT ) =2V (£VALL AT ). (11.63)

Insertion of

VAt f) —At fy
XA:CHe («/Xf,\> +Che <—ﬁfx>

gives

dCi+ i [ B dG,— ﬁz( f; )_(S(t))
XA: ar <ﬁfx)+ ar -Vt ) L0 (1164

and taking the scalar product with one of the left-eigenvectors we end up with

dii* = %(fAS(t))e’ﬁ’ (11.65)
d(cjj‘ — —%(fAS(t))e‘/x’. (11.66)

11.3 Finite Volumes

Whereas the finite differences method uses function values

Sijk= i, yj,zk) (11.67)

at the grid points
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Fig. 11.1 (Finite volume method) The domain V is divided into small control volumes V,, in the
simplest case cubes around the grid points r;j

vijk = (Xi, ¥j, 2k), (11.68)

the finite volume method (FVM) [79] averages function values and derivatives over
small control volumes V, which are disjoint and span the domain V (Fig. 11.1)

V:UV, ViNVy=@ Vr#r. (11.69)
r
The averages are
— 1
fr= —[ dv f(r) (11.70)
Vr v,

or in the simple case of cubic control volumes of equal size /3
o 1 xi+h/2 yj+h/2 Zk+h/2
fijk:_3/ dx/ dY/ dz f(x,y,2). (11.71)
h> Jxi—np2 yi—h/2 2—h/2

Such average values have to be related to discrete function values by numerical
integration (Chap. 4). The midpoint rule (4.17), for instance replaces the average by
the central value

Fiie = f&iyj 20+ 0(h?) (11.72)

whereas the trapezoidal rule (4.13) implies the average over the eight corners of the
cube

— 1
fijk= 3 Z F igm/2s Yjans2s 2htpp2) + O (). (11.73)
m,n,p==+1

In (11.73) the function values refer to a dual grid [79] centered around the vertices
of the original grid (11.68) (Fig. 11.2),

h h h
Tit1/2,j+1/2,k+1/2 = (xi + 3 yi+ 3 Zk + 5). (11.74)
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Fig. 11.2 (Dual grid) The
dual grid (black) is centered
around the vertices of the
original grid (red) L aannEE PR S — °
Xi yJ+1 Xit1 y]+1
Xi- 1/2. Y| ey Ve | H
Xy j Xi1 yj E
................................ °
Xi1/2Yj-1/2 Xiv1/2Yj-1/2

The average gradient can be rewritten using the generalized Stokes’ theorem as

— 1
grad fijx = —/ dV grad f(r) = f() dA. (11.75)
14 Vijk Vijk

For a cubic grid we have to integrate over the six faces of the control volume

+h/2 4 i+h/2
S dz [ Ay (f (i + 5. v,2) = f (i — %,y,z»

o A h/2 +h/2
grad fijk = 13 fzzkk+h//2 dz [ +h//2 dx(foay+ 8.2 = faa,y—1,2)
i+h/2 +h/2
St dx [ iy dy(f @iy e+ = fiy 2= 1)
(11.76)

The integrals have to be evaluated numerically. Applying as the simplest approxi-
mation the midpoint rule (4.17)

xi+h/2 yj+h/2 5 5
[ [T av e =R+ 0) A
xi—h/2 yj—h/2
this becomes
foi+5 vz — fai— 5y
grad fiji= 3 | £Cxi v+ 3,20 = £ (i yj = 5,20 (11.78)
fGi i+ = foiy -5

which involves symmetric difference quotients. However, the function values in
(11.78) refer neither to the original nor to the dual grid. Therefore we interpolate
(Fig. 11.3)

h 1
f<xi + 50 Yi» Zk) ~ E(f(xivijzk) + f(Xit1, ) 2k)) (11.79)
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Fig. 11.3 (Interpolation @ ©
between grid points)
Interpolation is necessary to Xi_1p Yirir2 Xis1/2 Yjr1r2
relate the averaged gradient [ SRRl REEEEEES ®
(11.78) to the original or dual ' :
grid
xi| Y,
©
Xic/z. _3’_1_1_/_2 _______ i ﬂ/_z_‘ Yi-1/2
G
1 F n h f h
— Xi+—=,viz)— Xi— =, V.2
h T YVj» 2k T3 Yjs> 2k
1
~ o (F G vy 20 = f(imr v, 200) (11.80)
or

h h h
Flot i)~ Z flx+ ,y1+m2,2k+n§ . (11.81)

mn +1

The finite volume method is capable of treating discontinuities and is very flexi-
ble concerning the size and shape of the control volumes.

11.3.1 Discretization of fluxes

Integration of (11.10) over a control volume and application of Gauss’ theorem gives
the integral form of the conservation law

éngd —i———/de——/ng (11.82)

which involves the flux J of some property like particle concentration, mass, energy
or momentum density or the flux of an electromagnetic field. The total flux through
a control volume is given by the surface integral

o=¢ JdA (11.83)
A%

which in the special case of a cubic volume element of size 3 becomes the sum
over the six faces of the cube (Fig. 11.4)
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Fig. 11.4 Flux through a Jz(z+h/2)
control volume
Jy(y+h/2)
Jx(x-h/2) , — = J,(x+h/2)
Jy(y-h/2) T
Jz(z-h/2)

6
o= [ JdA
r=1"4r

xi+h/2 yjt+h/2 h h
L) )
xi—h/2 Jyi-np 2 2
xi+h/2 2k+h/2 h
+/ dx/ dz(] (x yj+ ) J; (x yj— —,Z>>
xi—h/2 zk—h/2 2
2k +h/2 yj+h/2
+/ dz/ dy<Jx< DR z) Jz( 5 Z))
%—h/2 yj—h/2

(11.84)

The surface integral can be evaluated numerically (Chap. 4). Using the midpoint
approximation (11.77) we obtain

1 1
795(161', Vi k) = E(Jz(xl‘, VjsZk+1/2) — S (Xi, ¥, Zk—172)
+ Iy (xis yj+1725 2k) — Sy (xiy yj—1/25 2k)
+ T (ig1y2, vjo 2k) — Jxe(Kiz1y2, j. ). (11.85)

The trapezoidal rule (4.13) introduces an average over the four corners (Fig. 11.3)

xi+h/2 Vi+h/2
/ dx / dy f(x, )

Xi—h/2 Yi—h/2
1
= h2<1 Zil f&ipmy2, Yjtns2) + 0(h2)> (11.86)
m,n=

which replaces the flux values in (11.85) by the averages

Z Jo (X172, Yj+m/2: Zhn2)  (11.87)
m==%1,n==+1

=

Je(Xix172,¥),2%) =

1
Jy(xis yjt1y2, 2k) = 1 Z Jo(Xixmy2, Yjx1/2, Zktn2)  (11.88)
m==x1,n==+1
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1
Jo(Xi, Y, zkx1/2) = 1 Z Jo(Xivmy2, Yjins2, 2kx172).  (11.89)
m=+1,n=%1

One advantage of the finite volume method is that the flux is strictly conserved.

11.4 Weighted Residual Based Methods

A general method to discretize partial differential equations is to approximate the
solution within a finite dimensional space of trial functions.* The partial differential
equation is turned into a finite system of equations or a finite system of ordinary
differential equations if time is treated as a continuous variable. This is the basis of
spectral methods which make use of polynomials or Fourier series but also of the
very successful finite element methods. Even finite difference methods and finite
volume methods can be formulated as weighted residual based methods.

Consider a differential equation® on the domain V which is written symbolically
with the differential operator T

Tlum®]=f@) rev (11.90)

and corresponding boundary conditions which are expressed with a boundary oper-
ator B°

Blu(r)]=gx) reaVv. (11.91)

The basic principle to obtain an approximate solution #(r) is to choose a linear
combination of expansion functions N;(r) i = 1...r as a trial function which fulfills

the boundary conditions’
,
i = u;Ni(r) (11.92)
i=1
Bliar)] = g(r). (11.93)
In general (11.92) is not an exact solution and the residual
R(r) = Tlul(r) — f(r) (11.94)

will not be zero throughout the whole domain V. The function # has to be deter-
mined such that the residual becomes “small” in a certain sense. To that end weight
functions® w j Jj =1...r are chosen to define the weighted residuals

4Also called expansion functions.
5Generalization to systems of equations is straightforward.

50ne or more linear differential operators, usually a combination of the function and its first deriva-
tives.

"This requirement can be replaced by additional equations for the u;, for instance with the tau
method [195].

8 Also called test functions.
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Rj(ul...u,):dewj(r)(T[ﬁ](r)—f(r)). (11.95)
The optimal parameters u; are then obtained from the solution of the equations

Rjy...up)=0 j=1...r. (11.96)

In the special case of a linear differential operator these equations are linear

Zu,-/dV w; () T[Ni(r)] —/dV w;(r) f(r) =0. (11.97)
i=1

Several strategies are available to choose suitable weight functions.

11.4.1 Point Collocation Method

The collocation method uses the weight functions w; (r) = §(r — r;), with certain
collocation points r; € V. The approximation i obeys the differential equation at
the collocation points

0=R; =Tlil(r;) — f(r)) (11.98)

and for a linear differential operator

p
0=>u; TIN](x) — f(x)). (11.99)
i=1
The point collocation method is simple to use, especially for nonlinear problems.
Instead of using trial functions satisfying the boundary conditions, extra collocation
points on the boundary can be added (mixed collocation method).

11.4.2 Sub-domain Method

This approach uses weight functions which are the characteristic functions of a set
of control volumes V; which are disjoint and span the whole domain similar as for
the finite volume method

v=Jv; vinVvy=0 Vj#] (11.100)
j
1 reV;
wj(r)={0 else_’ (11.101)

The residuals then are integrals over the control volumes and

0=R,-=/ dv (Talr) — £ () (11.102)

Vj
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respectively

OZZ“"/ dVT[Ni](r)—/ dV f(r). (11.103)
i Vj Vi

11.4.3 Least Squares Method

Least squares methods have become popular for first order systems of differential
equations in computational fluid dynamics and computational electrodynamics [30,
140].

The L2-norm of the residual (11.94) is given by the integral

S=/ dV R(r)>. (11.104)
1%
It is minimized by solving the equations
s R
0= /dV—R(r) (11.105)
uj % ou j

which is equivalent to choosing the weight functions
w;j (r)——R( )——T[Zu N(r)] (11.106)
i

or for a linear differential operator simply
wj(r)=T[N;®)]. (11.107)

Advantages of the least squares method are that boundary conditions can be in-
corporated into the residual and that S provides a measure for the quality of the so-
lution which can be used for adaptive grid size control. On the other hand S involves
a differential operator of higher order and therefore much smoother trial functions
are necessary.

11.4.4 Galerkin Method

Galerkin’s widely used method [87, 98] chooses the basis functions as weight func-
tions

w; (r) = N (r) (11.108)

and solves the following system of equations

deNj(r)T[Zu,-N,-(r)} —/dVNj(r)f(r)zo (11.109)
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or in the simpler linear case

Zu,-/ dVNj(r)T(Ni(r))zf dV N;(®) f(x,1). (11.110)
Vv Vv

11.5 Spectral and Pseudo-spectral Methods

Spectral methods use basis functions which are nonzero over the whole domain, the
trial functions being mostly polynomials or Fourier sums [35]. They can be used to
solve ordinary as well as partial differential equations. The combination of a spectral
method with the point collocation method is also known as pseudo-spectral method.

11.5.1 Fourier Pseudo-spectral Methods

Linear differential operators become diagonal in Fourier space. Combination of
Fourier series expansion and point collocation leads to equations involving a dis-
crete Fourier transformation, which can be performed very efficiently with the Fast
Fourier Transform methods.

For simplicity we consider only the one-dimensional case. We choose equidistant
collocation points

Xp=mAx m=0,1...M—1 (11.111)
and expansion functions
. 2
Nix)=eki* ;= i j=0,1...M—1. 11.112
j(x)=¢€ j MA)C] J ( )
For a linear differential operator
Lle* ] =1(k;)ei* (11.113)
and the condition on the residual becomes
M—1 _
0=Rp=Y_ ujl(ke™™ — f(xn) (11.114)
Jj=0
or
M—1 _
Ftm) = Z ujl (ke milM (11.115)
j=0

which is nothing but a discrete Fourier back transformation (Sect. 7.2, (7.19)) which
can be inverted to give

M—1
1 . )
ujl(k;) = ¥ Z f (e 2mmilM, (11.116)

m=0
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Instead of exponential expansion functions, sine and cosine functions can be used
to satisfy certain boundary conditions, for instance to solve the Poisson equation
within a cube (Sect. 17.1.2).

11.5.2 Example: Polynomial Approximation

Let us consider the initial value problem (Fig. 11.5)

%u(x)—u(x):O u@=1 for0<x<1 (11.117)

with the well known solution
u(x)=e". (11.118)
We choose a polynomial trial function with the proper initial value
i(x) =1+ux +urx>. (11.119)
The residual is
R(x)=uj +2upx — (1 +uix + uzxz)
:(u1—1)+(2u2—u1)x—u2x2. (11.120)

11.5.2.1 Point Collocation Method

For our example we need two collocation points to obtain two equations for the two
unknowns u1,2. We choose x; =0, x = % Then we have to solve the equations

R(x))=u;—1=0 (11.121)
1 3
R(xp)=zui+-uy—1=0 (11.122)
2 4
which gives
2
up =1 uzzg (11.123)
2 5
uc=1~|—x+§x . (11.124)

11.5.2.2 Sub-domain Method

We need two sub-domains to obtain two equations for the two unknowns u1 2. We
choose Vi ={x,0<x < %}, Vo ={x, % < x < 1}. Integration gives
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Fig. 11.5 (Approximate
solution of a simple
differential equation) The
initial value problem
Lu@)—ux)=0u0) =1
forO<x<l1is
approximately solved with a
polynomial trial function
A(x) =14 u1x +urx?. The
parameters u1 > are optimized
with the method of weighted
residuals using point
collocation (full curve),
sub-domain collocation
(dotted curve), Galerkin’s
method (dashed curve) and
least squares (dash-dotted
curve). The absolute error
i(x) —e* (top) and the
residual R(x) = Lii(x) —
U(x) = (u1 —1)+ Quz —up)x
— usx? both are smallest for
the least squares and
sub-domain collocation
methods

11.5.2.3 Galerkin Method

195

0.02
0
‘g-o.oz
(5}
Z 004
£
-0.06
-0.08
0 03 07 B 06 03 1
=
3
045 03 07 . 06 03 1
Ry=up 42 Lo (11.125)
=g m) '
Ro= tuy by = L (11.126)
2T T " T, '
6
w =iy =2 (11.127)
6 2
Ugge =1+ ox + ~x2. (11.128)

Galerkin’s method uses the weight functions w1 (x) = x, wa(x) = x2. The equations

[

1
[ dxwy(x)R(x) =
0

6

12

1 5
dxwi(x)R(x) = —-u; + Euz - =

1 3

10

1

= 11.129
5 ( )
Lo (11.130)
3= :
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have the solution

8 10
- - 11.131
T ( )
8 10
=1+ —x+ —x2 11.132
ug +11x+11x ( )

11.5.2.4 Least Squares Method

The integral of the squared residual

! 5 4 1, 1 8 ,
S = A dx R(x) =1—u1—§u2+§u1+§u1u2+ﬁu2 (11.133)

is minimized by solving

92, 4] 1=0 (11.134)
=-u1+zup—1= .
du;, 3727

s 1 16 4

O -2 =0 11.135
o, 2T 151273 ( )

which gives

72 70

U =— up=— (11.136)
83 83
72 70

ups =14 —x + —x>. (11.137)
83" ' 83

11.6 Finite Elements
The method of finite elements (FEM) is a very flexible method to discretize partial
differential equations [84, 210]. It is rather dominant in a variety of engineering

sciences. Usually the expansion functions N; are chosen to have compact support.
The integration volume is divided into disjoint sub-volumes

-
v={JVvi vinvy=0vi#i (11.138)
i=1
The N;(x) are piecewise continuous polynomials which are nonzero only inside V;
and a few neighbor cells.
11.6.1 One-Dimensional Elements

In one dimension the domain is an interval V = {x; a < x < b} and the sub-volumes
are small sub-intervals V; = {x; x; < x < xj+1}. The one-dimensional mesh is the
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Fig. 11.6 (Finite elements in No
one dimension) The basis
functions N; are piecewise
continuous polynomials and
have compact support. In the
simplest case they are
composed of two linear
functions over the
sub-intervals x; _; <x < x;
and x; <x < Xj4

set of nodes {a = x¢, x1 ...x, = b}. Piecewise linear basis functions (Fig. 11.6) are
in the 1-dimensional case given by

;C’L% for x; <x < Xxjy1

1 1

Ni(x) =t forxiog <x <x; (11.139)
0 else

and the derivatives are (except at the nodes x;)

1

for x; < x < xj41

Xi41—X;
N =1 == forxi 1 <x<x (11.140)
0 else.

11.6.2 Two- and Three-Dimensional Elements

In two dimensions the mesh is defined by a finite number of points (x;, y;) € V (the
nodes of the mesh). There is considerable freedom in the choice of these points and
they need not be equally spaced.

11.6.2.1 Triangulation

The nodes can be regarded as forming the vertices of a triangulation® of the do-
main V (Fig. 11.7).

The piecewise linear basis function in one dimension (11.139) can be generalized
to the two-dimensional case by constructing functions N; (x, y) which are zero at all
nodes except (x;, ;)

Ni(xj,yj) =6ij- (11.141)

9The triangulation is not determined uniquely by the nodes.
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Fig. 11.7 (Triangulation of a y
two-dimensional domain)

A two-dimensional mesh is

defined by a set of node

points which can be regarded

to form the vertices of a

triangulation

These functions are linear over each triangle which contains the vertex i and can
be combined as the sum of small pyramids (Fig. 11.8). Let one of the triangles be
denoted by its three vertices as 7T; jk.lo The corresponding linear function then is

nijk(x, y) =a + Bx(x — x;) + By (y — ¥i) (11.142)

where the coefficients follow from the conditions

nijk(xi, yi) =1 nie(xj, y;) =nijx(xx, yu) =0 (11.143)
as
Vi — Yk Xk — Xj
a=1 By= By = (11.144)
24k T 24
with
1 R i
Ajji = = det [V M A (11.145)
2 Yi—=Yi Yk—)i

which, apart from sign, is the area of the triangle T; ;. The basis function N; now is
given by

niir(x, x,y)eT;;
Ni(X,y)={0"/k( y) é]se).)) ijk

In three dimensions we consider tetrahedrons (Fig. 11.9) instead of triangles. The
corresponding linear function of three arguments has the form

ni k1, y,2) =a+Be(x —xi) + By (y —yi) + B(z—zi)  (11.146)

and from the conditions #; j x;(x;, i, z;) = 1 and n; jx; = 0 on all other nodes we
find (an algebra program is helpful at that point)

10The order of the indices does matter.
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ey

Fig. 11.8 (Finite elements in two dimensions) The simplest finite elements in two dimensions are
piecewise linear functions N; (x, y) which are non-vanishing only at one node (x;, y;) (right side).
They can be constructed from small pyramids built upon one of the triangles that contains this node
(left side)

Fig. 11.9 (Tetrahedron) The
tetrahedron is the
three-dimensional case of a
Euclidean simplex, i.e. the
simplest polytope

a=1
B et YTV MY
6Vijki U —Zj UTI
1 %—2Zj U—Z
= det / /
Py 6Vijx Xp —Xj XI—X;j
1 Xk —Xj X]—Xj
= det / / 11.147
& 6Vijki | Yk—Yji YI—Yj ( :

where V;jy is, apart from sign, the volume of the tetrahedron

1 Xj—Xi Xpg—Xi X|—X{
Vijk = g det|yj —yi ye=yi y =il (11.148)
Zj—Zi Zk—Z AU—Z

11.6.2.2 Rectangular Elements

For a rectangular grid rectangular elements offer a practical alternative to triangles.
Since equations for four nodes have to be fulfilled, the basic element needs four
parameters, which is the case for a bilinear expression. Let us denote one of the
rectangles which contains the vertex i as R; j k. The other three edges are
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Fig. 11.10 (Rectangular XY Xk Yk
elements around one vertex) RREREERE Q- L

The basis function N; is a
bilinear function on each of
the four rectangles containing
the vertex (x;, y;)

(X, yj) =i +bx,yi) (i, y0) =i, yi +by)  (x1,3) = (x; + by, yi +by)
(11.149)

where b, = £h,, by = th, corresponding to the four rectangles with the common
vertex i (Fig. 11.10).
The bilinear function (Fig. 11.11) corresponding to R;jx; is

nijki(x,y)=a+Bx —x)+yy—y)+nx—x)(y—y) (11.150)
It has to fulfill

ni k1, yi) =1 ngjxi(xj, vi) =ni jxi (e, Ye) =nijk1(x, y1) =0

(11.151)
from which we find
1 B ! ! ! (11.152)
o = = —_— = —_—— = .
be T b, T beby
I y)zl_x—x,-_y—yi+(x—xi)(y—yi) (11.153)
bR by by by by ‘
The basis function centered at node i then is
, _ ) nijaa(e,y)  (xy) € Rijjk
Ni(x,y)= {0 else. (11.154)

Generalization to a three-dimensional grid is straightforward (Fig. 11.12). We
denote one of the eight cuboids containing the node (x;, y;, z;) as C; j,...j, with
(X, ¥, 2j) = (i + by, yin 2i) oo (Xj5, Y70 2j7) = (Xi + by, yi + by, z; +b;). The
corresponding trilinear function is
A—X Y=YV 27

by by b,
4 (x —xi) (y — yi) n (x —x;) (z—2i) n (z—zi) (Y — i)
by by by b, b, by
=) =) - z)
by by b,

Niji.j;=1-

(11.155)
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Fig. 11.11 (Bilinear elements on a rectangular grid) The basis functions N; (x, y) on a rectangular
grid (right side) are piecewise bilinear functions (left side), which vanish at all nodes except (x;, y;)
(right side)

Fig. 11.12 3
(Three-dimensional L T O .
rectangular grid) The basis
function N; is trilinear on .
each of the eight cuboids
containing the vertex i. It

vanishes on all nodes except
(xi, vis zi)

11.6.3 One-Dimensional Galerkin FEM
As an example we consider the one-dimensional linear differential equation (11.5)

92 9
( +b—+c>u(x)=f(x) (11.156)

“ ax2 ox
in the domain 0 < x < 1 with boundary conditions
u(0)=u(l)=0. (11.157)
‘We use the basis functions from (11.139) on a one-dimensional grid with
Xit1 —Xxi =h; (11.158)
and apply the Galerkin method [88]. The boundary conditions require
up=uny—1=0. (11.159)

The weighted residual is
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1 82 9 1
O=Rj=lZui/(; dej(x)(aﬁ—l—ba—i-c)Ni(x)—/(; dx N;(x) f (x).

(11.160)
First we integrate
e =i
1 Xit+1 hi i—i41
f Nj(x)N;(x)dx =/ Nj(x)Ni(x)dx = ;16, S
0 Xio1 —= j=i—1
0 li —jl>1.
(11.161)
Integration of the first derivative gives
0 j=i
! , y  J=i-l
/ dx Nj(x)N;(x) = L (11.162)
0 -5 J= i+1
0 else.

For the second derivative partial integration gives
1 82
dx Nj(x)— N;(x
fo 10055 Ni()

1
:N.,'(l)Ni’(l—s)—N;(O)N{(O+5)—/ dx N (x)N{(x) (11.163)
0

where the first two summands are zero due to the boundary conditions. Since
N; and Nl.’ are nonzero only for x;_; < x < x;41 we find

1 52 Xit1
/ dx Nj(x)—N;(x) = —f dx N} (x)Ni’(x)
0 X

dx? i1
o j=i—1
_1l__1r =
=1 M i (11.164)
i j=i+1
0 else.
Integration of the last term in (11.160) gives
1 Xit1
/0 a’xNj(x)f(x):/ dx Nj(x)f(x)
Xi—1
Xj _ .
— / dx wf(x)
Xj—1 Xj—Xj-1
Xj+1 . _
+/ dx SHTE py) (11.165)
xj Xj+1 —Xj
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Applying the trapezoidal rule!!

I
y

j—1

for both integrals we find

dx N; (x)f(x)“f(xj)w (11.166)

The discretized equation finally reads

1 1 1 1
a{hj—luj] - <E " hj—1>uj i h_juj+]}
1 1
+b{—§uj1 +§Mj+1}

hi_q hi+h;_ hi
+C{ ]6 uj_1+7j 3J Mj-i-gjuj_;_l}

h h
— it izt +“

(11.167)
which can be written in matrix notation as

Au = Bf (11.168)
where the matrix A is tridiagonal as a consequence of the compact support of the
basis functions

o1 1 1
hjfl’ hj hjfl’ hj
1 1
hy-3>  hy-2  hn-3
1
0, 3
1 1
+b —5,0, 7
1
70
(11.169)
(h1+ho) hy
3 > 6
h/,1 (hj+h/‘ 1) /’Lj
+e 6 3 3

hy—3 (hn—2+hn-—3)
6 3

'Higher accuracy can be achieved, for instance, by Gaussian integration
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ho+h
2
_ hj_1+h;j
B= =1

hy—2+hn-3
2

For equally spaced nodes k; = h;_; = h and after division by 4 (11.167) reduces to
a system of equations where the derivatives are replaced by finite differences (11.20)

1 2 1
a ﬁuj_l —ﬁuj—i—ﬁujﬂ

1 1
+ b{ —Euj_l + Eu'/—i_l }

1 2 1
feyzuj—1+suj+ —ujp

6 3 6
= f(x)) (11.170)
and the function u is replaced by a certain average
1 2 1 1
guj_l + guj + 6”j+1 =u;+ g(uj_l —2uj+ujpr). (11.171)

The corresponding matrix in (11.169) is the so called mass matrix. Within the frame-
work of the finite differences method the last expression equals

1 h* (d*u 4
uj+ i1 = 2ujtujp) =uj+ = o= ,- +o0(n*) (11.172)
hence replacing it by u; (this is called mass lumping) introduces an error of the
order O (h?).

11.7 Boundary Element Method

The boundary element method (BEM) [18, 276] is a method for linear partial differ-
ential equations which can be brought into boundary integral form'? like Laplace’s
equation (Chap. 17)!3

—ADP(r)=0 (11.173)
for which the fundamental solution

AG(r,r')==8(r—r')

12This is only possible if the fundamental solution or Green’s function is available.

13The minus sign is traditionally used.
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is given by

G(r—r') in three dimensions (11.174)

CAmir—v/|

G(r—r)=

—1In in two dimensions. (11.175)
2r  |r—r'|

We apply Gauss’s theorem to the expression [277]
div[G(r — 1) grad(®(r)) — @ (r) grad(G (r — r'))]
=—-@(@)A(G(r—r')). (11.176)

Integration over a volume V gives
2 o (Gl
ﬁvm(cu ¢) 2 (@) ~ 6 (G(r r»>

=—AﬁV@®Am@—ﬂ»=QW) (11.177)

This integral equation determines the potential self-consistently by its value and
normal derivative on the surface of the cavity. It can be solved numerically by di-
viding the surface into a finite number of boundary elements. The resulting system
of linear equations often has smaller dimension than corresponding finite element
approaches. However, the coefficient matrix is in general full and not necessarily
symmetric.



Chapter 12
Equations of Motion

Simulation of a physical system means to calculate the time evolution of a model
system in many cases. We consider a large class of models which can be described
by a first order initial value problem

dy

o= (Y(t),t) Yt=0)=Y) (12.1)
where Y is the state vector (possibly of very high dimension) which contains all
information about the system. Our goal is to calculate the time evolution of the
state vector Y (¢) numerically. For obvious reasons this can be done only for a finite
number of values of  and we have to introduce a grid of discrete times ¢, which for
simplicity are assumed to be equally spaced:'

tatl =ty + At. (12.2)

Advancing time by one step involves the calculation of the integral

In+1
Y (ths1) — Y(tn) =/ FY (). «)de’ (12.3)
In
which can be a formidable task since f (Y (¢),?) depends on time via the time de-
pendence of all the elements of Y (¢). In this chapter we discuss several strategies for
the time integration. The explicit Euler forward difference has low error order but
is useful as a predictor step for implicit methods. A symmetric difference quotient
is much more accurate. It can be used as the corrector step in combination with an
explicit Euler predictor step and is often used for the time integration of partial dif-
ferential equations. Methods with higher error order can be obtained from a Taylor
series expansion, like the Nordsieck and Gear predictor-corrector methods which
have been often applied in molecular dyamics calculations. Runge-Kutta methods
are very important for ordinary differential equations. They are robust and allow an
adaptive control of the step size. Very accurate results can be obtained for ordinary

IControl of the step width will be discussed later.
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differential equations with extrapolation methods like the famous Gragg-Bulirsch-
Stor method. If the solution is smooth enough, multistep methods are applicable,
which use information from several points. Most known are Adams-Bashforth-
Moulton methods and Gear methods (also known as backward differentiation meth-
ods), which are especially useful for stiff problems. The class of Verlet methods has
been developed for molecular dynamics calculations. They are symplectic and time
reversible and conserve energy over long trajectories.

12.1 The State Vector

The state of a classical N -particle system is given by the position in phase space, or
equivalently by specifying position and velocity for all the N particles

Y=(l‘1,V1,...,l‘N,VN). (12.4)

The concept of a state vector is not restricted to a finite number of degrees of
freedom. For instance a diffusive system can be described by the particle concen-
trations as a function of the coordinate, i.e. the elements of the state vector are now
indexed by the continuous variable x

Y = (cl(x)~~~cM(x)). (12.5)

Similarly, a quantum particle moving in an external potential can be described by
the amplitude of the wave function

Y = (¥(x). (12.6)

Numerical treatment of continuous systems is not feasible since even the ultimate

high end computer can only handle a finite number of data in finite time. Therefore

discretization is necessary (Chap. 11), by introducing a spatial mesh (Sects. 11.2,
11.3, 11.6), which in the simplest case means a grid of equally spaced points

Xjjk = (@ih, jh1 kh) i=1---imax, J=T1" jmax, k=1---kmax (12.7)

Y:(Cl(Xijk)...CM(Xijk)) (128)

Y = (¥ (xijr)) (12.9)

or by expanding the continuous function with respect to a finite set of basis functions
(Sect. 11.5). The elements of the state vector then are the expansion coefficients

N

W)=Y Cil¥) (12.10)
s=1

Y =(Ci.....Cy). (12.11)

If the density matrix formalism is used to take the average over a thermodynamic
ensemble or to trace out the degrees of freedom of a heat bath, the state vector
instead is composed of the elements of the density matrix
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N N N N
p=_ D o)Wl =D > CLC W) (Wl (12.12)

Y =(p11---PIN, P21 P2Ns---> ON1"** PNN)- (12.13)

12.2 Time Evolution of the State Vector

We assume that all information about the system is included in the state vector. Then
the simplest equation to describe the time evolution of the system gives the change
of the state vector

dy
—=f.0n (12.14)
dr
as a function of the state vector (or more generally a functional in the case of a
continuous system). Explicit time dependence has to be considered for instance to
describe the influence of an external time dependent field.
Some examples will show the universality of this equation of motion:

e N-particle system

The motion of N interacting particles is described by

ar .,
E=(P1,V1--~)=(V1,31-~-) (12.15)

where the acceleration of a particle is given by the total force acting upon this parti-
cle and thus depends on all the coordinates and eventually time (velocity dependent
forces could be also considered but are outside the scope of this book)

_Fi(ry---ry,0)
m; ’

i (12.16)

e Diffusion

Heat transport and other diffusive processes are described by the diffusion equation

0
a—J:zDAf—i-S(x,t) (12.17)
which in its simplest spatially discretized version for 1-dimensional diffusion reads
af (x;) D
fatl = m(f(xz'ﬂ) + f(Xim1) = 2f (%)) + S(xi, 7). (12.18)

o Waves
Consider the simple 1-dimensional wave equation

Pf _ ,0%f

— =c"—= 12.19
ot2 ¢ 9x2 ( )
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Fig. 12.1 Explicit Euler f(t)
method A

which by introducing the velocity g(x) = % f(x) as an independent variable can be
rewritten as

3 , 92
E(f(x), g(x) = <g(x), c ﬁf(x)) (12.20)

Discretization of space gives

Jt

e Two-state quantum system

ad c?
—(f(x). g(xi)) = (g(Xi), A—xz(f(xi+l) + f(Xi—1) — 2f(Xi)))- (12.21)

The Schrodinger equation for a two level system (for instance a spin—% particle in a
magnetic field) reads

d (Ci\_(Hu@) Hp@)) (C
E<C2>_<H21(1‘) sz([)) (C2> (12.22)

12.3 Explicit Forward Euler Method

The simplest method which is often discussed in elementary physics textbooks ap-
proximates the integrand by its value at the lower bound (Fig. 12.1):

Y (tag1) = Y (t0) = f(Y (1), 1) At (12.23)
The truncation error can be estimated from a Taylor series expansion
dy At &y
Y(tyt1) =Y (tn) = Ala(ln) + TW(“’) +oe
= Atf(Y(t), ta) + O(AF?). (12.24)

The explicit Euler method has several serious drawbacks

e Low error order



12.3  Explicit Forward Euler Method 211

Fig. 12.2 Systematic errors ~—__
of the Euler method

Suppose you want to integrate from the initial time f to the final time #y + 7. For a
time step of At you have to perform N = T /At steps. Assuming comparable error
contributions from all steps the global error scales as NAr> = O(At). The error
gets smaller as the time step is reduced but it may be necessary to use very small At
to obtain meaningful results.

e Loss of orthogonality and normalization

The simple Euler method can produce systematic errors which are very inconvenient
if you want, for instance, to calculate the orbits of a planetary system. This can be
most easily seen from a very simple example. Try to integrate the following equation
of motion (see Example 1.5 on page 12):

dz .
PP wz. (12.25)
The exact solution is obviously given by a circular orbit in the complex plane:
z = z0e'! (12.26)
|z| = |zo| = const. (12.27)

Application of the Euler method gives
2(ty+1) = 2(ty) +iwAtz(ty) = (1 +iwAf)z(t,) (12.28)

and you find immediately

2| = V1 + 02 A2 |2(to))| = (1+ 0?A2) P |20)]  (12.29)

which shows that the radius increases continually even for the smallest time step
possible (Fig. 12.2).

The same kind of error appears if you solve the Schrodinger equation for a parti-
cle in an external potential or if you calculate the rotational motion of a rigid body.
For the N-body system it leads to a violation of the conservation of phase space
volume. This can introduce an additional sensitivity of the calculated results to the
initial conditions. Consider a harmonic oscillator with the equation of motion

d (x()\ _( v@®
" (v(t)) = (—aﬂx(t))' (12.30)
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Fig. 12.3 Time evolution of P
the phase space volume

/

pO+Ap
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+ Lo
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Fig. 12.4 Implicit backward f(t)
Euler method A

f(tn1)

=t

th Ynet

Application of the explicit Euler method gives
x(@+ A1)\ _ [ x(1) v(t)
(v(t—i—At)) = <v(t) + — (1) At. (12.31)
The change of the phase space volume (Fig. 12.3) is given by the Jacobi determinant
a(x(t+ At), v(t + At
g QoA RAD) LA a2 (1232
a(x(t), v(t)) —wAt 1

In this case the phase space volume increases continuously.

12.4 Implicit Backward Euler Method

Alternatively let us make a step backwards in time
Y (1) = Y (tat1) X — f (Y (tat1), tng1) At (12.33)
which can be written as (Fig. 12.4)

Y (tng1) 2 Y (tn) + f (Y (tnt1), tag1) AL (12.34)
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Fig. 12.5 Improved Euler f(t)
method A

/

Taylor series expansion gives
d d? At?
Y(tn) =Y (tht1) — Ey(tn+l)At + @Y([nﬂ—l)T +--- (12.35)

which shows that the error order again is O( At?). The implicit method is sometimes
used to avoid the inherent instability of the explicit method. For the examples in
Sect. 12.3 it shows the opposite behavior. The radius of the circular orbit as well
as the phase space volume decrease in time. The gradient at future time has to be
estimated before an implicit step can be performed.

12.5 Improved Euler Methods

The quality of the approximation can be improved significantly by employing the
midpoint rule (Fig. 12.5)

At At
Y(tpi1) — Y(ty) & f<Y (z + 7), In + 7>At. (12.36)

The error is smaller by one order of Af:

Yt Y\t At 1, At At
(n)+f< <+7>»n+7)

At d?Y
2 dr?
=Yty + At) + O(AF). (12.37)

dYy
=Y()+ (E(tn)‘i‘ (tn)“r"')Af

The future value Y (¢ + %) can be obtained by two different approaches:

e Predictor-corrector method
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Fig. 12.6 Improved polygon f(t)
(or Heun) method A

fit+At)

Since f(Y (t + %), t, + %) is multiplied with A¢, it is sufficient to use an approx-
imation with lower error order. Even the explicit Euler step is sufficient. Together
the following algorithm results:

At
predictor step: Y =Y (1,,) + Tf(Y(ln), In)

At (12.38)
corrector step: Y (¢, + At) =Y (1) + Atf(Y(”), t, + 7)

e Averaging (Heun method)

The average of f(Y (t,),t,) and f (Y (t, + At), t + At) is another approximation to
the midpoint value of comparable quality (Fig. 12.6).
Expansion around t,, + At /2 gives

l(f(Y(tn)’ ta) + f(Y (tn + A1), t + At))

2
= f<Y<tn + %) ty + %) + 0(ar?). (12.39)

Inserting the average in (12.36) gives the following algorithm, which is also known
as improved polygon method and corresponds to the trapezoidal rule for the integral
(4.13) or to a combination of explicit and implicit Euler step:

At
Yt + AD =Y (tn) + == (F(Y ) tn) + f(Y(ta + AD 1+ A1), (1240)

In the special case of a linear function f (Y (¢),t) = FY (¢) (for instance rotational
motion or diffusion) this can be solved formally by

At \7! At
Y (tn + A1) = (1 - 7F) (1 + 7F)Y(rn). (12.41)

Numerically it is not necessary to perform the matrix inversion. Instead a linear
system of equations is solved:

At At
(1 — 7F>Y(tn—|—At)= <1+7F>Y(t,,). (12.42)
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In certain cases the Heun method conserves the norm of the state vector, for instance
if F has only imaginary eigenvalues (as for the 1-dimensional Schrédinger equation,
see page 393).

In the general case a predictor step has to be made to estimate the state vector at
t, + At before the Heun expression (12.40) can be evaluated:

Y =Y (ty) + Atf (Y (1), tn). (12.43)

12.6 Taylor Series Methods

Higher order methods can be obtained from a Taylor series expansion

2
Y(tn + A =Y (ty) + Atf (Y (tn). 1n) + %W Feoel o (1244)

The total time derivative can be expressed as

df afdv af .
~=arata=lf+7 (12.45)

where the partial derivatives have been abbreviated in the usual way by ‘3—[ = f and

6f = f'. Higher derivatives are given by

dzf /7 12

>=1r A+ +2f f+ 7 (12.46)
d3f FPro ” p
POl + PR3 3 f

+3F 4 AfF R 5F A+ R f+ 2. (12.47)

12.6.1 Nordsieck Predictor-Corrector Method

Nordsieck [184] determines an interpolating polynomial of degree m. As variables
he uses the Oth to mth derivatives? evaluated at the current time ¢, for instance for
m =5 he uses the variables

Y(t) (12.48)
d

gt) = EYU) (12.49)

1) = A & Y(t 12.50

a(n) == —5Y(® (12.50)

2In fact the derivatives of the interpolating polynomial which exist even if higher derivatives of f
do not exist.
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b(t) = —Atz @ Y(@) (12.51)
T 6 d? ‘
t) = —At3 ¢ Y(t) 12.52
c(t) = By @ ( (12.52)
N
d(i) = _12051/(”' (12.53)

Taylor expansion gives approximate values at t + At

Y+ A=Y (@) + At[g(t) +a(t) +b(t) +c(t) +d(t) + e(t)]

= YP(t + At) + e(t) At (12.54)
gt + At)=g(t) +2a(t) + 3b(t) + 4c(t) + 5d(t) 4 6e(t)

=gP(t + AT) + 6e(2) (12.55)
a(t+ Ar)y=a(t) +3b(t) + 6¢(t) + 10d(t) + 15e(z)

=al(t + A1) + 15¢(t) (12.56)
b(t + At) =b(t) +4c(t) + 10d(t) + 20e(t)

=bP (1 + At) + 20e(r) (12.57)
c(t + At) = c(t) + 5d(t) + 15e(t) = cP (t + At) + 15e(r) (12.58)
dt+ At) =d(t) +6e(t) =dP (t + At) + 6e(1) (12.59)

3 db

where the next term of the Taylor series e(f) = A6—! dt—ﬁY (t) has been introduced as
an approximation to the truncation error of the predicted values Y7, g”, etc. It can
be estimated from the second equation

e:é[f(Yp(t+At),t+At)—gp(t+At)]:é8f. (12.60)

This predictor-corrector method turns out to be rather unstable. However, sta-
bility can be achieved by slightly modifying the coefficients of the corrector step.
Nordsieck suggested to use

5
Y(;+At)=yﬂ(t+m)+2%8f (12.61)
25
a(t+ A =al (e + An) + T 8f (12.62)
35
b(t+ A0 =P+ An) + - 5f (12.63)
5
et + A = cP(t+ A1) + 1o 8f (12.64)

1
d@t+ At =dP @+ Ar) + maf. (12.65)



12.7 Runge-Kutta Methods 217

12.6.2 Gear Predictor-Corrector Methods

Gear [101] designed special methods for molecular dynamics simulations (Chap. 14)
where Newton’s law (12.15) has to be solved numerically. He uses again a truncated
Taylor expansion for the predictor step

A2 AP A
r(t+ At) =r(t) +v(t)At + a(l)T + a(l)? + a(t)ﬁ + -+ (12.66)
AR AP
v(t + At) = v(r) + a(r) At +a(t)T +a(t)? +--- (12.67)
2
a(t + Ar) =a(t) +a(t)At ~|—éi(t)ATt + .- (12.68)
ait+ At)y=a@)+a@)Ar+--- (12.69)

to calculate new coordinates etc. r” V,[; Iy a,[; 41 -+~ (Fig. 12.7). The difference be-

n+1°
tween the predicted acceleration and that calculated using the predicted coordinates
P
a1 =a(r, .t +Ar)—a) | (12.70)
is then used as a measure of the error to correct the predicted values according to
Loyl =T 4 c1dang (12.71)
Vapl =V 4 c2dang (12.72)

The coefficients ¢; were determined to optimize stability and accuracy. For instance
the fourth order Gear corrector reads
2

N
Ip+1 = rn+1 + 353n+1 (1273)
, S5At
Vel =V oS (12.74)
R . 1
a1 =a, + —da,,1. (12.75)

At
Gear methods are generally not time reversible and show systematic energy
drifts. A reversible symplectic predictor-corrector method has been presented re-
cently by Martyna and Tuckerman [169].

12.7 Runge-Kutta Methods

If higher derivatives are not so easily available, they can be approximated by numer-
ical differences. f is evaluated at several trial points and the results are combined to
reproduce the Taylor series as close as possible [48].
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Fig. 12.7 (Gear a(r?) aP

predictor-corrector method) a(t)
The difference between /dg
predicted acceleration a” and :

acceleration calculated for the
predicted coordinates a(r?) is
used as a measure of the error
to estimate the correction ér

12.7.1 Second Order Runge-Kutta Method

Let us begin with two function values. As common in the literature we will denote
the function values as K1, K>, .... From the gradient at time #,

Ki=fo=f(Ytn), 1) (12.76)
we estimate the state vector at time f,, + At as
Y(t, + At) =~ At K;. (12.77)
The gradient at time #,, + At is approximately
K> = f(Y(to) + At Ky, 1, + At) (12.78)
which has the Taylor series expansion
Ky= fo+ (fut fifa) AL +--- (12.79)
and application of the trapezoidal rule (4.13) gives the 2nd order Runge-Kutta
method

At
Yot =Yn+7(K1 + K>) (12.80)

which in fact coincides with the improved Euler or Heun method. Taylor series
expansion shows how the combination of K| and K> leads to an expression of higher
error order:
At C
Vier = Yot — (ot fut (fn+ fofa) At +--)
df, Ar?

— 4t (12.81)

=Y, At
n+ fa +dt >

12.7.2 Third Order Runge-Kutta Method

The accuracy can be further improved by calculating one additional function value
at mid-time. From (12.76) we estimate the gradient at mid-time by
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At At
Kz=f<Y(t)+—K1 t+7>

2

; / At b wy; % At
:fn+(fn+fnfn)7+(fn+fn 13 +2fnfn)7+..._ (12.82)
The gradient at time #,, + At is then estimated as

K3 = f(Y(tn) + At 2K — K1), 1, + At)
. , . At?
= fn + ant + fn(ZKZ - Kl)At + fnT

, 2Ky — K1)?Ar? ., 2Ky — K1) Ar? N

+ fu > +2/, 2 (12.83)
Inserting the expansion (12.82) gives the leading terms
12 " Atz
Ky = fut (fot Sufa) A+ QL2 o+ 117+ T+ 260+ 200 = +
(12.84)

Applying Simpson’s rule (4.14) we combine the three gradients to get the 3rd order
Runge-Kutta method

At
Yor1=Y(@) + ?(Kl +4K7+ K3) (12.85)

where the Taylor series

nH—YWH- @ﬁ+%ﬁ+ﬁﬂ)

(f%ﬁ¢U>Mfﬁ+n+ner+ )
=Y (t, + A1) + O(ArY) (12.86)

recovers the exact Taylor series (12.44) including terms of order O (AF3).

12.7.3 Fourth Order Runge-Kutta Method

The 4th order Runge-Kutta method (RK4) is often used because of its robustness
and accuracy. It uses two different approximations for the midpoint

K= Y(tn) tn)

At
(Y(t,,)Jr — At t, + 2)

At
f(Y(tn) +22A0 G+ 7)

= f(Y(tn) + K3At, 1, + At)
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Fig. 12.8 Step doubling with

the fourth order Runge-Kutta —
method =

| | |

I I

th T2

-
/ -
/
/

I I I

I I I

t el t

n n+ n+2

and Simpson’s rule (4.14) to obtain

At
Yugr =Y () + —— (K1 +2K2 + 2K3 + Ka) = ¥ (tn + A1) + o(ar).

Expansion of the Taylor series is cumbersome but with the help of an algebra pro-
gram one can easily check that the error is of order Af>.

12.8 Quality Control and Adaptive Step Size Control

For practical applications it is necessary to have an estimate for the local error and to
adjust the step size properly. With the Runge-Kutta method this can be achieved by
a step doubling procedure. We calculate y,,; first by two steps Az and then by one
step 2At. This needs 11 function evaluations as compared to 8 for the smaller step
size only (Fig. 12.8). For the 4th order method we estimate the following errors:

A(Y3)) =2anr° (12.87)
2
A(YE5") =aAn)’. (12.88)
The local error can be estimated from
(A1) (2AD) 5
|¥,55 =Y, 5" | =30lalAt
(A1) (2At)
Y 4 |
(A _ 5 _ | n+2 n+2

The step size At can now be adjusted to keep the local error within the desired
limits.
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12.9 Extrapolation Methods

Application of the extrapolation method to calculate the integral ft:"“ f(¢t)dt pro-
duces very accurate results but can also be time consuming. The famous Gragg-
Bulirsch-Stor method [244] starts from an explicit midpoint rule with a special start-
ing procedure. The interval At is divided into a sequence of N sub-steps

2 (12.89)
=¥ .
First a simple Euler step is performed
=Y
4o =¥ (tn) (12.90)
up =uo+h f(uo, tn)
and then the midpoint rule is applied repeatedly to obtain
wjipr=uj1+2h fuj,t,+jh) j=12,...,N—1 (12.91)

Gragg [111] introduced a smoothing procedure to remove oscillations of the leading
error term by defining
1 1 1
vjzé—tuj,1+§uj+4—‘uj+1. (12.92)
He showed that both approximations (12.91, 12.92) have an asymptotic expansion
in powers of 42 and are therefore well suited for an extrapolation method. The mod-
ified midpoint method can be summarized as follows:

uo=Y(t,)
uy=uo+h f(uo, tn)
Wiy =uj_ +2hf @, ta+jh) j=1,2,...,N—1 (12.93)

1
Y(th + Ay~ E(MN +un—1+hfun, tn + AD).
The number of sub-steps N is increased according to a sequence like

N=2,4,6,8,12,16,24,32,48,64--- N;=2N;_» Bulirsch-Stor sequence
(12.94)

or
N=2,4,6,8,10,12--- N;=2j Deuflhard sequence.

After each successive N is tried, a polynomial extrapolation is attempted. This ex-
trapolation returns both the extrapolated values and an error estimate. If the error is
still too large then N has to be increased further. A more detailed discussion can be
found in [233, 234].
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Fig. 12.9 Adams-Bashforth
method

12.10 Linear Multistep Methods

All methods discussed so far evaluated one or more values of the gradient f (Y (¢), t)
only within the interval ¢, - - - t,, + At. If the state vector changes sufficiently smooth
then multistep methods can be applied. Linear multistep methods use a combination
of function values Y, and gradients f,, from several steps

k
Yot =) (@Yo ji1 + Bjfum j+100) + Bo fus1 At (12.95)
j=1

where the coefficients «, B are determined such, that a polynomial of certain or-
der r is integrated exactly. The method is explicit if By = 0 and implicit otherwise.
Multistep methods have a small local error and need fewer function evaluations. On
the other hand, they have to be combined with other methods (like Runge-Kutta) to
start and end properly and it can be rather complicated to change the step size during
the calculation. Three families of linear multistep methods are commonly used: ex-
plicit Adams-Bashforth methods, implicit Adams-Moulton methods and backward
differentiation formulas (also known as Gear formulas [102]).

12.10.1 Adams-Bashforth Methods

The explicit Adams-Bashforth method of order r uses the gradients from the last
r — 1 steps (Fig. 12.9) to obtain the polynomial

pty)=fYu, tn) - p(ty—rs1) = fYn—rg1: taerg1) (12.96)

and to calculate the approximation

Int1
YnJrl_Yn%/‘ p(r)dt
1,

n

which is generally a linear combination of f, - - - f,—,41. For example, the Adams-
Bashforth formulas of order 2, 3, 4 are:
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Fig. 12.10 Adams-Moulton f(t)
method A

f(t+At)

At 3
Yoj1—Yu= T(an - fn—l) + O(At )
At
Yigr =Yy =23y =16 f1 +5fn2) + O(Ar%) (12.97)

At
Vit = Yo = =3 (55fu =59 fu-1 +37 fu2 = 9 fu—3) + o(Ar’).

12.10.2 Adams-Moulton Methods

The implicit Adams-Moulton method also uses the yet not known value Y,
(Fig. 12.10) to obtain the polynomial

P(tn+1) = fat1- - PUn—r+2) = frn—r+2- (12.98)
The corresponding Adams-Moulton formulas of order 2 to 4 are:

At 3
Yn+1 -Y,= 7(fn+1 + fn) + O(At’)

At 4
Yort = Yo = Gt +8fn = fa—) + o(ar?) (12.99)

At
Vo1 = Yo ="2Ofr1 +19fs = Sfamt + fo2) + O(AF). (12.100)

12.10.3 Backward Differentiation (Gear) Methods

Gear methods [102] are implicit and usually combined with a modified Newton
method. They make use of previous function values Y,, Y,,_1 ... and the gradient
Jfa+1 attime ¢ + At. Only methods of order r < 6 are stable and useful. The general
formula (12.95) is

,
Yoyl = Zajyn_j+1 + Bo fus1 At. (12.101)
j=1
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For r =1 this becomes
Yor1 =Yy + Bo f1At
and all linear polynomials

dp
p=po+ p1t —tn), I

are integrated exactly if
Po+ prAt=aipo+ Bopi
which is the case for
a; =1, Po=At.
Hence the first order Gear method is

Yos1 = Yo + fusr1At + O(AL7)

(12.102)

(12.103)

(12.104)

(12.105)

(12.106)

which coincides with the implicit Euler method. The higher order stable Gear meth-

ods are given by

(12.107)

(12.108)

(12.109)

(12.110)

(12.111)

4 1 2 3
r=2 Ypp=3Yu— 3V +§fn+1m+0(m )
3 Y 18)/ o Y, + 2 Y, + 6 far1 A2
r=3: =—Y,——Y, . 0+—=Y 2+ —
n+1 11 n 11 n—1 11 n—2 11 n+1
+o0(ar?)
4y 43 36Y N 16Y
r =4.: = — —_ — — — _
n+1 5 n 5 n—1 5 n—2
3 12
- Y, 3+ — At + O(AP
25 n—3+ 25f1‘l+1 + ( )
sy 300Y 300Y 200 75
r=>7: =—1y— —=1;_ — ¥y 2 — —= Iy
T3 T 3 T T 3
s 2y v Yy At +0(At°)
137 " T 137/
6 v 120 150Y +400Y 75Y N 4Y
r =0: n+1 = 49 n 49 n—1 147 n—2 49 n—3 n—4
s+ 2 f At o(at)
147 "3 T 49/t '

This class of algorithms is useful also for stiff problems (differential equations with

strongly varying eigenvalues).

12.10.4 Predictor-Corrector Methods

The Adams-Bashforth-Moulton method combines the explicit method as a predictor
step to calculate an estimate yf 1 With a corrector step using the implicit method of
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same order. The general class of linear multistep predictor-corrector methods [100]
uses a predictor step

k
0
Y =3 @Y + B fasjrAt) (12.112)
j=1

which is corrected using the formula

k

1 0
Y =3 @Y + B fum i A1) + Bo f (VD ) AT (12.113)
Jj=1

and further iterations
(m+1) (m) (m—1) (m)
v, =1 = Bl F (Y tet) = F(Y,1 ) A
m=1...M—1 (12.114)
AES S ATE S AN (12.115)

The coefficients o, § have to be determined to optimize accuracy and stability.

12.11 Verlet Methods

For classical molecular dynamics simulations it is necessary to calculate very long
trajectories. Here a family of symplectic methods often is used which conserve the
phase space volume [3, 116, 193, 255, 257, 265]. The equations of motion of a
classical interacting N-body system are

miX; = F; (12.116)

where the force acting on atom i can be calculated once a specific force field is
chosen. Let us write these equations as a system of first order differential equations

X\ _ (Vi
(V,-) = (a,-) (12.117)

where x(¢) and v(¢) are functions of time and the forces ma(x(t)) are functions of
the time dependent coordinates.

12.11.1 Liouville Equation

(i):ﬁ(i) (12.118)

We rewrite (12.117) as
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where the Liouville operator £ acts on the vector containing all coordinates and

velocities:
X ad a X
=(v— — . 12.119
E(v) <Vax+aav><v) (12119

The Liouville equation (12.118) can be formally solved by

X()\ _ rr [ x(0)
<V(t)>_e t(v(O))' (12.120)

For a better understanding let us evaluate the first members of the Taylor series of
the exponential:

£ <§> N <V% +aaa_v) <)\§> - (;) (12.121)
2(x\_ (.9 0 v [ a
. (V> B (Vg +a$> (a(x)) = <v%a> (12.122)

C il
L3(X> - <V—+a—>< a ):( ,  voxt ) (12.123)
v 0. v vaxa aza+vvyoo-a

But since
d 9
—a(x(t)) =v—a 12.124
5 (x(1)) Vou ( )
d? d/ a 9 9 9
—a(x(t))=—(v—a)=a— — 12.125
22 (0) =g (V 8xa> At TV ax ax (12.125)
We recover

1 1 x+vi+t2a+ldag. .
<1+t£+—t2£2+—t3£3+-~-) <X>= AP, .
2 6 v Va4 ytfa4 a4

(12.126)

12.11.2 Split-Operator Approximation

We introduce a small time step At =¢/N and write
Ft = (£A0)N, (12.127)

For the small time step At the split-operator approximation can be used which ap-
proximately factorizes the exponential operator. For example, write the Liouville
operator as the sum of two terms

and make the approximation

LAl — pLabt LpAL o (12.128)
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Fig. 12.11 (Position Verlet \Y
method) The exact A
integration path is
approximated by two n+17]
half-steps with constant

velocities and one step with

constant coordinates

Each of the two factors simply shifts positions or velocities

Lane (X _ X + VAt Lear (XY _ X
; ()_< ) ) e (V)_<V+am> (12.129)

since these two steps correspond to either motion with constant velocities or con-
stant coordinates and forces.

12.11.3 Position Verlet Method

Often the following approximation is used which is symmetrical in time

e,cAt :e[,AAI/ZeLBAte,CAAZ/2+.“. (12130)

The corresponding algorithm is the so called position Verlet method (Fig. 12.11):
At

X, 1) =%+ Va— (12.131)
Vil = Va8, 1 AT = V(6 + A + O(AF) (12.132)
At
Xn+1 = Xn—&-% + Vit 5
—xp+ Y A X+ A+ O(AF). (12.133)

2

12.11.4 Velocity Verlet Method

If we exchange operators A and B we have

LAl — pLBAl2 LaN LpAL2 (12.134)

which produces the velocity Verlet algorithm (Fig. 12.12):



228 12

Fig. 12.12 (Velocity Verlet \Y
method) The exact A
integration path is v
approximated by two n+17]
half-steps with constant

coordinates and one step with

constant velocities

Equations of Motion

At
Yoyl =Vn +an7
2
Xn+1 =Xp +Vn+%At =X, + v, At +anT
=X(t, + A1) + O(AF)
At a, +a,41
Vn+1 =Vn+% +ap4 BN =V, + %AT

=V(tx + A1) + O(AL).

12.11.5 Stormer-Verlet Method

|
I
X

(12.135)

(12.136)

(12.137)

The velocity Verlet method is equivalent to Stormer’s version [208] of the Verlet

method which is a two step method given by

Xp+l1 = 2Xp — Xp—1 + arzAl‘2
_ Xp+1 — Xp—1
"To2ar
To show the equivalence we add two consecutive position vectors

2
Xp+2 + Xp+1 = 2Xp41 + 2%y — Xy — Xp—1 + (Ap41 +ay) At

which simplifies to

2
Xp2 — Xp — (Xpgp1 — Xp) = (@py1 +a,) A7,

This can be expressed as the difference of two consecutive velocities:

Z(Vn-H —Vy) = (an+l +a,)At.
Now we substitute

Xp—1 = Xp+1 — 2V, At

(12.138)
(12.139)

(12.140)

(12.141)

(12.142)

(12.143)
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to get
Xpt1 = 2Xy — X1 + 2V, AL + 2, Ar (12.144)
which simplifies to
a, 5
Xn+1 =Xy + Vo AL + 7At . (12.145)

Thus the equations of the velocity Verlet algorithm have been recovered. However,
since the Verlet method is a 2-step method, the choice of initial values is important.
The Stormer-Verlet method starts from two coordinate sets xq, x1. The first step is

Xy = 2X] — Xo + aj At? (12.146)
X2 — X( X] — Xo aj 2

= = — A2 12.147

Vi 2At At + 2 ( )

The velocity Verlet method, on the other hand, starts from one set of coordinates
and velocities x1, vi. Here the first step is

Ar?
x2=X1—|—v1At+alT (12.148)

a;+ap

V)=V + At. (12.149)
The two methods give the same resulting trajectory if we choose

X0 =X —let+?At . (12.150)

If, on the other hand, x( is known with higher precision, the local error order of
Stormer’s algorithm changes as can be seen from addition of the two Taylor series

a a
X(tn—l—At):xn+V,,At+7nAt2+€nAt3+~~ (12.151)

a, o, a4,
x(t,,—At):X,l—v,,At—i-?At —zAt 4+ (12.152)

which gives

X(ty + A1) = 2X(ty) — X(ty — Al) + 2, A1* + O (Ar?) (12.153)
X(tn + At) - X(tn - At)
2At

=v, +O0(Ar?). (12.154)

12.11.6 Error Accumulation for the Stormer-Verlet Method

Equation (12.153) gives only the local error of one single step. Assume the start
values xo and x; are exact. The next value x, has an error with the leading term
Axy = aAr*. If the trajectory is sufficiently smooth and the time step not too large
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the coefficient « will vary only slowly and the error of the next few iterations is
given by
Axz3 =2Ax) — Ax| = 2aAr?

Axs =2Ax3 — Axy = 3a At
(12.155)

AXxp41 = na At*,

This shows that the effective error order of the Stormer-Verlet method is only
O (Af3) similar to the velocity Verlet method.

12.11.7 Beeman’s Method

Beeman and Schofield [17, 229] introduced a method which is very similar to the
Stormer-Verlet method but calculates the velocities with higher precision. This is
important if, for instance, the kinetic energy has to be calculated. Starting from the
Taylor series

At? AL At

Xp+1 = Xp +VnAf+anT —i—an? +an§+ (12.156)

the derivative of the acceleration is approximated by a backward difference

A2 a, —a,_ AP 4
Xn+1=X”+VnAt+anT+T?+O(Af)
4a, —a,_
=X, + Vu AL + "T'”Atz +0(Ar), (12.157)

This equation can be used as an explicit step to update the coordinates or as a pre-
dictor step in combination with the implicit corrector step

Af? a,q —a, AP
Xp+1 =Xp +v,,At+anT + M? + O(At4)

At
2
— X, + Vo A + WAH +0(ar%) (12.158)

which can be applied repeatedly (usually two iterations are sufficient). Similarly, the
Taylor series of the velocity is approximated by
At? AL

Vit = Vo b Ay ALty =t

a,.] —a Ar?
:Vn"‘anAl‘f‘(%—‘rO(Al))T—{—---
a a
=vn+%+”

Inserting the velocity from (12.158) we obtain the corrector step for the velocity

At + O(AP). (12.159)
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aAn41 +a,

Xn4+1 — X an41 + 2an 3
= — At At + O (At
Vn+1 Al‘ 6 + 2 + ( )
— 2
_ Xp+1 — Xp + ap+1 +a, Af + 0(At3). (12.160)
At 6
In combination with (12.157) this can be replaced by
4a, —a,_ 2
Vgl = Vo + -2 6a” g g St tdn o(Ar)
2 S5a, —a,_
vy, 4 2t 63” =L At + 0(aF). (12.161)

Together, (12.157) and (12.161) provide an explicit method which is usually un-
derstood as Beeman’s method. Inserting the velocity (12.160) from the previous
step

Xp — Xp—1 2a, +a,

w = At + O(A83 12.162
Vn At + 6 + ( ) ( )

into (12.157) gives
Xnt1 = 2%, — X1 + 2, A1% + O(ArY) (12.163)

which coincides with the Stormer-Verlet method (12.138). We conclude that Bee-
man’s method should produce the same trajectory as the Stormer-Verlet method if
numerical errors can be neglected and comparable initial values are used. In fact, the
Stormer-Verlet method may suffer from numerical extinction and Beeman’s method
provides a numerically more favorable alternative.

12.11.8 The Leapfrog Method

Closely related to the Verlet methods is the so called leapfrog method [116]. It uses
the simple decomposition

A s labt gLp b (12.164)
but introduces two different time grids for coordinates and velocities which are

shifted by A¢/2 (Fig. 12.13).
The leapfrog algorithm is given by

Vol =V, 1 +anAt (12.165)

Xpt1 =Xy +Vn+%At. (12.166)

Due to the shifted arguments the order of the method is increased as can be seen
from the Taylor series:

At 3
X(t) + (V(tn) +—al) + - ) At =X(t, + At) 4+ O(Ar)  (12.167)

At At ;
v+ ) =vln-3 =a(t,) At + O (Ar). (12.168)
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Fig. 12.13 (Leapfrog v [ -
method) The exact }
integration path is

approximated by one step !
with constant coordinates and !
one step with constant v '
velocities. Two different grids n+1/27 | S A =

are used for coordinates and
velocities which are shifted
by At/2 Vo T

\

n Xn+1

One disadvantage of the leapfrog method is that some additional effort is necessary
if the velocities are needed. The simple expression

v(ta) = %(v(tn - %) + V(t,, + %)) +0(Ar?) (12.169)

is of lower error order than (12.168).

12.12 Problems

Problem 12.1 (Circular orbits) In this computer experiment we consider a mass
point moving in a central field. The equation of motion can be written as the follow-
ing system of first order equations:

. 0 0 1 0
* 0 0 o 1|(”*
N P [ 0 0o off|” (12.170)
Ux (24+yH)2 Ux
v -1 00 vy
g (x2+y2)% ’
For initial values
X 1
y|_1|0
o | =10 (12.171)
Uy 1
the exact solution is given by
X =cost y=sint. (12.172)

The following methods are used to calculate the position x(¢), y(¢) and the energy
1

1
Eior = Ekin + Epor = —(U)% + Ui) - \/ﬁ
X y

12.173
5 ( )



12.12 Problems 233

e The explicit Euler method (12.3)

X(tht1) = x(ty) + v (ty) At
y(tn-i-l) = y(tn) + vy(tn)At

x(tn)
Uy (tnt1) = vx () — R(ln)3 At (12.174)
y(tn)
1, = 1) — At.
Uy( n+1) vy( n) R(ln)3
e The 2nd order Runge-Kutta method (12.7.1)
which consists of the predictor step
At
x(ty + At/2) = x(t,) + 711,( (tn) (12.175)
At
y(tn + AL/2) =y(ty) + TUy(tn) (12.176)
At x(t,)
th + At/2) = v (ty) — — 12.177
Uy (tn + /2) = vy (ty) ) R(tn)3 ( )
At y(tn)
vy (ty + A1/2) = vy (t,) — > R (12.178)
and the corrector step
X(tyr1) = x(ty) + At vx(t, + At/2) (12.179)
Y(tas1) = y(ta) + At vy (b, + At/2) (12.180)
x(tq + At/2)
t =uy(ty) — At —/———— 12.181
Uy (tnt1) = vx (tn) R3(l‘n FAL)2) ( )
y(tn + A1/2)
t =vy(ty) — At —. 12.182
Uy( 1) Uy( n) R3(tn A1/2) ( )
e The fourth order Runge-Kutta method (12.7.3)
e The Verlet method (12.11.5)
x(ty)
X(tn1) = X (1) 4 (x(tn) = x(ta-1)) — At — (12.183)
R (tn)
y(tn)
Y(tas1) = y(t) + (y(tn) — y(ta—1)) — A1 53 (12.184)
R>(ty)
X(tht1) — x(ty—1) x(ty) — x(ty—1) At x(ty)
th) = = ——— (12.185
v (fn) 2A1 At > By )
1, — y(th— th) —y,— At 1,
vy(tn):y(n+l) y(n 1):)’(n) y(n 1)__y(n) . (]2186)
2At At 2 R3(ty)

To start the Verlet method we need additional coordinates at time —A¢ which can
be chosen from the exact solution or from the approximation
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_ A2 x(1)
x(t—1) = x(t9) — At vy (tg) — - R(10) (12.187)
Ar* y(to)
V(1) = y(to) — At vy(to) — TRymo)' (12.188)
e The leapfrog method (12.11.8)
x(tn+1)=x(tn)+vx(tn+%)At (12.189)
Y(tns1) = y(ta) + vy (1, 1AL (12.190)
x(tn)
Uy (tn+%) = vx(tn_%) — Ry (12.191)
y(tn)
vy(tn+%)=vy(t _%)— R At (12.192)
where the velocity at time ¢, is calculated from
_ AL x(tys1)
Uy (fn) = vy (tn-i-%) - 7 R3(l‘”+1) (12.193)
At y(tn—i-l)
Uy(fn)zv);(l’1+%)— 7m (12194)

To start the leapfrog method we need the velocity at time ¢ ; which can be taken

8]

from the exact solution or from

_ At x(ty)
Ux (t,%) = vy (fo) — 5 R3(t0) (12.195)
A
0 =) = 5 (12.196)

Compare the conservation of energy for the different methods as a function of the
time step At. Study the influence of the initial values for leapfrog and Verlet meth-
ods.

Problem 12.2 (N-body system) In this computer experiment we simulate the mo-
tion of three mass points under the influence of gravity. Initial coordinates and ve-
locities as well as the masses can be varied. The equations of motion are solved with
the 4th order Runge-Kutta method with quality control for different step sizes. The
local integration error is estimated using the step doubling method. Try to simulate
a planet with a moon moving round a sun!

Problem 12.3 (Adams-Bashforth method) In this computer experiment we simu-
late a circular orbit with the Adams-Bashforth method of order 2 - - - 7. The absolute
error at time T
A(T) = |x(T) = cos(T)| + |y(t) — sin(T) | + vy (T) + sin(T)|
+ vy (T) — cos(T)| (12.197)
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is shown as a function of the time step At in a log-log plot. From the slope
o d(logo(A))
d(logo(At))

the leading error order s can be determined. For very small step sizes rounding
errors become dominating which leads to an increase A ~ (An)~1L.

(12.198)

Determine maximum precision and optimal step size for different orders of the
method. Compare with the explicit Euler method.
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Simulation of Classical and Quantum
Systems



Chapter 13
Rotational Motion

An asymmetric top under the influence of time dependent external forces is a rather
complicated subject in mechanics. Efficient methods to describe the rotational mo-
tion are important as well in astrophysics as in molecular physics. The orientation
of a rigid body relative to the laboratory system can be described by a 3 x 3 ma-
trix. Instead of solving nine equations for all its components, the rotation matrix can
be parametrized by the four real components of a quaternion. Euler angles use the
minimum necessary number of three parameters but have numerical disadvantages.
Care has to be taken to conserve the orthogonality of the rotation matrix. Omelyan’s
implicit quaternion method is very efficient and conserves orthogonality exactly.
In computer experiments we compare different explicit and implicit methods for a
free rotor, we simulate a rotor in an external field and the collision of two rotating
molecules.

13.1 Transformation to a Body Fixed Coordinate System

Let us define a rigid body as a set of mass points m; with fixed relative orientation
(described by distances and angles).

The position of m; in the laboratory coordinate system CS will be denoted by r;.
The position of the center of mass (COM) of the rigid body is

1
R= m;r; (13.1)
2oimi Z,: o

and the position of m; within the COM coordinate system CS. (Fig. 13.1) is p;:
ri =R+ p;. (13.2)

Let us define a body fixed coordinate system CS.5, where the position p;;, of m; is
time independent % pi» =0. p; and p;, are connected by a linear vector function

pi=Ap; (13.3)
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Fig. 13.1 (Coordinate
systems) Three coordinate
systems will be used: The
laboratory system CS, the
center of mass system CS,
and the body fixed system
CSch

where A is a 3 x 3 matrix

ailr app as
A=l ax ax a3
az| azx  asz

13.2 Properties of the Rotation Matrix
Rotation conserves the length of p:!
pp=(Ap)T (Ap)=p" AT Ap.
Consider the matrix
M=ATA—-1
for which
p"Mp=0

holds for all vectors p. Let us choose the unit vector in x-direction:
1
p=10
0

Then we have

My My M3
0=(1 0 0)[ May My My
M3 Mz Ms;

S O =

(13.4)

(13.5)

(13.6)

(13.7)

(13.8)

'pT p denotes the scalar product of two vectors whereas pp” is the outer or matrix product.
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Similarly by choosing a unit vector in y or z direction we find My = M33 =0.
1

Now choose p = (1 ):
0

My My, M3 1
0:(1 1 0) My My My 1
M3 Mz Mss 0

My + M2
=(1 1 0)| My + My | =M+Mp+Ma+My. (139
M3+ M3

Since the diagonal elements vanish we have M1» = —M3;. With
1

p = O s p = 1

1 1

we find M3 = —M31 and M3 = —M3,, hence M is skew symmetric and has three
independent components

0 My M3
M=-M'=|-M, 0 Mx]|. (13.10)
—M;3 —My; O
Inserting (13.6) we have

(ATA—1)=—(ATa-1)" =—(aTa—1) (13.11)

which shows that AT A =1 or equivalently AT = A~!. Hence (det(A))>2=1and A
is an orthogonal matrix. For a pure rotation without reflection only det(A) = +1 is

possible.
From
ri=R+ Ap;, (13.12)
we calculate the velocity
dr, dR dA dp;p
T T, A 13.13
@ a Ta ety (1313

but since p;;, is constant by definition, the last summand vanishes
=R+ Ap,, =R+ AA"!p, (13.14)

and in the center of mass system we have

d .
Epi:AA Yo, =Wp, (13.15)
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Fig. .13.2 Infinitesimal 3 +c$
rotation N
\dp =dp x p
0
de = dt
\
\
with the matrix
W=AA"" (13.16)

13.3 Properties of W, Connection with the Vector of Angular
Velocity

Since rotation does not change the length of p;, we have

d d
=E|Pi| —>0=Piapi=Pi(WPi) (13.17)

or in matrix notation
0=p] Wp;. (13.18)

This holds for arbitrary p;. Hence W is skew symmetric and has three independent
components

0 Wi Wi
W= -Wp 0 Wy | . (13.19)
Wiz =W 0

Now consider an infinitesimal rotation by the angle d¢ (Fig. 13.2).
Then we have (the index i is suppressed)

dp 0 Wi Wis P1 Wiz202 + Wiz p3
dp= Edt =|-Wiz2 O Was3 p2 |dt =| —Wiap1 + Wasps | dt
Wiz =Wy 0 03 —Wizp1 — Wazpo2
(13.20)

which can be written as a cross product:

dp=deo xp (13.21)
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with
—Wasdt
do = Wisde | . (13.22)
—Wirdt

But this can be expressed in terms of the angular velocity  as

do = wdt (13.23)
and finally we have
w1 0 —3 w2
do=wdt=|wy |dt W= w3 0 —w (13.24)
w3 —wy W] 0

and the more common form of the equation of motion

d
Ep:Wp:wxp. (13.25)

Example (Rotation around the z-axis) For constant angular velocity @ the equation
of motion

d
—p=W 13.26
P=Wr (13.26)
has the formal solution
p=e""p(0)=A()p(0). (13.27)

The angular velocity vector for rotation around the z-axis is

0
w=| 0 (13.28)
w3
and
0 —w3 O
W=| w3 0 0]. (13.29)
0 0 0

Higher powers of W can be easily calculated since

—w3 0 0
wi=| 0 -} 0 (13.30)
0 0 0
0 —w3 O
W3i=—wi|lws 0 0 (13.31)
0

0 0
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etc., and the rotation matrix is obtained from the Taylor series

1 1
Aty =" =1+Wt+§W2t2+gW3t3+~-

=1+| 0 3> O||l—5+—=—+

2.2
w5t 0 0 1 w%tz
o o oj\2 4

0 —wst O w%tz
+ | w3t 0 0 <1—T+>

0 0 0
cos(wst) —sin(wst)
= | sin(wst) cos(wst) . (13.32)

13.4 Transformation Properties of the Angular Velocity

Now imagine we are sitting on the rigid body and observe a mass point moving
outside. Its position in the laboratory system is rj. In the body fixed system we
observe it at

p1py=A""(r; —R) (13.33)
and its velocity in the body fixed system is
~1

, d
pry=A""0E —R)+
dr

(r1 — R). (13.34)

The time derivative of the inverse matrix follows from

0= d (A—IA)—A—1A+dA_1A (13.35)
T dr - dr ’
dA~! .
i =—A1AA T =—A"w (13.36)
and hence
dA~!
i ri —R)=—A"'"W@; —R). (13.37)

Now we rewrite this using the angular velocity as it is observed in the body fixed
system

AW —R) =Wy A —R) = —Wpp, = —p X pyp (13.38)
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where W transforms as like a rank-2 tensor
Wy,=A"'WA. (13.39)

From this equation the transformation properties of @ can be derived. We consider
only rotation around one axis explicitly, since a general rotation matrix can always
be written as a product of three rotations around different axes. For instance, rotation
around the z-axis gives:

0 —wpz  wp
Wp=| wp 0 —wp
—wpy  Wpl 0
cosgp sing O 0 —w3 W) cosp —sing 0
= | —sing cos¢ O w3 0 —w sing cosg O
0 0 1 —wy W] 0 0 0 1
0 —w3 W7 COS Y — w1 Sing
= w3 0 — (w1 cos@ + wy sing)
—(w2cosp — w1 sing) wjcosg + wr sing 0
(13.40)
which shows that
w1p cosp sing O w1
wy | = —sing cosp O w) =A"lw (13.41)
w3p 0 0 1 w3

i.e. w transforms like a vector under rotations. However, there is a subtle difference
considering general coordinate transformations involving reflections. For example,
under reflection at the xy-plane W is transformed according to

1 0 O 0 —-w3 1 0 O
We=]0 1 O w3 0 —w1 01 O

0 0 -1 —wy W] 0 0 0 -1

0 —w3 —wp

wy —ow] 0

and the transformed angular velocity vector is

wip 1 0 0 w1
wwp |=—10 1 0 wy |. (13.43)
w3p 0 0 -1 w3

This is characteristic of a so called axial or pseudo-vector. Under a general coordi-
nate transformation it transforms as

wp = det(A) Aw. (13.44)
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13.5 Momentum and Angular Momentum

The total momentum is

P=> "mii=) mR=MR (13.45)
i i

since by definition we have ), m;p; = 0.
The total angular momentum can be decomposed into the contribution of the
center of mass motion and the contribution relative to the center of mass

L=) mr; xii=MRxR+ > mip; x p; =Lcom + Lin- (13.46)

1 1

The second contribution is

Lin =Y _mip; x (@x p;) =Y _mi(@p] — p; (p;w)). (13.47)
i i

This is a linear vector function of @, which can be expressed simpler by introducing
the tensor of inertia

1= "mip}l—mip;p] (13.48)
i
or component-wise
Lyn =Y 10} 8.0 = Mi P Pin (13.49)
i
as
Liy = lo. (13.50)

13.6 Equations of Motion of a Rigid Body

Let F; be an external force acting on m;. Then the equation of motion for the center
of mass is

d2 ..
EZm,-rl-=1\4R=ZF,-:FM. (13.51)
i i

If there is no total external force F,,;, the center of mass moves with constant veloc-
ity
R=Rp+ V(t —19). (13.52)

The time derivative of the angular momentum equals the total external torque

d d . ..
EL: 5277’[,’1‘,’ X I :Zmil‘i XTri= Zl‘i X Fi = ZN, ZNext (1353)
i i i i
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which can be decomposed into

New =R x Fey + Y _ p; x F. (13.54)

1
With the decomposition of the angular momentum

d d d
—L=—L —L; 13.55
dr dr com + dr int ( )

we have two separate equations for the two contributions:

d d . .
d—tLCOMz aMR>< R=MR x R=R x Foy (13.56)
d

3 Lim = Xijp,» x F; =Ny — R x Foyy = Niyy. (13.57)

13.7 Moments of Inertia

The angular momentum (13.50) is
Lo=Io=AA"'"TAA ' = AlLw, (13.58)

where the tensor of inertia in the body fixed system is

L=A""1A= A_1<ZmipiTpi - mipipiT)A

1

= ZmiATpiTpiA —miATpipl-TA
i

=Y mipj, —mipipPly (13.59)

1

Since I does not depend on time (by definition of the body fixed system) we
will use the principal axes of [, as the axes of the body fixed system. Then I, takes
the simple form

L 0 O
I,=10 L O (13.60)
0 0 &I

with the principle moments of inertia /; 2 3.
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13.8 Equations of Motion for a Rotor

The following equations describe pure rotation of a rigid body:

d
ZA=WA=AW, (13.61)
dr
d
aLint =Nin (13.62)
0 —w3 W)
W=| w3 0 —w Wij = —¢jjiwr (13.63)
—w) W] 0
Ly =ALjup =1wo=Alwp (13.64)
Ltoooo
oo =1 "Limp=| 0 I;' 0 |Liwp o=Aw, (13.65)
o o 5!
I, = const. (13.66)

13.9 Explicit Methods

Equation (13.61) for the rotation matrix and (13.62) for the angular momentum have
to be solved by a suitable algorithm. The simplest integrator is the explicit Euler
method (Fig. 13.3) [241]:

At + A1) = A(t) + A Wy(1) At + O(Ar?) (13.67)
Lint(t + A1) = Lins (1) + Nie (1) A + O (A1), (13.68)

Expanding the Taylor series of A(¢) to second order we have the second order ap-
proximation (Fig. 13.3)

At + A1) = A(t) + A(OWp (1) A + %(A(t)sz(t) + AW, (1)) A2+ 0(AF).
(13.69)
A corresponding second order expression for the angular momentum involves
the time derivative of the forces and is usually not practicable.
The time derivative of W can be expressed via the time derivative of the angular
velocity which can be calculated as follows:
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error of energy and determinant

time step At

249

Fig. 13.3 (Global error of the explicit methods) The equations of a free rotor (13.8) are solved
using the explicit first order (full curves) and second order (dashed curves) method. The deviations
|det(A) — 1| (diamonds) and |Eyj, — Erin(0)| (circles) at t = 10 are shown as a function of the
time step At. Full circles show the energy deviation of the first order method with reorthogonal-
ization. The principal moments of inertia are I, = diag(l, 2, 3) and the initial angular momentum

isL=(1,1,1). See also Problem 13.1

d d, . _ fd .
T =3 'A le,):Ib1<aA 1>Lim+1blA "Nint
=1, (=A7'W)Line + 1, ' A7 Ny

= —IJIWbLin[,h + [l:lNint,lr

Alternatively, in the laboratory system

d d

3@ = 7, (Aop) = WAw, — AL AT WL + AL ATING,
= AL ' A(Nipr — WLiny)

where the first summand vanishes due to

WAwp = AWpwp = Awp X @p =0.

Substituting the angular momentum we have

d _ _
= I Nine.p — I "Wy, Lywy,

which reads in components:

(13.70)

(13.71)

(13.72)

(13.73)
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. —1
p1 I, Np1
. )
wpy | = | I, Nia
. 2
Wp3 I3 Np3
~1
I, | 0 —wpz w2 Ip1owp1
— I, Wp3 0 —wp1 Iprwp
;! —wpy  wp1 0 Ip3wp3
(13.74)

Evaluation of the product gives a set of equations which are well known as Euler’s
equations:

o Iy — 1b3a) o+
b1 I b2Wh3 + 7
Ips — 1 N,
gy = 28 s + 222 (13.75)
Ip> Ip>
Ipy — I Np3
wp3 = wp1wWp2 + ——
Ip3 Ip3

13.10 Loss of Orthogonality

The simple methods above do not conserve the orthogonality of A. This is an effect
of higher order but the error can accumulate quickly. Consider the determinant of A.
For the simple explicit Euler scheme we have

det(A + AA) = det(A + WAA?) =det Adet(l + W A1)
= det A(1 + 0*Af?). (13.76)

The error is of order At?, but the determinant will continuously increase, i.e. the
rigid body will explode. For the second order integrator we find

Ar? .
det(A + AA) = det(A + WAA? + T(W2A + WA))

A,
= det A det 1+WAt+T(W + W) ). (13.77)

This can be simplified to give
det(A + AA) =detA(1 + oAt +---). (13.78)

The second order method behaves somewhat better since the product of angular
velocity and acceleration can change in time. To assure that A remains a rotation
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matrix we must introduce constraints or reorthogonalize A at least after some steps
(for instance every time when | det(A) — 1| gets larger than a certain threshold). The
following method with a symmetric correction matrix is a very useful alternative
[127]. The non-singular square matrix A can be decomposed into the product of an
orthonormal matrix A and a positive semi-definite matrix S

~

A=AS (13.79)

with the positive definite square root of the symmetric matrix A7 A

172

S = (AT A) (13.80)
and
A=AS~'=4a(AT4)"'? (13.81)
which is orthonormal as can be seen from
ATA=(sH'aATas ' =571s257 = 1. (13.82)

Since the deviation of A from orthogonality is small, we make the approximations

S=1+s (13.83)
ATA=8>~1+2s (13.84)
ATA -1
SN ——— (13.85)
1 1—ATA
STIml—s~lt——+- (13.86)

which can be easily evaluated.

13.11 Implicit Method

The quality of the method can be significantly improved by taking the time deriva-
tive at midstep (Fig. 13.4) (12.5):

At At
A(t+At)=A(t)+A<t+7>W(t+7)At+--- (13.87)
At
L (t + At) =L (1) + Ny (t + 7)& 4+ (13.88)

Taylor series expansion gives
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Fig. 13.4 (Global error of
the implicit method) The
equations of a free rotor
(13.8) are solved using the
implicit method. The
deviations | det(A) — 1|
(diamonds) and

| Etin — Ekin(0)| (circles) at
t = 10 are shown as a
function of the time step Af.
Initial conditions as in

Fig. 13.3. See also
Problem 13.1

error of energy and determinant

10 10 107 10 10

time step At
A(t Af)w , At)m
+5 ( +=-
: Ar? A 3
=A)W(@)Ar + A(t)W(t)T + A(t)W(t)T + O(At ) (13.89)
5 AL N
=AW @) At + (AW (t)—i—A(t)W(l))T +0(AF%)  (13.90)

which has the same error order as the explicit second order method. The matrix
At + %) at mid-time can be approximated by

1 At N At
5(A(t)+A(t+At)) :A<t+ —) + —A<[+ _) 4.

2 4 2
At
= A(t + 7) +0(Ar?) (13.91)

which does not change the error order of the implicit integrator which now becomes
1 At 3
At + At = A@t) + E(A(t) + A+ AD))W |1+ - )Ar+ O(Ar%). (13.92)
This equation can be formally solved by

et an=a0(14 2 wlee AN (1= 2wl 2
a1 200+ 3)) (1 (o )

At
:A(I)Tb<7>. (13.93)
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Alternatively, using angular velocities in the laboratory system we have the similar
expression

A+ A =1 A[W Al _11 A[W Al A
wran=[1=w(ee F) [+ 5w (i 5 Jao

At
= T( 5 )A(t) (13.94)
The angular velocities at midtime can be calculated with sufficient accuracy from
At Af . 2
wii+— =W(t)+7W(t)+0(At )- (13.95)

With the help of an algebra program we easily prove that
At At NS
det(l + 7W) = det(l = 7W) =1+ (13.96)

and therefore the determinant of the rotation matrix is conserved. The necessary
matrix inversion can be easily done:

(-5
1——W
2

zAtz 2 2
1+ —m% +w1w2ATt wz% +w1w3Ai
_ W2 A2
= a)3 2 +a)1a)2 A4’ 1+ 24 —a)1 +a)2a)3 A4t
w3 A2
—0)27 +a)1(u3ATt +a)2w3 A‘: 1+ 3T
—1 (13.97)
2412 '
1+ 5
The matrix product is explicitly
=14 2w 1[1- 2w, ]
b= ~ b -~ Wb
L 2 2
2 _ .2 2 2 2
1+ WAIZ —wp3 At +a)b1wb2ATt wpy At +a)bla)b3ATt
_ 2 —wl o, —w? 2
= | wpAt+opopts 1+ ZREREERAR ) At 4 opwpz B

2 2 7(02 7(1)2 +w2
—wp At + wblwlﬁATl wp1 At + wawbSATt 1 —RLp2 s Ag2
1

With the help of an algebra program it can be proved that this matrix is even orthog-
onal

T,,T T, =1 (13.99)
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and hence the orthonormality of A is conserved. The approximation for the angular
momentum

At
Lint(t) +Nint t+ 7 At

. At?
= Lint (1) + N (VA1 + Nigg(0) == + - =Lins (1 + A1) + o(Ar)

(13.100)
can be used in an implicit way

Nins (t + A1) + Ny (2
Lins(t + At) = Loy (1) + @ F 2)+ W()At+0(At3). (13.101)

Alternatively Euler’s equations can be used in the form [190, 191]

At At Ipp — 1 N
wp1 (l‘ + —) = wp1 (t — —) + ua)bz(l‘)a)b3(t)At + lAt etc.
2 Ip1 Ip1

2
(13.102)
where the product wp, (f)wp3 (t) is approximated by

1 At At At At
wp2 () wp3(t) = §|:wb2(t - 7)%3 <t — 7) + wb2<t + 7)(»173 (t + 7)]
(13.103)

wp1 (t + %) is determined by iterative solution of the last two equations. Starting
with wp (t — %) convergence is achieved after few iterations.

Example (Free symmetric rotor) For the special case of a free symmetric rotor
(Ip2 = Ip3, Njpy = 0) Euler’s equations simplify to:

@p1 =0 (13.104)
1, —1
wpy = Ma)b]ww = lwp3 (13.105)
Ipr3)
Iy — 1
py = 2L 102D oy = — Ao (13.106)
Ip23)

1) —In b1
Ip2(3)

A (13.107)

Coupled equations of this type appear often in physics. The solution can be found
using a complex quantity

2 =wp +ivps (13.108)
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which obeys the simple differential equation
2 = o + idop3 = —i (iAwp3 + hwp) = —iAS2 (13.109)

with the solution

Q= QoM. (13.110)
Finally
wp1(0) wp1(0)
wp = | R(Q20e ) | = | wp2(0) cos(rt) + wp3(0) sin(Ar) (13.111)
I (20e~H) wp3(0) cos(At) — wp2 (0) sin(Arr)

i.e. @ rotates around the 1-axis with frequency A.

13.12 Kinetic Energy of a Rotor

The kinetic energy of the rotor is

Eiin=)_ TIF,Z =y 71(R+Apib)2

i i
=D 5 (R +p, AT)(R + Apyy)
i
- 7R2 +) TlpinATApib. (13.112)
i

The second part is the contribution of the rotational motion. It can be written as

m; m; 1
Erpr = Z — ol WIAT AWpp,, = —Z ol Wip, = -0l Lo, (13.113)

— 2 — 2 2
1 1
since
s W3 T Wy Zwb 1 C!)b22 Wp1Wp3 s .
—Wy=| —wpiowpr  wp; + Wp3  —wpwp3 | =, — @pw), . (13.114)
2 2
—Wp1Wp3 —WpRWE3 W T Wy

13.13 Parametrization by Euler Angles

So far we had to solve equations for all 9 components of the rotation matrix. But
there are six constraints since the column vectors of the matrix have to be orthonor-
malized. Therefore the matrix can be parametrized with less than 9 variables. In fact
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it is sufficient to use only three variables. This can be achieved by splitting the full
rotation into three rotations around different axis. Most common are Euler angles
defined by the orthogonal matrix [106]

cosyrcos¢ —cosOsingsiny  —siny cos¢ —cosfdsingcosyy  sinf sing
cosyrsing 4+ cosfcosgpsiny —sinyrsing + cosf cos¢pcosyy —sinb cos@p

sin @ sin ¥ sin 6 cos ¥ cos6
(13.115)
obeying the equations
. i 0 0
b= o, s1nq.‘>cos wyCOS(?COS to (13.116)
sinf sinf
0 = w, cosp + wy sin¢ (13.117)
. sin ¢ cos ¢
=wy—— — . 13.118
V= sin6 @y sin @ ( )

Different versions of Euler angles can be found in the literature, together with
the closely related cardanic angles. For all of them a sinf appears in the denomi-
nator which causes numerical instabilities at the poles. One possible solution to this
problem is to switch between two different coordinate systems.

13.14 Cayley-Klein Parameters, Quaternions, Euler Parameters

There exists another parametrization of the rotation matrix which is very suitable for
numerical calculations. It is connected with the algebra of the so called quaternions.
The vector space of the complex 2 x 2 matrices can be spanned using Pauli matrices
by

1 0 0 1 0 —i 1 0
2(50) m () () wm(l %) aam

Any complex 2 x 2 matrix can be written as a linear combination
col +co. (13.120)

Accordingly any vector x € R3 can be mapped onto a complex 2 x 2 matrix:

z X —iy
P = . . 13.121
X — (x+ly _; ) (13 )

Rotation of the coordinate system leads to the transformation
P =0PQf (13.122)

where

(o« B
Q_<y a) (13.123)
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is a complex 2 x 2 rotation matrix. Invariance of the length (|x| = 4/ — det(P)) under
rotation implies that Q must be unitary, i.e. Q7 = Q! and its determinant must
be 1. Explicitly

* * 1 —
o' =(5 )= a5 ) (1312

and Q has the form
0= (_Ofg f) with [a? + |B* = 1. (13.125)

Setting x4 = x % iy, the transformed matrix has the same form as P:

orPO' = o*Bxy + Brax_ + (o — |B1))z —B%x, +a’x_ —2afz
T et B —2008% 7 —atBxy —afte — (o - 18Pz

/ /

= ( ‘< x,) . (13.126)
X, -z

From comparison we find the transformed vector components:

1
x' = E(xg_—l—x/_) =

a*Z +Ol2 _ ‘3*2 _ ﬂZ i(()l*z _ 052 + ﬂ*Z _ ’32)
= x + y

(@ = B7)xy + %(“2 — B2 — (@ + o)z

N =

2 2
_ (aﬂ +a*ﬁ*)z (13.127)
/ 1 !/ !/ l * 1 *. 1 * %k
y = Z(XJ“ —x)= 2—1_(0( 2+ By + 2—1,(—,3 2 —a?) o+ lf(—a B* +ap)z
a*Z _ Ol2 _ ﬁ*Z + ﬂZ 05*2 +Ol2 +:3*2 + /32
= - X+
2i 2
+i(a*B* —ap)z (13.128)
Z=(*B+af)x+i(a*B—ap)y+ (|ot|2 — |,B|2)z. (13.129)

This gives us the rotation matrix in terms of the Cayley-Klein parameters « and :

a24a? B2 g2 (@2 p2) —(aB + a* %)
2 2
_ ¥2_ 27 p¥2 | g2 ¥4 21 gR2 | g2
A=] o« Ziﬂ +8 oo —5/3 +B ll(_a;ﬂ* +(2¥13) . (13.130)
@B+ap*) i@B—apf) (-8

For practical calculations one often prefers to have four real parameters instead of
two complex ones. The so called Euler parameters qo, g1, g2, g3 are defined by

o =qo+ig3 B=q»+iq1. (13.131)
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Now the matrix Q

0= qot+igs q2+iqq
—q2+iq1 qo—iq3

)=qol+iq1(rx+iqzay+iq30Z (13.132)
becomes a so called quaternion which is a linear combination of the four matrices
U=1 I=io, J=io, K =ioy (13.133)

which obey the following multiplication rules:

1?=J =K*=-U

1J=—-JI=K
(13.134)

JK=—-KJ=1

KI=—-IK=J.

In terms of Euler parameters the rotation matrix reads

a@G+at—a3—a;  2q192+qoq3) 2(q193 — 9092)
A=| 2Aq2—q093) 93 —4ai+a3—a3  2(q295 +q0q1) (13.135)
2(q193 + q092) 2(q2q3 — q0q1) a3 —a} — a3+ 43

and from the equation A = W A we derive the equation of motion for the quaternion

4o 0 o o w3 40
. . B
qif_Zf-er 0 —os e | fa (13.136)
q2 2| o2 w3 0 —w q2
93 —w3 —wy w0 93
or from A = AW,, the alternative equation
40 0 wp @ O3 40
. ol -
| _ 1| o 0 w3p w2p a | (13.137)
92 2| —w —w3 O w1p 92
g3 —w3  wyp —op 0 q3
Both of these equations can be written briefly in the form
q=Wq. (13.138)

Example (Rotation around the z-axis) Rotation around the z-axis corresponds to the
quaternion with Euler parameters

wt
Cos >

q= 0 (13.139)



13.15 Solving the Equations of Motion with Quaternions 259

as can be seen from the rotation matrix

(cos %t)z — (sin %t)z —2cos 4 sin % 0
A= 2cos 4 sin 4 (cos 41)2 — (sin &)? 0
0 0 (cos 42 + (sin 22
coswt —sinwt 0
= | sinwt coswt O]. (13.140)
0 0 1

The time derivative of q obeys the equation

0 0 0 w cos 4 —% sinwt
. 1 0 0 —o O 0 0
q=§ 0 o 0 0 0 = 0 . (13.141)
- 0 0 0 —sin% —% coswt

After a rotation by 27 the quaternion changes its sign, i.e. q and —q parametrize
the same rotation matrix!

13.15 Solving the Equations of Motion with Quaternions

As with the matrix method we can obtain a simple first or second order algorithm
from the Taylor series expansion

. N 2
q(t + A1) =q0) + WHq) At + (W () + Wz(t))q(t)ATt 4+ (13.142)

Now only one constraint remains, which is the conservation of the norm of the
quaternion. This can be taken into account by rescaling the quaternion whenever its
norm deviates too much from unity.

It is also possible to use Omelyan’s [192] method:

~ At 1
qt + A =qt) + W(t + %) E(q(t) +q(t + At)) (13.143)
gives
At ~\7! At ~
q(t + At) = (1 - 7W) (1 + 7W)q(r) (13.144)

where the inverse matrix is

At 7! 1 At ~
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Fig. 13.5 Free asymmetric L=const
rotor o(l)

and the matrix product

(1 AtW)_l<1+Atv'l7>—l_w2Al_t62+ A (13.146)
2 2 ) T s e |

This method conserves the norm of the quaternion and works quite well.

13.16 Problems

Problem 13.1 (Free rotor, Fig. 13.5) In this computer experiment we compare dif-
ferent methods for a free rotor (Sect. 13.8):

e explicit first order method (13.67)
A+ A)=A@)+A@)Wp(t) At + 0(At2) (13.147)

e explicit second order method (13.69)

1 .
At + At) = A(t) + A() Wy (£) At + E(A(t)W,f(t) + A Wp(1)) Ar* + O (ALY)
(13.148)

e implicit second order method (13.93)

At At At A\ ! 3

A(t+At)=A(t)<1+—W<t+—>>(1——W(l—i——)) +0(Ar).
2 2 2 2

(13.149)

The explicit methods can be combined with reorthogonalization according to
(13.79) or with the Gram-Schmidt method. Reorthogonalization threshold and time
step can be varied and the error of kinetic energy and determinant are plotted as a
function of the total simulation time.

Problem 13.2 (Rotor in a field, Fig. 13.6) In this computer experiment we simulate
a molecule with a permanent dipole moment in a homogeneous electric field E. We
neglect vibrations and describe the molecule as a rigid body consisting of nuclei
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Fig. 13.6 Rotor in an electric A A A A A i i
field i i ' i i ! '

with masses m; and partial charges Q;. The total charge is ) ; Q; = 0. The dipole
moment is

p=) Qi (13.150)
i
and external force and torque are
Foq=) QE=0 (13.151)
i
New=)_ Qir; xE=p xE. (13.152)
i

The angular momentum changes according to

d

A_tLWZP x E (13.153)
where the dipole moment is constant in the body fixed system. We use the implicit
integrator for the rotation matrix (13.93) and the equation

op(t) = — 1 Wy ()L (1) + I, ' A7V (1) (p(1) x E) (13.154)

to solve the equations of motion numerically. Obviously the component of the an-
gular momentum parallel to the field is constant. The potential energy is

U=-> Q;Er;=—pE. (13.155)
i

Problem 13.3 (Molecular collision) This computer experiment simulates the col-
lision of two rigid methane molecules (Fig. 13.7). The equations of motion are
solved with the implicit quaternion method (13.143) and the velocity Verlet method
(12.11.4). The two molecules interact by a standard 6—12 Lennard-Jones potential
(14.24) [3]. For comparison the attractive »~® part can be switched off. The initial



262

Fig. 13.7 Molecular
collision

13 Rotational Motion

angular momenta as well as the initial velocity v and collision parameter b can be
varied. Total energy and momentum are monitored and the decomposition of the to-
tal energy into translational, rotational and potential energy are plotted as a function

of time.

Study the exchange of momentum and angular momentum and the transfer of
energy between translational and rotational degrees of freedom.



Chapter 14
Molecular Mechanics

Classical molecular mechanics simulations have become a very valuable tool for
the investigation of atomic and molecular systems [97, 115, 157, 212, 225], mainly
in the area of materials science and molecular biophysics. Based on the Born-
Oppenheimer separation which assumes that the electrons move much faster than
the nuclei, nuclear motion is described quantum mechanically by the Hamiltonian

H=[T"+U(r]")]. (14.1)
Molecular mechanics uses the corresponding classical energy function

Nucy2
TNuc + U(rleuc) — Z (p] )

— 2m;
; J

which treats the atoms as mass points interacting by classical forces
F; = — grad,, U (). (14.3)

Stable structures, i.e. local minima of the potential energy can be found by the
methods discussed in Chap. 6. Small amplitude motions around an equilibrium ge-
ometry are described by a harmonic normal mode analysis. Molecular dynamics
(MD) simulations solve the classical equations of motion

dzl’j
m; R F; = —grad, U (14.4)

+ U(r) (14.2)

numerically.

The potential energy function U (r/]\.’ “¢) can be calculated with simplified quantum
methods for not too large systems [50, 152]. Classical MD simulations for larger
molecules use empirical force fields, which approximate the potential energy sur-
face of the electronic ground state. They are able to describe structural and confor-
mational changes but not chemical reactions which usually involve more than one
electronic state. Among the most popular classical force fields are AMBER [63],
CHARMM [163] and GROMOS [58, 262].

In this chapter we discuss the most important interaction terms, which are con-
veniently expressed in internal coordinates, i.e. bond lengths, bond angles and dihe-
dral angles. We derive expressions for the gradients of the force field with respect
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Fig. 14.1 (Molecular z
coordinates) Cartesian

coordinates (left) are used to

solve the equations of motion

whereas the potential energy y Z2 zg] </
is more conveniently zy w y3 D3
formulated in internal !
coordinates (right)

Fig. 14.2 (Conformation of a
protein) The relative
orientation of two successive 1
protein residues can be H ‘
described by three angles N/ H H ‘ ®

R
|
¢
PR
‘ .
R

to Cartesian coordinates. In a computer experiment we simulate a glycine dipeptide
and demonstrate the principles of energy minimization, normal mode analysis and
dynamics simulation.

14.1 Atomic Coordinates

The most natural coordinates for the simulation of molecules are the Cartesian co-
ordinates (Fig. 14.1) of the atoms,

r; = (X;, yi, 2i) (14.5)
which can be collected into a 3N -dimensional vector

1,6 --&n) = (X1, y1,21, X2 - XN, YN, ZN)- (14.6)

The second derivatives of the Cartesian coordinates appear directly in the equations
of motion (14.4)

myé=F, r=1---3N. (14.7)

Cartesian coordinates have no direct relation to the structural properties of mole-
cules. For instance a protein is a long chain of atoms (the so called backbone) with
additional side groups (Fig. 14.2).

The protein structure can be described more intuitively with the help of atomic
distances and angles. Internal coordinates are (Fig. 14.3) distances between two
bonded atoms (bond lengths)

bij =1rij| = |ri — 1}, (14.8)
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Fig. 14.3 (Internal i j
coordinates) The structure of
a molecule can be described
by bond lengths, bond angles
and dihedral angles

Fig. 14.4 Dihedral angle

angles between two bonds (bond angles)

o
bijk = arccos<”4]q> (14.9)
’ Irij g
and dihedral angles which describe the planarity and torsions of the molecule. A di-
hedral angle (Fig. 14.4) is the angle between two planes which are defined by three

bonds

0;ijk1 = sign(0; k) arccos(n; i jk;) (14.10)
rij X l'kj rkj X Tkl

Njjp = ————— Njjj = ———— (14.11)
Irij X 1 [rgj X Tyl

where the conventional sign of the dihedral angle [136] is determined by
sign@,-jkl = sign(rkj (n,'jk X njkl))~ (14.12)

Internal coordinates are very convenient for the formulation of a force field. On
the other hand, the kinetic energy (14.2) becomes complicated if expressed in inter-
nal coordinates. Therefore both kinds of coordinates are used in molecular dynamics
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Fig. 14.5 (Glycine dipeptide
model) The glycine dipeptide
is the simplest model for a
peptide. It is simulated in
Problem 14.1. Optimized
internal coordinates are
shown in Table 14.1

14 Molecular Mechanics

H13

/
H10—;\11—c2/H12
Hi1 /H14
/C3~N4 08
07 \ /C’6
R \
H15 H16

09 —H17

calculations. The internal coordinates are usually arranged in Z-matrix form. Each
line corresponds to one atom i and shows its position relative to three atoms j, k,
[ in terms of the bond length b;;, the bond angle ¢;;; and the dihedral angle 6;;y

(Fig. 14.5 and Table 14.1).

14.2 Force Fields

Classical force fields are usually constructed as an additive combination of many
interaction terms. Generally these can be divided into intramolecular contributions

Table 14.1 (Z-matrix) The optimized values of the internal coordinates from Problem 14.1 are
shown in Z-matrix form. Except for the first three atoms the position of atom i is given by its
distance b;; to atom j, the bond angle ¢;;; and the dihedral angle 6; 1/

Number i Label j k 1 Bond length A) Bond angle Dihedral
bij Pijk Oijki

1 N1

2 C2 1 1.45

3 C3 2 1 1.53 108.6

4 N4 3 2 1 1.35 115.0 160.7
5 C5 4 3 2 1.44 122.3 —152.3
6 C6 5 4 3 1.51 108.7 —153.1
7 o7 3 2 1 1.23 121.4 —26.3
8 08 6 5 4 1.21 124.4 123.7
9 09 6 5 4 1.34 111.5 —56.5
10 H10 1 2 3 1.02 108.7 —67.6
11 Hl11 1 2 3 1.02 108.7 49.3
12 H12 2 3 4 1.10 109.4 —76.8
13 HI13 2 3 4 1.10 109.4 38.3
14 H14 4 3 2 1.02 123.1 27.5
15 H15 5 4 3 1.10 111.2 —-32.5
16 H16 5 4 3 1.10 111.1 86.3
17 H17 9 6 5 0.97 106.9 —147.4
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b
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0 180 360

Fig. 14.6 Intramolecular forces

Upondea Which determine the configuration and motion of a single molecule and
intermolecular contributions U,,p,-pondeqd describing interactions between different
atoms or molecules

U = Uponded + Unon-bonded.- (14.13)

14.2.1 Intramolecular Forces

The most important intramolecular forces depend on the deviation of bond lengths,
bond angles and dihedral angles from their equilibrium values. For simplicity a sum
of independent terms is used as for the CHARMM force field [39, 40, 163]

U = U+ U+ U+ Ul + U
(14.14)

The forces are derived from potential functions which are in the simplest case ap-
proximated by harmonic oscillator parabolas (Fig. 14.6), like the bond stretching
energy

1 2
Uy = ki (bij — b;) (14.15)
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Table 14.2 (Atom types of

the glycine dipeptide) Atom  Atom type Atoms
types for glycine
oligopeptides according to C C3,
Bautista and Semin;.irio [15]. ¢ C2,C5
The atoms are clasmﬁed by C, c6
element and bonding
environment. Atoms of the N N4
same atom type are N, N1
considered equivalent 0 07
0O, 09
0, 08
H Hi4
H; H12, H13, H15, H16
H» H17
H3 H10, H11
angle bending terms
angle 1 - - 0 \2
Ujp = Ekuk(‘%k - ¢ijk) (14.16)
together with the Urey-Bradly correction
i (b — B9,)° 14.17
U'f"_i ijk (bik — bjy) (14.17)
and “improper dihedral” terms which are used to keep planarity
. 1 ’
improper __ B B 0
Uijkl = gkukl (eukl - eijkl) : (14.18)
Torsional energy contributions are often described by a cosine function'
dihedral 0
Ul]k kjkl(l — COS(m@,jkl eijkl)) (14.19)

where m = 1, 2, 3,4, 6 describes the symmetry. For instance m = 3 for the three
equivalent hydrogen atoms of a methyl group. In most cases the phase shift 93. =0
or 98. « = 7. Then the dihedral potential can be expanded as a polynomial of cos®,
for instance

m=1: Ufj’hfdml = k(1 £ cos ;) (14.20)
m=2: U =k + k(1 —2(cos 6;ju)°) (14.21)
m=73: Ufj'hfd’“l = k(1 £3c0s6;ju F 4(cosb;jx)?). (14.22)

For more general 91’ ikl the torsional potential can be written as a polynomial of
cos 0;jy; and sin6; jy; .

ISome force-fields like Desmond [33] or UFF [213] use a more general sum
k Z,A,:IZO cm cos(mb — 69).
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Table 14.3 (Bond stretching parameters) Equilibrium bond lengths (A) and force constants
(kcal mol~! A=2) for the glycine dipeptide from [15]

Bond type b0 k Bonds

I'C,N 1.346 1296.3 C3-N4

FCI.N 1.438 935.5 N4-C5

TC1,N2 1.452 887.7 N1-C2

rC2,Cl 1.510 818.9 C5-C6

rc,cl 1.528 767.9 C2-C3

rC2.02 1.211 2154.5 C6-08

rc,0 1.229 1945.7 C3-07

rC2,01 1.339 1162.1 C6-09

IN.H 1.016 1132.4 N4-H14

'N2,H3 1.020 1104.5 N1-H10, N1-H11
rC1,HI1 1.098 900.0 C2-H12, C2-H13, C5-H15, C5-H16
r01,H2 0.974 1214.6 09-H17

The atoms are classified by element and bonding environment. Atoms of the
same atom type are considered equivalent and the parameters transferable (for an
example see Tables 14.2, 14.3, 14.4).

14.2.2 Intermolecular Interactions

Interactions between non-bonded atoms
Unon-bondea = U + U"W (14.23)

include the Coulomb interaction and the weak attractive van der Waals forces which
are usually combined with a repulsive force at short distances to account for the
Pauli principle. Very often a sum of pairwise Lennard-Jones potentials is used
(Fig. 14.7) [3]

12 6

(7
prdw — Z Z Ul}f?w — Z 248,1( lj r6j> (14.24)

A#£B i€A,jeB A#£B ij ij

The charge distribution of a molecular system can be described by a set of multi-
poles at the position of the nuclei, the bond centers and further positions (lone pairs
for example). Such distributed multipoles can be calculated quantum chemically for
not too large molecules. In the simplest models only partial charges are taken into
account giving the Coulomb energy as a sum of atom-atom interactions

g =3 Y :;‘(I; (14.25)
ij

A#Bi€A,jeB
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Table 14.4 (Bond angle parameters) Equilibrium bond angles (deg) and force constants
(kcal mol~! rad=2) for the glycine dipeptide from [15]

Angle type @° k Angles

PN,C.Cl 115.0 160.0 C2-C3-N4

PCIN,C 122.3 160.1 C3-N4-C5

dc1,c2,01 111.5 156.0 C5-C6-09

dc1,c2,02 124.4 123.8 C5-C6-08

¢c1.c.0 1214 127.5 C2-C3-07

$02.C2.01 124.1 146.5 08-C6-09

¢N.C.0 123.2 132.7 N4-C3-07

¢c.c1Hl 110.1 74.6 H12-C2-C3, H13-C2-C3
¢c2.c1.H1 109.4 69.6 H16-C5-C6, H15-C5-C6
$CN.H 123.1 72.0 C3-N4-H14

¢C1,NH 114.6 68.3 C5-N4-H14

$C1,N2,H3 108.7 71.7 H10-N1-C2, H11-N1-C2
PHI1,C1,HI 106.6 48.3 H13-C2-H12, H15-C5-H16
PH3,N2,H3 107.7 45.2 H10-N1-H11

dc.c1.N2 109.0 139.8 N1-C2-C3

$c2.c1.N 108.6 129.0 N4-C5-C6

$c2,01,H2 106.9 72.0 H17-09-C6

éN,C1,HI 111.1 73.3 H15-C5-N4, H16-C5-N4
PN2,C1LH1 112.6 80.1 H13-C2-N1, H12-C2-N1

More sophisticated force fields include higher charge multipoles and polarization
effects.

14.3 Gradients

The equations of motion are usually solved in Cartesian coordinates and the gradi-
ents of the potential are needed in Cartesian coordinates. Since the potential depends
only on relative position vectors r;;, the gradient with respect to a certain atom po-
sition ry can be calculated from

grad,, = (i — 8jx) grad,, . (14.26)
i<j
Therefore it is sufficient to calculate gradients with respect to the difference vectors.
Numerically efficient methods to calculate first and second derivatives of many force
field terms are given in [156, 259, 260]. The simplest potential terms depend only
on the distance of two atoms. For instance bond stretching terms, Lennard-Jones
and Coulomb energies have the form

Uij = U(rij) = U(Jr;j]) (14.27)
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Fig. 14.7 (Lennard-Jones 2
potential) The 6-12 potential

(14.24) has its minimum at

Fmin = 20 ~1.120 with

Unin = —¢€

L
=}
0 - —
_17 \ \ ‘ ! ‘ ! ‘ ! ‘
1 1.2 1.4 1.6 1.8 2
/o
where the gradient is
AU I','j
rad, U;j = — . 14.28
S A Ty (142

The most important gradients of this kind are

I bO
grad,, U = k(rij — b%) L = k(l — —>r,~ j (14.29)
v ‘ ij rij/)
12 6
vdw ij %
gradrl,j Ui’j =24¢;; _2T +— Jrij (14.30)
ij ij
qiq,

grad,, UE™ = — rij. (14.31)

47 8()1”1.3].
The gradient of the harmonic bond angle potential is
I
grad, U8 = k(iji — ¢°) grad, ¢; jx (14.32)

where the gradient of the angle can be calculated from the gradient of its cosine

grad. ¢ ! grad,.. cos¢ ! ( Ty Lij Tk r )
L Bije=—— y ik = —— - i
i sin @ jk Tis singyji \ |rijlIrel |rij3 g
1 |y COS Qjik
=—— ( L — ¢’-2’ r;j (14.33)
sing;jr \ |rij||rg;l Irij
1 rjj COS¢)ijk
grad rkj¢ijk:_ - ( — 5 rkj . (14.34)
singyjx \ [rij||rs;| lvel

In principle, the sine function in the denominator could lead to numerical prob-
lems which can be avoided by treating angles close to O or & separately or using a
function of cos ¢; i like the trigonometric potential

e 1 2
Upji™ = 5kiji(cos ¢ijx — cos i) (14.35)
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instead [5, 213, 224]. Alternatively, the gradient of ¢ can be brought to a form which
is free of singularities by expressing the sine in the denominator by a cosine [59]

1 il
Tk
grady,, fiji = ——== 2 (rkj T
: Ny ri
\/rijrkj(l — cos= @jjik) ij
2 e (e )
rijrk] (rljrkj)rl]
2
Vij\/(rijrkj — (rjjrgj)rij)?
_ o x (g x )

rij |rij X (ki X 1i5)]

(14.36)

and similarly

1 1 x (rjj X rgj)
grad. ¢jjp=———"-—"—"——"—. (14.37)
"R g g x (g x e
Gradients of the dihedral potential are most easily calculated for 91'0,' u=0orm.
In that case, the dihedral potential is a polynomial of cos 6;x; only (14.20)—(14.22)
and
dihedral

dihedral ijkl
grad U’ =—
ikl dcosb;ju

grad,. cos 0; ks (14.38)
whereas in the general case 0 < 6y < 7 application of the chain rule gives
grad USRe™ = mik; g sin(m (0;j1 — 0°)) grad 6 ju1. (14.39)

If this is evaluated with the help of

grad 6;ji = — grad cos 6; ks (14.40)

sin ijkl
singularities appear for § = 0 and 7. The same is the case for the gradients of the
harmonic improper potential

grad U;;}gmper = k(6ijir — 08-,(1) grad 6;jx;. (14.41)
Again, one possibility which has been often used, is to treat angles close to 0 or
separately [39]. However, the gradient of the angle 6;;;; can be calculated directly,
which is much more efficient [19].
The gradient of the cosine follows from application of the product rule

gradcosf = grad< fij X Tk Tk X Tk ) (14.42)
Irij X rijl vk X el
First we derive the differentiation rule
grad,[(a x b)(c x d)] = grad, [(ac)(bd) — (ad)(bc)]
=c(bd) —d(bc) =b x (¢ x d) (14.43)

which helps us to find
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gradrl_j (rij X rkj)(rkj X rkl) =TIk X (rkj X rkl) (14.44)

grad,k] (rij X rgj)(rgj X rgy) =rg; X (gj X rij) (14.45)

gradrkj (rij X rj)(rgj X rgg) =rgg X (X;j X rj) +1i5 X (g X 1) (14.46)
and

1 _ T X (rij X rgj)
RIS T Irij x 15 2

1 __l‘,'jX(l‘ijl‘ij)
e X k] Irij x ryjl3

1 _ T X (g X Tg)
g x rg| g x g

1 _ Ty X (g X ryj)
e x T I % rg |

grad (14.47)

grad (14.48)

grad (14.49)

(14.50)

grad

Finally we collect terms to obtain the gradients of the cosine [59]

Tj X (0gj X X)) T X (X X Tg)
|rij X rgjllrg x ry| Irij % ryjl?

gradrij cosO;jp = cos B; ki
l'kj
= ———— X (N —n;j; cos0)
r;j X 1yl

Iy
=—— _x(njy—n;irmign; i)
J J J J
|rij X l'kj| ( )

l'kj
= ——1— x (njjr x (Mg X Njjr))
[r;j X 1yl
Ikj 1 .
= ———— X | njjx X —(—rg;)sin6
[rij X rjl Tij
sinf@ Tgj

= ———— % (mjjk X (—ryj)
rj o ITij X Tyl ( )

sin6 1 )
= —— ——(—0jjiry;
rij Irij X rkj|( 7)

n; i

(14.51)
Ir;j X gl

= —ry;sinf
T X (g X rij) X X (T X Tgj)
[rij X rpj|lre; X gl Irxj X re|?
__ %
[rgj X Tl
Iy
= 7" X
[rgj X Tl
rkj

=————— X (N X (M X Njg)
J J J
[T X T ( )

gradrk] cos O;jx; = cos 0; ik
X (—n;jk +Mnji cosH)

(—nijk 4+ nj (0jxn i)
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I Irj .
=—— 3 <njk1 X <—] 51n9>>
[rej X Tl Tj

sinf
=———Tj X M X Tyj)
TijTkj X gl

Tj sin@

ULEE (14.52)
[Tk X Tl

gradrkj cos 0kl

T X (jj X rgj) + 1 X (T X I;)
B [rij X rgjllrg; X vyl
r;j X (rgj X rjj) rg X (Tgj X Typ)
B Irij x rjl? 080 = Iryj x rl?
LY B (=njg +m;j; cos0) + S
rij X gl [rg; X g

Iij I
=———— x (njji x Mju X Njjp)) + ————
[rij X ryjl [rgj X il

r;j Irj . Ikl Irj .
=—1Y x (nijk X <—J sm9>> + 7<n.,~k1 X (—J sm@))
[rij X Tyl Tk [rj X Tl rij

sinf 1 sinf 1
=——————T;; X (jg X Tgj) + —————Tg X (Mg X Igj)
Tij IXij X gl Trj ITkj X gl

osf
X (Mjji — M coso)

(nj x (Mjjg x Njxp))

_ sin@ ;i (x;rg;)  sinf mjg (X rg;)

Tij o Irij X rgjl Tij  |Tkj X gl
LTk kT
=_ ”2 J grad;; cos6 — — . grad,; cosf. (14.53)
rk] X rk]

14.4 Normal Mode Analysis

The nuclear motion around an equilibrium configuration can be approximately de-
scribed as the combination of independent harmonic normal modes. Equilibrium
configurations can be found with the methods discussed in Sect. 6.2. The conver-
gence is usually rather slow (Fig. 14.8) except for the full Newton-Raphson method,
which needs the calculation and inversion of the Hessian matrix.

14.4.1 Harmonic Approximation

At an equilibrium configuration

g = (14.54)
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Fig. 14.8 (Convergence of
energy and gradient) The
energy of the glycine
dipeptide is minimized with
the methods of steepest
descent and conjugate
gradients

‘min

energy E-E

gradient

L Ll il Pl SRR
1 10 100 1000 100
steps

the gradient of the potential energy vanishes. For small deviations from the equilib-
rium
Gi=&—¢§" (14.55)

approximation by a truncated Taylor series gives

Ut tn) =Uo+ 5 Z

1
5% a; Gici+ %Uo+5i2j:H,-,,-;i;,~ (14.56)

and the equations of motion are approximately

m,»;d,-:_gu— ZHI,;J (14.57)
1
Assuming periodic oscillations
G =ge (14.58)
we have
miw*t) =" Hijt). (14.59)
J
If mass weighted coordinates are used, defined as
T = /Mg (14.60)
this becomes an ordinary eigenvalue problem
H;;
2.0 .0
1] =Z 7). (14.61)
The eigenvectors u, of the symmetric matrix
Hijj = ——— (14.62)

mim
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Fig. 14.9 (Normal mode
distribution for the dipeptide
model) The cumulative
distribution (Sect. 8.1.2) of
normal mode frequencies is
shown for the glycine
dipeptide. Translations and
rotations of the molecule
correspond to the lowest 6
frequencies which are close to
zero. The highest frequencies
between 3100 cm~! and
3600 cm™! correspond to the
stretching modes of the 8
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are the solutions of
> Hijujr = ki (14.63)
J
and satisfy (14.61)
iy = Z Hijujr = hritiy (14.64)
with normal mode frequencies
Wy =~/ Ar. (14.65)
Finally, the Cartesian coordinates are linear combinations of all normal modes
Uir .t
&= C,. L lort (14.66)
=Yt

In a true local energy minimum the Hessian matrix H;; is positive definite and all
frequencies are real valued. The six lowest frequencies are close to zero and corre-
spond to translations and rotations of the whole system (Fig. 14.9).

14.5 Problems

Problem 14.1 (Simulation of a glycine dipeptide) In this computer experiment
a glycine dipeptide (Fig. 14.5) is simulated. Parameters for bond stretching (Ta-
ble 14.3) and bond angle (Table 14.4) terms have been derived from quantum cal-
culations by Bautista and Seminario [15].

e Torsional potential terms (Table 14.5) can be added to make the structure more
rigid. This is especially important for the O9-H17, N4-H14 and N1-H10 bonds,
which rotate almost freely without torsional potentials.
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Table 14.5 (Torsional potential terms) Torsional potential terms Vi = kiju(1 —
cos(0;jk — Giojkl)), which can be added to the forcefield. Minimum angles are from the op-
timized structure without torsional terms (14.1). The barrier height of 2k;jx; = 2 kcal/mol is only
a guessed value

i Jj k 1 9,-01- Xl kijki Backbone

10 1 2 3 —67.6 1.0

14 4 3 2 27.5 1.0

17 9 6 5 —1474 1.0
4 3 2 1 160.7 1.0 "2
5 4 3 2 —152.3 1.0 1)
6 5 4 3 —153.1 1.0 (]
8 6 5 4 123.7 1.0
9 6 5 4 —56.5 1.0

15 5 4 3 —-32.5 1.0

16 5 4 3 86.3 1.0
7 3 2 1 —26.3 1.0

e The energy can be minimized with the methods of steepest descent or conjugate
gradients.

e A normal mode analysis can be performed (the Hessian matrix is calculated by
numerical differentiation). The r-th normal mode can be visualized by modulat-
ing the coordinates periodically according to

Ujr

Nz

e The motion of the atoms can be simulated with the Verlet method. You can stretch
the O9-H17 or N4-H14 bond and observe, how the excitation spreads over the
molecule.

E=¢7+C, COS Wy . (14.67)



Chapter 15
Thermodynamic Systems

An important application for computer simulations is the calculation of thermody-
namic averages in an equilibrium system. We discuss two different examples:

In the first case the classical equations of motion are solved for a system of par-
ticles interacting pairwise by Lennard-Jones forces (Lennard-Jones fluid). The ther-
modynamic average is taken along the trajectory, i.e. over the calculated coordinates
at different times r; (7,,). We evaluate the pair distance distribution function

1
g(R)= m<25(m - R)>, (15.1)
i)

the velocity auto-correlation function
C (1) = (v(t0)v(1)) (15.2)

and the mean square displacement

Ax? = ((x() — x(10))’). (15.3)

In the second case the Metropolis method is applied to a one- or two-dimensional
system of interacting spins (Ising model). The thermodynamic average is taken over
a set of random configurations q”. We study the average magnetization

(M) = pu(S) (15.4)

in a magnetic field and the phase transition to the ferromagnetic state.

15.1 Simulation of a Lennard-Jones Fluid

The Lennard-Jones fluid is a simple model of a realistic atomic fluid. It has been
studied by computer simulations since Verlet’s early work [118, 265] and serves as
a test case for the theoretical description of liquids [142, 182] and the liquid-gas
[270] and liquid-solid phase transitions [146, 176].
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In the following we describe a simple computer model of 125 interacting parti-
cles! without internal degrees of freedom (see problems section). The force on atom
i is given by the gradient of the pairwise Lennard-Jones potential (14.24)

F; _ZF,,_—4eZv,< - r6>

J#i J#i l/ 1

12 12 6
—4e Z( o S )(r,— r). (15.5)

j#i t/ ij

We use argon parameters m = 6.69 x 10720 kg, ¢ = 1.654 x 1072' J, 0 =

3.405 x 10719 m [3]. After introduction of reduced units for length r* = %r, en-

ergy E* = %E and time t* = \/e/mo?t, the potential energy
* 4 ! ! 1
Ur=>Y" R (15.6)

ij ij Tij

and the equation of motion
d? 12 6
d,*zr7=42(m - Ts)(r;k )] (15.7)

j#i i ij

become universal expressions, i.e. there exists only one universal Lennard-Jones
system. To reduce computer time, usually the 612 potential is modified at larger
distances which can influence the simulation results [239]. In our model a simple
cutoff of potential and forces at rpax = 10 A is used.

15.1.1 Integration of the Equations of Motion

The equations of motion are integrated with the Verlet algorithm (Sect. 12.11.5)

At =10 — 13t — A+ D A2 (15.8)
m
ri(t + A =r1;(t) + Ar; + O (ArY). (15.9)

We use a higher order expression for the velocities to improve the accuracy of the
calculated kinetic energy

Ar; n S5F;(t) —2F;(t — At)

3
< o At + O(Ar). (15.10)

Vigl =

I This small number of particles allows a graphical representation of the system during the simula-
tion.
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Fig. 15.1 Reflecting walls

n tntd

15.1.2 Boundary Conditions and Average Pressure

Molecular dynamics simulations often involve periodic boundary conditions to re-
duce finite size effects. Here we employ an alternative method which simulates a
box with elastic walls. This allows us to calculate explicitly the pressure on the
walls of the box.

The atoms are kept in the cube by reflecting walls, i.e. whenever an atom passes
a face of the cube, the normal component of the velocity vector is changed in sign
(Fig. 15.1). Thus the kinetic energy is conserved but a momentum of mAv = 2muv_
is transferred to the wall. The average momentum change per time can be interpreted
as a force acting upon the wall

Fl = < Zreﬂ. 2mvy >

15.11
7 ( )

The pressure p is given by

(15.12)

_ b 2 walls Zreﬂ, 2mv)

With the Verlet algorithm the reflection can be realized by exchanging the values of
the corresponding coordinate at times #, and #,_1.

15.1.3 Initial Conditions and Average Temperature

At the very beginning the N = 125 atoms are distributed over equally spaced lattice
points within the cube. Velocities are randomly distributed according to a Gaussian
distribution for each Cartesian component v,

Fow = e (15.13)

corresponding to a Maxwell speed distribution

m 302 2 2/2kgT
f(|v|)=<27rk3T) et (15.19)
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Fig. 15.2 (Velocity 0.5
distribution) The velocity

distribution is shown for

T=100K and T =500 K 0.4

(histograms) and compared to 2
the Maxwell speed Z
distribution (solid curves) 'qi 0.3
£ 02
2
a

0.1

5
velocity (A/ps)

Assuming thermal equilibrium, the effective temperature is calculated from the ki-
netic energy

2
kBT:ﬁEkim (1515)

The desired temperature T, is established by the rescaling procedure

kpT,
v > v; | —B0 (15.16)
kBTactual

which is applied repeatedly during an equilibration run. The velocity distribution
f(Jv]) can be monitored. It approaches quickly a stationary Maxwell distribution
(Fig. 15.2).

A smoother method to control temperature is the Berendsen thermostat algorithm
[21]

At kT, — kT,
vi v 14 o — X actual (15.17)
Ttherm kTactual

where T4, 1S a suitable relaxation time (for instance Ty, = 20At). This method
can be used also during the simulation. However, it does not generate the trajectory
of a true canonical ensemble. If this is necessary, more complicated methods have
to be used [128].

15.1.4 Analysis of the Results

After an initial equilibration phase the system is simulated at constant energy (NVE
simulation) or at constant temperature (NVT) simulation with the Berendsen ther-
mostat method. Several static and dynamic properties can be determined.



15.1 Simulation of a Lennard-Jones Fluid 283

inner virial W (15.20, crosses (b)
and stars) is compared to Se-22|- -2
pV —kpT (squares and -2
circles) for two values of the r
particle density

N/V =103 A" (q) and
1.95 x 1073 A~1 (b),
corresponding to reduced
densities n* = 03N/ V of .
0.040 and 0.077
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15.1.4.1 Deviation from the Ideal Gas Behavior

A dilute gas is approximately ideal with

pV = NkpT. (15.18)

For a real gas the interaction between the particles has to be taken into account.
From the equipartition theorem it can be found that”

pV =NkpT + W (15.19)
with the inner virial (Fig. 15.3)

1
W:<§Xi:riFi> (15.20)

which can be expanded as a power series of the number density n = N/V [231] to
give

N N\?
pV:NkBT<1~|—b(T)V+c(T)(V> +) (15.21)

The virial coefficient b(T) can be calculated exactly for the Lennard-Jones gas

[231]:
277 0 2J=3/2 2j—1 e (Jj/2+1/4)
b(T)=—"— 3§ r . 15.22
™ 37 ' ( 4 )<k3T> ( )

!
= 7
For comparison we calculate the quantity
14 1%
(L2 (15.23)
N\ NkgT

which for small values of the particle density n = N/ V correlates well (Fig. 15.4)
with expression (15.22).

2MD simulations with periodic boundary conditions use this equation to calculate the pressure.
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Fig. 15.4 (Second virial oF T o 98 BT
coefficient) The value of @ 9/9— —————
%(Igg—\; —1)is shpwn for.two gs Q/,/
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39 o - X,
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Fig. 15.5 (Radial pair 5
distribution) The normalized
radial distribution function
8(R)/gidear(R) is evaluated
for kT =35K, 100 K,

1000 K and a density of

n =0.025 A3 corresponding
to a reduced density
n*=03N/V of 1.0. At this
density the Lennard-Jones
system shows a liquid-solid
transition at a temperature of
ca. 180 K [146]

radial distribution function

L | L
5 10 15
distance (A)

15.1.4.2 Structural Order
A convenient measure for structural order [78] is the radial pair distribution function
(Fig. 15.5)

{ _r o\ _P(R<rj<R+dR)
g(R)_<N(N—1)§;8(r” R>>_ o (15.24)

which is usually normalized with respect to an ideal gas, for which

Gideal(R) = 47n R*dR. (15.25)

For small distances g(R)/gigea(R) vanishes due to the strong repulsive force.
It peaks at the distance of nearest neighbors and approaches unity at very large
distances. In the condensed phase additional maxima appear showing the degree of
short (liquid) and long range (solid) order.
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Fig. 15.6 (Velocity
auto-correlation function)
The Lennard-Jones system is
simulated for kg T =200 K
and different values of the
density n* =0.12 (a), 0.18
(b), 0.32 (¢), 0.62 (d). The
velocity auto-correlation
function (full curves) is
averaged over 20 trajectories
and fitted by an exponential
function (dashed curves)

velocity autocorrelation function

o 1 2 3 4 s
time t-t, (ps)

Equation (15.25) is not valid for our small model system without periodic bound-
ary conditions. Therefore g;q.; Was calculated numerically to normalize the results
shown in Fig. 15.5.

15.1.4.3 Ballistic and Diffusive Motion

The velocity auto-correlation function (Fig. 15.6)

C (1) = {v(t)v(t)) (15.26)

decays as a function of the delay time ¢ — 7y due to collisions of the particles. In
a stationary state it does not depend on the initial time #y. Integration leads to the
mean square displacement (Fig. 15.6)

Ax2 (1) = ((x(1) — x(19))°). (15.27)

In the absence of collisions the mean square displacement grows with (t — )2,
representing a ballistic type of motion. Collisions lead to a diffusive kind of motion
where the mean square displacement grows only linearly with time. The transition
between this two types of motion can be analyzed within the model of Brownian
motion [219] where the collisions are replaced by a fluctuating random force I"(¢)
and a damping constant y.

The equation of motion in one dimension is

v+yv=T() (15.28)
with
<F(;)):o (15.29)

(ror))= MTBTa(t —1). (15.30)
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The velocity correlation decays exponentially

(v (t0)) = TTe—V" fol (15.31)

with the average velocity square given by

(v2) = C(to) = kf;_T _ (Exin) (15.32)

(ST

and the integral of the correlation function equals

o0 kgT
f C(t)ydr =2~ (15.33)
) )/m
The average of Ax? is
_ 2kpT
(x(0) = x(10))*) = E(l—e7t0) (1534

For small time differences ¢ — #y the motion is ballistic with the thermal velocity

kgT
((x(t)—x(to)) )~ —(r—ro) = (v?)(r — 10)%. (15.35)

For large time differences diffusive motion emerges with

(x() = x(t0))*) ~

2kpT
BTt —10) =2D(r — 1) (15.36)
my

with the diffusion constant given by the Einstein relation

kT
D=——. (15.37)

my
For a three-dimensional simulation the Cartesian components of the position or ve-
locity vector add up independently. The diffusion coefficient can be determined from

L () = x(10)?)

or, alternatively from (15.33) [3]

1 o
D=— / (v(t)v(19))dt. (15.39)
3J5

This equation is more generally valid also outside the Brownian limit (Green-
Kubo formula). The Brownian model represents the simulation data quite well at
low particle densities (Figs. 15.6, 15.7). For higher densities the velocity auto-
correlation function shows a very rapid decay followed by a more or less structured
tail [3, 159, 256].
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Fig. 15.7 (Mean square ‘ ‘ ‘ ‘ ‘
displacement) The 140 >
Lennard-Jones system is I
simulated for kg T =200 K
and different values of the
density n* =0.12 (a), 0.18
(b), 0.32 (¢), 0.62 (d). The
mean square displacement
(full curves) is averaged over
20 trajectories and fitted by a
linear function (dashed lines)
fort —ty > 1.5 ps
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Fig. 15.8 (Ising model) B
N spins can be up or down.

The interaction with the uB
magnetic field is —uBS;, the LT
interaction between nearest -uB \;
neighbors is —J 5; S;

15.2 Monte Carlo Simulation

The basic principles of Monte Carlo simulations are discussed in Chap. 8. Here we
will apply the Metropolis algorithm to simulate the Ising model in one or two di-
mensions. The Ising model [26, 134] is primarily a model for the phase transition of
a ferromagnetic system. However, it has further applications for instance for a poly-
mer under the influence of an external force or protonation equilibria in proteins.

15.2.1 One-Dimensional Ising Model

We consider a chain consisting of N spins which can be either up (S; = 1) or down
(S; = —1). The total energy in a magnetic field is (Fig. 15.8)

N
H=-MB=-B Z,uS,- (15.40)
i=1
and the average magnetic moment of one spin is
oMB/KT _ ,—uB/kT

uB
<M>=MeLLB/kT_’_e—MB/kT Z/J/tanh(ﬁ) (1541)
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Fig. 15.9 (Numerical 1
simulation of the
1-dimensional Ising model)
The average magnetization g 0.8 7]
per spin is calculated from a g
MC simulation (circles) and -3 06l |
compared to the exact go ’
solution (15.43). Parameters g
are uB=—-5and J = -2 %0,4— -
<
g
T02F .
0 ‘ \ ‘ \ ‘ L -
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temperature

If interaction between neighboring spins is included the energy of a configuration
(S1---Sy) becomes

N N-1
H=-puBY Si—JY SiSit. (15.42)
i=1 i=1
The 1-dimensional model can be solved analytically [231]. In the limit N — oo the
magnetization is
sinh(48
(M) =pn Ger) . (15.43)
\/sinhz(%) + 4 /KT

The numerical simulation (Fig. 15.9) starts either with the ordered state S; = 1 or
with a random configuration. New configurations are generated with the Metropolis
method as follows:

o flip one randomly chosen spin S;* and calculate the energy change due to the
change AS; = (=S;) — S; = -25;
AE =—uBAS; — JAS;(Sit1+ 8i-1) =2uBS; +2JS;(Si+1+ Si—1)
(15.44)

e if AE < 0 then accept the flip, otherwise accept it with a probability of P =
—AE/kT
e

As a simple example consider N = 3 spins which have 8 possible configurations.
The probabilities of the trial step 7;_, ; are shown in Table 15.1.
The table is symmetric and all configurations are connected.

30r try one spin after the other.
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Table 15.1 transition probabilities for a 3-spin system (p = 1/3)

+++ ++ - + -+ +—-— —++ s -—+ -—— =

+++ 0 p P 0 p 0 0 0
++ - p 0 0 p 0 p 0 0
+ -+ p 0 0 p 0 0 p 0
+—-— 0 P p 0 0 0 0 p
—++ p 0 0 0 0 p p 0
—+— 0 p 0 0 p 0 0 p
-—+ 0 0 p 0 p 0 0 P
- —= 0 0 0 P 0 p P 0
Fig. 15.10 (Numerical 1

simulation of the
2-dimensional Ising model)
The average magnetization
per spin is calculated for

B =0 from a MC simulation
(circles) and compared to
(15.46)

magnetisation
=)

15.2.2 Two-Dimensional Ising Model

For dimension d > 1 the Ising model behaves qualitatively different as a phase tran-
sition appears. For B = 0 (Fig. 15.10) the 2-dimensional Ising-model with 4 near-
est neighbors can be solved analytically [171, 194]. The magnetization disappears
above the critical temperature 7., which is given by

J 1 1
=~ — 21D~ ——. 15.45
kT, ~ 2 nV2- D& 5o (15.45)

Below T, the average magnetization is given by

1 3
(M>=(1 S )) (15.46)
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Fig. 15.11 Two state model L

-@:-.@-

1y L

15.3 Problems

Problem 15.1 (Lennard-Jones fluid) In this computer experiment a Lennard-Jones
fluid is simulated. The pressure is calculated from the average transfer of momentum
(15.12) and compared with expression (15.19).

e Equilibrate the system and observe how the distribution of squared velocities ap-
proaches a Maxwell distribution.

e Equilibrate the system for different values of temperature and volume and inves-
tigate the relation between pV /N and kT .

e observe the radial distribution function for different values of temperature and
densities. Try to locate phase transitions.

e determine the decay time of the velocity correlation function and compare with
the behavior of the mean square displacement which shows a transition from
ballistic to diffusive motion.

Problem 15.2 (One-dimensional Ising model) In this computer experiment we sim-
ulate a linear chain of N = 500 spins with periodic boundaries and interaction be-
tween nearest neighbors only. We go along the chain and try to flip one spin after
the other according to the Metropolis method.

After trying to flip the last spin Sy the total magnetization

N
M=Y"5 (15.47)
i=1

is calculated. It is averaged over 500 such cycles and then compared graphically
with the analytical solution for the infinite chain (15.43). Temperature and magnetic
field can be varied.

Problem 15.3 (Two-state model for a polymer) Consider a polymer (Fig. 15.11)
consisting of N units which can be in two states S; = +1 or S; = —1 with corre-
sponding lengths /; and /_. The interaction between neighboring units takes one of
the values w4, wy—, w—_. Under the influence of an external force « the energy
of the polymer is

E=—kY I(S)+ > w(Si.Siy). (15.48)

This model is isomorphic to the one-dimensional Ising model,
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E=_KNZ‘J2’Z+ _K”;LZS,- (15.49)
LWt w_z_ — 2w S,’SH—I) (15.50)
=/ch_+l+ +Nwy—
_Kl+;l‘M+ Tty
+w+++w,2,—2w+—zsisi+]‘ (15.51)

Comparison with (15.42) shows the correspondence

W44+ +w__ — ZlU+,

_J= 15.52
> ( )
Bl Wm0 (15.53)
— = —K .
“ 2 2
Lo+1. 1y —1_
L=Y1S)=N *JZF + M. (15.54)

In this computer experiment we simulate a linear chain of N = 20 units with
periodic boundaries and nearest neighbor interaction as in the previous problem.

The fluctuations of the chain conformation are shown graphically and the mag-
netization of the isomorphic Ising model is compared with the analytical expression
for the infinite system (15.43). Temperature and magnetic field can be varied as well
as the coupling J. For negative J the anti-ferromagnetic state becomes stable at low
magnetic field strengths.

Problem 15.4 (Two-dimensional Ising model) In this computer experiment a 200 x
200 square lattice with periodic boundaries and interaction with the 4 nearest neigh-
bors is simulated. The fluctuations of the spins can be observed. At low temperatures
ordered domains with parallel spin appear. The average magnetization is compared
with the analytical expression for the infinite system (15.46).



Chapter 16
Random Walk and Brownian Motion

Random walk processes are an important class of stochastic processes. They have
many applications in physics, computer science, ecology, economics and other
fields. A random walk [199] is a sequence of successive random steps. In this chap-
ter we study Markovian [166, 167]" discrete time? models. In one dimension the
position of the walker after n steps approaches a Gaussian distribution, which does
not depend on the distribution of the single steps. This follows from the central
limit theorem and can be checked in a computer experiment. A 3-dimensional ran-
dom walk provides a simple statistical model for the configuration of a biopolymer,
the so called freely jointed chain model. In a computer experiment we generate ran-
dom structures and calculate the gyration tensor, an experimentally observable quan-
tity,which gives information on the shape of a polymer. Simulation of the dynamics
is simplified if the fixed length segments of the freely jointed chain are replaced by
Hookean springs. This is utilized in a computer experiment to study the dependence
of the polymer extension on an applied external force (this effect is known as en-
tropic elasticity). The random motion of a heavy particle in a bath of light particles,
known as Brownian motion, can be described by Langevin dynamics, which replace
the collisions with the light particles by an average friction force proportional to the
velocity and a randomly fluctuating force with zero mean and infinitely short cor-
relation time. In a computer experiment we study Brownian motion in a harmonic
potential.

16.1 Markovian Discrete Time Models

The time evolution of a system is described in terms of an N-dimensional vector
r(t), which can be for instance the position of a molecule in a liquid, or the price

I Different steps are independent.

2 A special case of the more general continuous time random walk with a waiting time distribution
of P(t) =48(t — Ar).
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Fig. 16.1 Discrete time roA
random walk

Ar1

------

ty ty tg t
of a fluctuating stock. At discrete times #, = nAtr the position changes suddenly
(Fig. 16.1)

r(tpy1) =1(tp) + Ary (16.1)
where the steps are distributed according to the probability distribution’
P(Ar, =b) = f(b). (16.2)
The probability of reaching the position R after n + 1 steps obeys the equation
Pyt1(R) = P(r(tr+1) =R)

:/dNb P,(R—Db) f(b). (16.3)

16.2 Random Walk in One Dimension

Consider a random walk in one dimension. We apply the central limit theorem to
calculate the probability distribution of the position r, after n steps. The first two
moments and the standard deviation of the step distribution are

E:/dbbf(b) ﬁ:/dbbzf(b) op=\b2—b". (16.4)

Hence the normalized quantity

Ax; —b
£ = (16.5)
Op

is a random variable with zero average and unit standard deviation. The distribution
function of the new random variable

3General random walk processes are characterized by a distribution function P (R, R’). Here we
consider only correlated processes for which P(R,R’) = P(R’ — R).
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Fig. 16.2 (Random walk 400
with constant step size) The
figure shows the position r,,
for three different 200 ! |
1-dimensional random walks

with step size Ax = =£1. The
dashed curves show the width
+0 = +./n of the Gaussian
approximation (16.8)

-400

L | L | L | L | L
0 20000 40000 60000 80000 100000
steps

_Sl+§2+"'+$n rn_nE

= 16.6
Nn «/ﬁ Ub\/ﬁ ( )
approaches a normal distribution for large n
1 -
S(n) — Ee " (16.7)
and finally from
dry,
fr)dry = f(u)dn, = ()
Ubﬁ
we have
1 (ry — nb)? }
)= ——eXxpy——— ¢ 16.8
fon) = e p{ o (16.8)

The position of the walker after n steps obeys approximately a Gaussian distribution
centered at 7,, = nb with a standard deviation of

oy, = /0y (16.9)

16.2.1 Random Walk with Constant Step Size

In the following we consider the classical example of a 1-dimensional random walk
process with constant step size. At time £, the walker takes a step of length Ax to
the left with probability p or to the right with probability ¢ =1 — p (Figs. 16.2,
16.3).

The corresponding step size distribution function is

f(b) = ps(b+ Ax) + g8(b — Ax) (16.10)
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Fig. 16.3 Random walk with p q
constant step size

with the first two moments
b=(q—p)Ax b2=Ax% (16.11)

Let the walker start at r(fp) = 0. The probability P, (m) of reaching position mAx
after n steps obeys the recursion

Puyr(m)=pPy(m+1)+qP,(m —1) (16.12)
which obviously leads to a binomial distribution. From the expansion of
n__ n m_n—m

(P+q) —Z(m>p q (16.13)
we see that

Po(n —2m) = (}’;) prgtm (16.14)
or after substitutionm’ =n —2m=—n, —n+2---n—2,n:

N _ n (n—m')/2 (n+m’)/2

Since the steps are uncorrelated we easily find the first two moments

n
Fa=Y Ax;=nb=nAx(qg — p) (16.16)
i=1

and

n 2 n n
r2= <Z Axi> =Y AxiAxj=) (Ax)2=nb>=nAx>. (16.17)
i=1

ij=1 i=1

16.3 The Freely Jointed Chain

We consider a simple statistical model for the conformation of a biopolymer like
DNA or a protein.

The polymer is modeled by a 3-dimensional chain consisting of M units with
constant bond length and arbitrary relative orientation (Fig. 16.4). The configuration
can be described by a point in a 3(M + 1)-dimensional space which is reached after
M steps Ar; = b; of a 3-dimensional random walk with constant step size

M
ry=ro+ Y b;. (16.18)
i=1
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Fig. 16.4 Freely jointed

chain with constant bond b
length b /

16.3.1 Basic Statistic Properties

The M bond vectors
bi=r; —1;_3 (16.19)
have a fixed length |b;| = b and are oriented randomly. The first two moments are
bi=0 b2=0p> (16.20)
Since different units are independent
bib; = 6; ;b*. (16.21)

Obviously the relative position of segment j

J
Rj =r; —I'OZZ]),‘
i=1

has zero mean
R j P—
R,-:Z ;=0 (16.22)

and its second moment is

j
) = > biby = jb%. (16.23)

|
: 17
?M\

For the end to end distance (Fig. 16.5)

M
RMer—m:Zb,- (16.24)
i=1
this gives
Ry =0, R =Mp (16.25)

Let us apply the central limit theorem for large M. For the x coordinate of the end
to end vector we have
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Fig. 16.5 (Freely jointed
chain) The figure shows a
random 3-dimensional
structure with 1000 segments
visualized as balls (Molden
graphics [223])

M
X:Zbiex =chosO,~. (16.26)

i=1 i

With the help of the averages*
1 2 b4
cosb; = —/ dd)/ cosfsinfdd =0 (16.27)
4 0 0

1 2 T 1
(cos6;)2 = — f dq)/ cos” 6 sinfdo = — (16.28)
47 0 0 3
we find that the scaled difference

& =~/3cos6; (16.29)

has zero mean and unit variance and therefore the sum

-~ 3 3 A
X=—F"X=,/— cosH; 16.30
= ,/M;j , (16.30)

converges to a normal distribution:

P(R) = ——ex {—g} (1631)
V.2 N '

4For a 1-dimensional polymer cosf; = 0 and (cosf;)?> = 1. In two dimensions cosf; =

% Jo cos6df =0 and (cos6;)? = % Iy cos20do = % To include these cases the factor 3 in the
exponent of (16.33) should be replaced by the dimension d.
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Hence

13 3,

and finally in 3 dimensions

PRy) =P(X) P(Y) P(2)

V27 3 2
= — Ry, ¢. 16.33
b3\/(2nM)3exp{ 2Mb? M} (1639
16.3.2 Gyration Tensor
For the center of mass
| M
RC=MZRi
i=1
we find
_ — 1
RCZO RC:W RIRJ
i,J
and since
R;R; = min(i, j)b*
we have
— B 2M,(M e % P M MY Mb?
=— i —1 — l|l=—|—+—=+—)—.
c M2 P P M2\ 3 2 6 3

The gyration radius [170] is generally defined by

1 M
Ri=-:> (Ri —R.)?
i=1

s (e v wm ) e Ly
:MZ Ri+Rc_2MZRiRj :MZ(Ri)_RC
i=1 =1

i

_sz_H_ﬁ<E+£2+%>_bz(ﬂ_;>%M_bz
a 2 M? - ’

R, can be also written as

, (1w | | s
Rg=<MXi:Ri—lej:RiRj)=WZZ(Ri—RJ-)

i=1 j=1
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Az z
prolate spherical oblate
y y
y
X 1 - x
2 2 2 _ H2 2 2
QZ >> Qx,y QZ = Qx,y Q7 << Qx,y

Fig. 16.6 (Gyration tensor) The eigenvalues of the gyration tensor give information on the shape
of the polymer. If the extension is larger (smaller) along one direction than in the perpendicular
plane, one eigenvalue is larger (smaller) than the two other

Fig. 16.7 Polymer model
with Hookean springs

i1 N0

and can be experimentally measured with the help of scattering phenomena. It is
related to the gyration tensor which is defined as

1
2= Z(Ri —R)®R; —R)7.

1

Its trace is
tr(824) = R}

and its eigenvalues give us information about the shape of the polymer (Fig. 16.6).

16.3.3 Hookean Spring Model

Simulation of the dynamics of the freely jointed chain is complicated by the con-
straints which are implied by the constant chain length. Much simpler is the simu-
lation of a model which treats the segments as Hookean springs (Fig. 16.7). In the
limit of a large force constant the two models give equivalent results.

We assume that the segments are independent (self crossing is not avoided). Then
for one segment the energy contribution is

f

E; =2 (b —b)”.
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Fig. 16.8 (Distribution of A .
bond vectors) The bond P(b)
vector distribution for a
1-dimensional chain of
springs has maxima at +b.
For large force constants the
width of the two peaks
becomes small and the chain
of springs resembles a freely
jointed chain with constant
bond length

b b b

If the fluctuations are small
|Ibi| —b| < b
then (Fig. 16.8)
b ~b b}~

and the freely jointed chain model (16.33) gives the entropy as a function of the end
to end vector

V27 3kp _
S = —kB ln(P(RM)) = —kB hl(b?a\/W) ZMbZRM . (1634)

If one end of the polymer is fixed at rop = 0 and a force « is applied to the other end,
the free energy is given by
F=TS—«Ry = 2L R2, _ Ry + const (16.35)
=TS —«Ry=—-—= —K const. .
M= omp2 ™ M
In thermodynamic equilibrium the free energy is minimal, hence the average exten-
sion is

= Mb> (16.36)
T '
This linear behavior is similar to a Hookean spring with an effective force constant
Mb?
= 16.37
feﬁ 3ksT ( )

and is only valid for small forces. For large forces the freely jointed chain asymp-
totically reaches its maximum length of Ry max = Mb, whereas for the chain of
springs Ryy — M(b+«/f).

16.4 Langevin Dynamics

A heavy particle moving in a bath of much smaller and lighter particles (for in-
stance atoms and molecules of the air) shows what is known as Brownian motion
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[41, 76, 77]. Due to collisions with the thermally moving bath particles it experi-
ences a fluctuating force which drives the particle into a random motion. The French
physicist Paul Langevin developed a model to describe this motion without includ-
ing the light particles explicitly. The fluctuating force is divided into a macroscopic
friction force proportional to the velocity

Frp=—yv (16.38)
and a randomly fluctuating force with zero mean and infinitely short correlation time
Frana(@®) =0  Frana©F rana (t/) = F%anda (t - t/) . (16.39)
The equations of motion for the heavy particle are
d
d—X =V
i 1 | (16.40)
—v=- —Fs(t) — —VU
AR A R (1) - (x)

with the macroscopic friction coefficient y and the potential U (x).

The behavior of the random force can be better understood if we introduce a time
grid t,41 — t, = At and take the limit At — 0. We assume that the random force
has a constant value during each interval

Frana(t) =Fy 1, <t <ty (16.41)

and that the values at different intervals are uncorrelated

F,F,, =8 ,F2. (16.42)
The auto-correlation function then is given by

0 different intervals

Frana(OF rana (t/) = { (16.43)

F2  same interval.

Division by At gives a sequence of functions which converges to a delta function in
the limit At — 0

iand(t)and (') — F28(r —1'). (16.44)
Hence we find
F= o, (16.45)
Within a short time interval Ar — 0 the velocity changes by
v(t, + At) =v—yvAL — %VU(X)AH—%FnAt—i---- (16.46)

and taking the square gives

2 2 2 2 2 F% 2
Vi(tn + A1) = V2 = 2pVEAL — VYU (X) At + =VF, At + 2 (A + -+
m m m

(16.47)
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Hence for the total energy

m 2
E(ty+ A1) = 2V (t + AN + U (x(tn + AD)
m

= 2v2(tn+At)+U(x)+VVU(x)At+~~ (16.48)

we have
F2
E(ty + A1) = E(ty) — myv>At + vF, At + 2—"(At)2 +.-. (16.49)
m

On the average the total energy E should be constant and furthermore in d dimen-
sions

— d
%vZ = SkaT. (16.50)
Therefore we conclude
— At— 1
myv? = %Fg =3 2 (16.51)
from which we obtain finally
—  2myd
F2 = "Z kyT. (16.52)

16.5 Problems

Problem 16.1 (Random walk in one dimension) This program generates random
walks with (a) fixed step length Ax = %1 or (b) step length equally distributed over
the interval —+/3 < Ax < /3. It also shows the variance, which for large number
of walks approaches o = /n. See also Fig. 16.2.

Problem 16.2 (Gyration tensor) The program calculates random walks with M
steps of length b. The bond vectors are generated from M random points e; on the
unit sphere as b; = be;. End to end distance, center of gravity and gyration radius
are calculated and can be averaged over numerous random structures. The gyration
tensor 16.3.2 is diagonalized and the ordered eigenvalues are averaged.

Problem 16.3 (Brownian motion in a harmonic potential) The program simulates a
particle in a 1-dimensional harmonic potential

U(x) = %xz —Kkx (16.53)

where « is an external force. We use the improved Euler method (12.36). First the
coordinate and the velocity at mid time are estimated
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At At
x|z, + 7 =x(t,) + V(tn)7 (16.54)

At At F, At f At
Vith+ —= )=Vt —yvltn) — + —— — =x(tn) = (16.55)
2 2 m 2 m 2

where F,, is a random number obeying (16.52). Then the values at #, are calcu-
lated as

X(ty + A1) = x(t) + v(tn + %)At (16.56)

At F, f At
vty + At) =v(t,) —yv|th + — At + — At — —x| t, + — | Ar.
2 m m 2

(16.57)

Problem 16.4 (Force extension relation) The program simulates a chain of springs
(Sect. 16.3.3) with potential energy

f
U= (bl —b)> — kRy. (16.58)

The force can be varied and the extension along the force direction is averaged over
numerous time steps.



Chapter 17
Electrostatics

The electrostatic potential @ (r) of a charge distribution p(r) is a solution! of Pois-
son’s equation

AD(r) =—p(r) 17.1)
which, for spatially varying dielectric constant &(r) becomes
div(e(r) grad @ (r)) = —p(r) (17.2)

and, if mobile charges are taken into account, like for an electrolyte or semiconduc-
tor, turns into the Poisson-Boltzmann equation

div(e(r) grad @ (r)) = —ppir(r) — Zn?ziee—zf”’“)/ kT (17.3)
1

In this chapter we discretize the Poisson and the linearized Poisson-Boltzmann
equation by finite volume methods which are applicable even in case of discontinu-
ous &. We solve the discretized equations iteratively with the method of successive
over-relaxation. The solvation energy of a charged sphere in a dielectric medium is
calculated to compare the accuracy of several methods. This can be studied also in
a computer experiment.

Since the Green’s function is analytically available for the Poisson and Poisson-
Boltzmann equations, alternatively the method of boundary elements can be applied,
which can reduce the computer time, for instance for solvation models. A computer
experiment simulates a point charge within a spherical cavity and calculates the
solvation energy with the boundary element method.

17.1 Poisson Equation

From a combination of the basic equations of electrostatics

IThe solution depends on the boundary conditions, which in the simplest case are given by
limy|— 00 @(r) =0.
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Fig. 17.1 (Finite volume for z
the Poisson equation) The
. °
control volume is a small :
cube centered at a grid point il h
(full circle) o E &l |o
Yy gh‘; -
—h
ho
X
div D(r) = p(r) 17.4)
D(r) =e(r)E(r) (17.5)
E(r)=—grad®(r) (17.6)
the generalized Poisson equation is obtained
div(s(r) gradq)(r)) =—p(r) (17.7)

which can be written in integral form with the help of Gauss’s theorem

ff dA div(s(r) grad@(r)) = / dVe(r)grad®(r) = — f dV p(r). (17.8)

av v 14

If e(r) is continuously differentiable, the product rule for differentiation gives
e(r)AD(r) + (grade(r)) (grad@(r)) =—p(r) (17.9)

which for constant ¢ simplifies to the Poisson equation

AD(r) =—@. (17.10)

17.1.1 Homogeneous Dielectric Medium

We begin with the simplest case of a dielectric medium with constant ¢ and solve
(17.10) numerically. We use a finite volume method (Sect. 11.3) which corresponds
to a finite element method with piecewise constant test functions. The integra-
tion volume is divided into small cubes V;j; which are centered at the grid points
(Fig. 17.1)

rijk = (hi, hj, hk). (17.11)
Integration of (17.10) over the control volume V;j; around r;jy gives

Qiik 1712
I

1
/dV divgradqﬁzyg graddﬁdAz——/de(r):—
v v EJv

Qijk is the total charge in the control volume. The flux integral is approximated by
(11.85)
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Lo 0D
f grad @ dA = —h?( — (xi41/2, Yi» 2i) — — (Xi—1/2, Yi» Zi)
av ox ox

0 0D

+ E(xi)’i—&-l/Z,Zi) - E(Xi, Yi—1/2,Zi)
0P 0D

+ — i, Yis Ziv12) — — (i, Yis zie1y2) ). (17.13)
0z 9z

The derivatives are approximated by symmetric differences

% grad @ dA = —h (P (xi41, yi. 2i) — P(xi, yi, 2i)
v

— (P (xis yirzi) — P(xi1, yir 2i))

+ D (xi, yig1,2i) — P(xi, yi, 2i)

— (P (xi, yivzi) — P(xi, yie1.20))

+ D (xi, yi, zi+1) — P(xi, i, 2i)

— (@ (xin yinzi) — P (xin Yin 2i1)))

=—h(P(xi—1, i, 2i) + P(Xig1, Vi, 20)

+ @ (xi, yio1,20) + P(xi, Yit1, 2i)

+ @ (xi, yi, zi—1) + P(xi, yi, Zit1)

— 6@ (x;, i, zi1)) (17.14)
which coincides with the simplest discretization of the second derivatives (3.40).
Finally we obtain the discretized Poisson equation in the more compact form

6

Qijk
Z(¢(Vijk+drs)—¢(rijk))=— El;l (17.15)
s=1
which involves an average over the 6 neighboring cells
dry=(—h,0,0)...dre = (0,0, h). (17.16)

17.1.2 Numerical Methods for the Poisson Equation

Equation (17.15) is a system of linear equations with very large dimension (for a
grid with 100 x 100 x 100 points the dimension of the matrix is 106 x 10°!). Our
computer experiments use the iterative method (5.5)

D" (riji) = (Z %M (x5 + dry) + Q”") (17.17)

Jacobi’s method ((5.110) on page 74) makes all the changes in one step whereas
the Gauss-Seidel method ((5.113) on page 74) makes one change after the other. The
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chessboard (or black red method) divides the grid into two subgrids (with i 4+ j + k
even or odd) which are treated subsequently. The vector drg connects points of
different subgrids. Therefore it is not necessary to store intermediate values like for
the Gauss-Seidel method.

Convergence can be improved with the method of successive over-relaxation

(SOR, (5.117) on page 75) using a mixture of old and new values

1 Qijk
Id Id 2
P (rija) = (1 = @) (xijp) + (Z D (xij + dry) + 7)

(17.18)

with the relaxation parameter w. For 1 < w < 2 convergence is faster than for v = 1.
The optimum choice of w for the Poisson problem in any dimension is discussed in
[279].

Convergence can be further improved by multigrid methods [120, 283]. Error
components with short wavelengths are strongly damped during a few iterations
whereas it takes a very large number of iterations to remove the long wavelength
components. But here a coarser grid is sufficient and reduces computing time. After
a few iterations a first approximation @ is obtained with the finite residual

1
r1=A¢>1+E,O. (17.19)

Then more iterations on a coarser grid are made to find an approximate solution @,
of the equation

AP =—r =—ép—A¢1. (17.20)
The new residual is
rn=ADy+r. (17.21)
Function values of @, on the finer grid are obtained by interpolation and finally the
sum @ 4 P, provides an improved approximation to the solution since
A(¢1+¢2)=—§p+r1—i—(rz—r]):—ép—i—rz. (17.22)

This method can be extended to a hierarchy of many grids.

Alternatively, the Poisson equation can be solved non-iteratively with pseu-
dospectral methods [238, 247]. For instance, if the boundary is the surface of a cube,
eigenfunctions of the Laplacian are for homogeneous boundary conditions (@ = 0)
given by

Nk (r) = sin(k,x) sin(kyy) sin(k;z) (17.23)
and for no-flow boundary conditions (%d) =0) by
Nk (r) = cos(kyx) cos(kyy) cos(k;z) (17.24)

which can be used as expansion functions for the potential
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D (r) = Z Py Nk (1). (17.25)
ky . ky,k;

Introducing collocation points r; the condition on the residual becomes
1 2 1
0=ADr) +-pr)= Y KoN@)+_pCr) (1726
Ky ky ke

which can be inverted with an inverse discrete sine transformation, (respectively an
inverse discrete cosine transformation for no-flux boundary conditions) to obtain the
Fourier components of the potential. Another discrete sine (or cosine) transforma-
tion gives the potential in real space.

17.1.3 Charged Sphere

As a simple example we consider a sphere of radius R with a homogeneous charge
density of

3
= ——. 17.27
po=e- 03 ( )
The exact potential is given by
e e r?
D(r)= + (1——2) forr <R
dwegR  8megR R (17.28)

D(r)= for r > R.

V% eor

The charge density (17.27) is discontinuous at the surface of the sphere. Inte-
gration over a control volume smears out this discontinuity which affects the po-
tential values around the boundary (Fig. 17.2). Alternatively we could assign the
value p(r;jx) which is either pg (17.27) or zero to each control volume which re-
tains a sharp transition but changes the shape of the boundary surface and does not
conserve the total charge. This approach was discussed in the first edition of this
book in connection with a finite differences method. The most precise but also com-
plicated method divides the control volumes at the boundary into two irregularly
shaped parts [188, 189].

Initial guess as well as boundary values are taken from

e

() = — 17.29

o) 4megmax(r, h) ( )

which provides proper boundary values but is far from the final solution inside the
sphere. The interaction energy is given by (Sect. 17.5)

2

1 3 e
E:, = — d(r)dV =— .
int ) A p(r)P(r) 20 TeoR

Calculated potential (Fig. 17.3) and interaction energy (Figs. 17.4, 17.5) converge
rapidly. The optimum relaxation parameter is around w = 1.9.

(17.30)
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Fig. 17.2 (Discretization of the discontinuous charge density) Left: the most precise method di-
vides the control volumes at the boundary into two irregularly shaped parts. Middle: assigning
either the value pg or zero retains the discontinuity but changes the shape of the boundary. Right:
averaging over a control volume smears out the discontinuous transition

Fig. 17.3 (Electrostatic
potential of a charged sphere)
A charged sphere is simulated
with radius R = 0.25 A and a
homogeneous charge density
p=e-3/4m R3. The grid
consists of 2003 points with a
spacing of h = 0.025 A. The
calculated potential (circles)
is compared to the exact
solution ((17.28), solid
curve), the initial guess is
shown by the dashed line

Fig. 17.4 (Influence of the
relaxation parameter) The
convergence of the interaction
energy ((17.30), which has a
value of 34.56 eV for this
example) is studied as a
function of the relaxation
parameter w. The optimum
value is around w = 1.9. For
> 2 there is no
convergence. The dashed line
shows the exact value
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Fig. 17.5 (Influence of grid 88.0

size) The convergence of the — _

interaction energy (17.30) 2 875 E
and the central potential value 'S

are studied as a function of :,E, 87.0 F B
grid size. The dashed lines st

show the exact values 86.5 F = o]

Y S S, ‘
> [

2 344¢
§342f
£34.0

£ o*0r
£338

‘ ! -
33.6 100

grid size

17.1.4 Variable e

In the framework of the finite volume method we take the average
volume to discretize £> and @

_ 1
gijkzg(rijk):ﬁ/ dV e(r)
Vijk

— 1
q)ijkzq)(rijk):ﬁ/ dV &(r).

Vijk

Integration of (17.7) gives

/ dV div(e(r) grad @ (r)) =y§
%

e(r)grad® dA = —/ dV p(r)
v v

The surface integral is

f dAegrad® = Z
A%

sefaces

ad
/ dAe(r)—®.
Ay on

Applying the midpoint rule (11.77) we find (Fig. 17.6)

\ |
200 300

over a control

(17.31)

(17.32)

=—Qijk-
(17.33)

(17.34)

6
1 0 1
~ 12
%a.v dAegrad® ~ h ;_1 5<rijk + Edm) %q) (r,-jk + Edrs). (17.35)

The potential @ as well as the product s(r)% are continuous, therefore we make

the approximation [188]

2But see Sect. 17.1.5 for the case of discontinuous &.
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Fig. 17.6 Face center of the (i,j,K)
control volume *
drg
)\
dry
a3
@ | (iik)

1 oP 1
£<r,~jk + Edl‘s) T <l’,’jk + zdl’s>

D (rjjk + 3dry) — D(rjr)

=&(rjk) %
2
D (rijk +drg) — D(r;j; + tdr
— B +dry) LT AE) . (Fijk + 7%s) (17.36)

2

From this equation the unknown potential value on the face of the control volume
5(r,~jk + %drs) (Fig. 17.6) can be calculated

(v, + ldr _ 2(rijr) D (xijk) + &(xijk + dry) D (riji + dry) (17.37)
Wk ') &(rijr) +&(rjx +dry) '
which gives
1 0 1
el rijik + Edrs a—n¢ rijk + Edl‘s
_28(rijp)E(rjk +drg) D (rijx +dry) — P (riji) (1738)

~ &(riji) + E(xij + dry) h
Finally we obtain the discretized equation
6 = _
2e(r;ix +drg)e(riir)
_Qijk:hz_ ij s _lj
e(rjk +dry) +2(r;jk)

(5(l‘ijk +drs) — E(Fi,/k)) (17.39)

s=1

which can be solved iteratively according to

2e(rijk+dro)e(Tijk) xold .. . Qijk
Z—E(rijk/errx)ﬂ(ijk)dﬁ" (rijk +drs) + =

> 2e(rijk+dry)e(riji)
e(rijk+drs)+e(rji)

Q"N (rijk) =

(17.40)
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Fig. 17.7 (Transition of &) €
The discontinuous &(r) (black
line) is averaged over the

control volumes to obtain the 9)

discretized values ;i (full

circles). Equation (17.40) ©

takes the harmonic average O

over two neighbor cells (open — €0

circles) and replaces the
discontinuity by a smooth
transition over a distance of
about &

Fig. 17.8 Average of ¢ over
a control volume

17.1.5 Discontinuous e

For practical applications models are often used with piecewise constant €. A simple
example is the solvation of a charged molecule in a dielectric medium (Fig. 17.9).
Here & = g¢ within the molecule and ¢ = gpe within the medium. At the boundary
¢ is discontinuous. In (17.40) the discontinuity is replaced by a smooth transition
between the two values of ¢ (Fig. 17.7).

If the discontinuity of ¢ is inside a control volume V;; then (17.31) takes the
arithmetic average

v@e, (17.41)

= . _ vy
gijk = Vi1 + Vijk

]

which corresponds to the parallel connection of two capacities (Fig. 17.8). Depend-
ing on geometry, a serial connection may be more appropriate which corresponds to
the weighted harmonic average

1

D .—1, , 0. -1
Viiker + Ve

Tijk = (17.42)
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Fig. 17.9 (Solvation of a €=¢
charged sphere in a dielectric p=0

medium) Charge density and
dielectric constant are
discontinuous at the surface
of the sphere

17.1.6 Solvation Energy of a Charged Sphere

We consider again a charged sphere, which is now embedded in a dielectric medium

(Fig. 17.9) with relative dielectric constant €.

For a spherically symmetrical problem (17.7) can be solved by application of

Gauss’s theorem
do r
Anrle(r)— = —471/ ,o(r/)r/2 dr' =—q(r)
d}" 0
-
q(r)

D(r)=— ————— + @(0).

*) /(‘) 4rrle(r) +20

For the charged sphere we find

q(r)z{gr3/R3 lforr<R
orr > R
Q r
<D(r)=—4n80R3?+cb(O) forr <R
0 0 1 1
D(r)=— @0 -— = fi R.
(r) 87T80R+ ()+47'[8081<r R> orr >

The constant @ (0) is chosen to give vanishing potential at infinity

Q Q

4mepe1 R 8meoR’

@ (0) =

The interaction energy is
Q*(S+e1)
40 ege R

Numerical results for | = 4 are shown in Fig. 17.10.

1 R
Ei = —/ Axrdr pd(r)=
2 Jo

17.1.7 The Shifted Grid Method

(17.43)

(17.44)

(17.45)

(17.46)

(17.47)

(17.48)

(17.49)

An alternative approach uses a different grid (Fig. 17.11) for ¢ which is shifted by

h/2 in all directions [44] or, more generally, a dual grid (11.74),

Eijk = E(Xit1/2,j+1/2,k+1/2)-

(17.50)
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Fig. 17.10 (Charged sphere 50
in a dielectric medium)
Numerical results for ¢y =4
outside the sphere and 2003 40
grid points (circles) are ~
compared to the exact < 30l
solution ((17.46), (17.47), S
solid curves) s
8 20
S
.
10
0)=

The value of ¢ has to be averaged over four neighboring cells to obtain the dis-
cretized equation

Qijk RYe)
T = ;8(1‘% + drs)a_n(rijk +dry)
_ D jk+1 — Pijk ijk +&ij—1.k +Ei-1,jk T Ei—1,j—1k
h 4
D jk—1— Pi jk Cijk—1+ & j—1k-1FE—1,jk—1T8E—1,j—1k-1
+
h 4
Diy1,jk — Dijk €ijk+ & j—1k+ & jk—1+ & j—1k1
+
h 4
Di 1,k — Dijk €i—1jk +Ei—1,j—1,k T Ei—1,jhk—1 T E—1,j—1k-1
_l’_
h 4
D ji1k— Dijk Cijk+Ei—1,jktE jhk—1+E1 k-1
_l’_
h 4
Di i1k —DijkCij—1k+E—1,j-1k+E j—1k-1TE1j—1k1
+ A n .

(17.51)

The shifted grid method is especially useful if ¢ changes at planar interfaces. Nu-
merical results of several methods are compared in Fig. 17.12.

17.2 Poisson-Boltzmann Equation

Electrostatic interactions are very important in molecular physics. Bio-molecules
are usually embedded in an environment which is polarizable and contains mobile
charges (Nat, KT, Mg*+,Cl~...).

We divide the charge density formally into a fixed and a mobile part

P () = pix () + Pmobile (T). (17.52)
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Fig. 17.11 (Shifted grid

method) A different grid is
used for the discretization of [P g
& which is shifted by 2/2 in D.. - oo
. ijk+1 |
all directions o B !
| b
1 | ijk
,,,,, | i o

Citjotk” €t | |
Pijk

Fig. 17.12 (Comparison of
numerical errors) The
Coulomb interaction of a
charged sphere is calculated
with several methods for 1003
grid points. Circles: ((17.40),
¢ averaged), diamonds:
((17.40), ¢! averaged),
squares: ((17.51),

& averaged), triangles:
((17.51), e~ ! averaged), solid

w2 B
= [=]

Coulomb interaction (eV)
[\)
S

10
curve: analytical solution
(17.49)
! L
oF 10 100

The fixed part represents, for instance, the charge distribution of a protein
molecule which, neglecting polarization effects, is a given quantity and provides
the inhomogeneity of the equation. The mobile part, on the other hand, represents
the sum of all mobile charges (e is the elementary charge and Z; the charge number
of ion species i)

Pumobite(r) =Y _ Zien; (r) (17.53)

which move around until an equilibrium is reached which is determined by the mu-
tual interaction of the ions. The famous Debye-Hiickel [69] and Gouy-Chapman
models [56, 110] assume that the electrostatic interaction

U(r)=Zied(r) (17.54)
is dominant and the density of the ions #n; is given by a Boltzmann-distribution

ni(r) = nOe=Zie@®/ksT (17.55)
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The potential @ (r) has to be calculated in a self consistent way together with the
density of mobile charges. The charge density of the free ions is

Pmobite(®) = Y _nez;e= eIk T (17.56)

1

and the Poisson equation (17.7) turns into the Poisson-Boltzmann equation [91]

div(e(r) grad D (r)) + Y nVeZie %Ik T = —pg (1), (17.57)

1

17.2.1 Linearization of the Poisson-Boltzmann Equation

For small ion concentrations the exponential can be expanded

Zied 1[Zied\>
~Zie®/kT oy _ 21 i e 17.58
€ k5T +2(kBT> + (17.58)

For a neutral system

Y n0zie=0 (17.59)
i

and the linearized Poisson-Boltzmann equation is obtained:

Z2e?
div(e(r) grad & (r)) — Xi:"l@)k;—; D) = —pi. (17.60)
With
e(r) = go&r (1) (17.61)
and the definition
K(r)? = LG@z? (17.62)
coer (kT v ’
we have finally
1
div(e, (r) grad @ (r)) — ;47 ® = ——p. (17.63)
€0

For a charged sphere with radius a embedded in a homogeneous medium the solu-
tion of (17.63) is given by

e el(a

= ée_"’

= . 17.64
r dreper 1 +ka ( )

The potential is shielded by the ions. Its range is of the order Apepye = 1/k (the
so-called Debye length).



318 17 Electrostatics

Fig. 17.13 Cavity in a
dielectric medium

€= 81
17.2.2 Discretization of the Linearized Poisson-Boltzmann
Equation
To solve (17.63) the discrete equation (17.39) is generalized to [181]
2e,(riji)er (rijk + drs)
P (rjji + dry) — @ (xij0)
— & (Xjji) + &r (rjjk + dry) (i ’ i)
Oijk
— & (riji)K” (i) B> D (xj) = — hlgjo : (17.65)
If £ is constant then we have to iterate
Qijk old
=y DN (r i + dry)
BN (r; 1) = 20 s J - (17.66)

6+ thz(rijk)

17.3 Boundary Element Method for the Poisson Equation

Often continuum models are used to describe the solvation of a subsystem which is
treated with a high accuracy method. The polarization of the surrounding solvent or
protein is described by its dielectric constant € and the subsystem is placed inside a
cavity with ¢ = g (Fig. 17.13). Instead of solving the Poisson equation for a large
solvent volume another kind of method is often used which replaces the polarization
of the medium by a distribution of charges over the boundary surface.

In the following we consider model systems which are composed of two spatial
regions:

e the outer region is filled with a dielectric medium (¢;) and contains no free
charges

e the inner region (“Cavity”) contains a charge distribution p(r) and its dielectric
constant is € = gg.

17.3.1 Integral Equations for the Potential

Starting from the Poisson equation
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div(s(r) grad @ (r)) =—p(r) (17.67)

we will derive some useful integral equations in the following. First we apply
Gauss’s theorem to the expression [277]

div[G(r — r’)g(r) grad(cb (r)) — @ (r)e(r) grad(G (r — r/))]
=—p(mG(r—r') — @(r)e(r) divgrad(G(r — r'))
— & (r) grade(r) grad(G (r — r’)) (17.68)
with the yet undetermined function G (r — r’). Integration over a volume V gives
—/ dV (p()G(r —r') + @ (r)e(r) div grad (G (r — r'))
1%
+ & (r) grade(r) grad(G (r — r')))

/ 8 8 /
= fgvdA <G(r —r )a(r)a(qxr)) - @(l‘)S(I‘)%(G(I‘ —r )))

(17.69)
Now choose G as the fundamental solution of the Poisson equation
1
Go(r—r)=———— 17.70
ofr—r) Azlr—r| (17.70)
which obeys
divgrad Go =68(r — r’) (17.71)

to obtain the following integral equation for the potential:

<D(r/)8(r)=/ dVL+L/ dv @(r)grads(r)grad<;>
v 4n Ir—r'|

4|r — 1|

—L dA( ! e(r)—(cb(r))+®(r)s(r)—<#>>
4 A% |I' | |I' I'/l .
(17.72)

First consider as the integration volume a sphere with increasing radius. Then the
surface integral vanishes for infinite radius (@ — 0 at large distances) [277].

The gradient of &(r) is nonzero only on the boundary surface Fig. 17.14 of the
cavity and with the limiting procedure (d — 0)

—1
grade(r)dV =n " —g0dV =dAn(e; — 1)eg

/ _pr)
s(r’) 4n|r—r/|

(81 1)8() d 1
—_ D(r)———. (17.73)
dre() Js on |r—r'|

we obtain
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Fig. 17.14 Discontinuity at
the cavity boundary

This equation allows to calculate the potential inside and outside the cavity from
the given charge density and the potential at the boundary.
Next we apply (17.72) to the cavity volume (where ¢ = g() and obtain

() = /V av—Po

4 |r —r'|gg

—— @QPdA ((bin(r)i— - —icb,-n(r)) (17.74)
o4 nir— -

@
ﬂ\

L]
H\
@
S

From comparison with (17.73) we have

1 a a 1
dA - Pin(r) =61 G dA P (r) —
S S

r — 1’| on on|r—r'|

and the potential can be alternatively calculated from the values of its normal gradi-
ent at the boundary

1 (1—Lyeg 19
o(r) = f P A dA ——— @y (r).
e() Joaw  Admr—r'| dre() Jg r—1r’| on

(17.75)

This equation can be interpreted as the potential generated by the charge density p
plus an additional surface charge density

o(r)= <1 — i)80i(1),-n(1'). (17.76)
&1 on

Integration over the volume outside the cavity (where € = g1¢¢) gives the following
expression for the potential:

[0 (l'/)— ifdA () (r)i—l — #i@ (r) 17.77)
M an I M nr—r| r—r|on M) VT
At the boundary the potential is continuous
Doyt (r) = Pju(r) reA (17.78)

whereas the normal derivative (hence the normal component of the electric field)
has a discontinuity

a¢uul _ a¢in

= . 17.79
&l on on ( )
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Fig. 17.15 Representation of
the boundary by surface
elements

17.3.2 Calculation of the Boundary Potential

For a numerical treatment the boundary surface is approximated by a finite set of
small surface elements S;, i = 1...N centered at r; with an area A; and normal
vector n; (Fig. 17.15). (We assume planar elements in the following, the curvature
leads to higher order corrections.)

The corresponding values of the potential and its normal derivative are denoted
as &; = & (r;) and % =n,; grad @ (r;). At a point er close to the element S; we
obtain the following approximate equations:

@in(l‘;)Z/\./dV p(r)

4r|r — r;leo

1 0 1 1 9P
_ZcbifdA— — 4+ — ””56
T o S; 8n|r—rj| 4 - r—r |

(17.80)

1 1 acb,-o,,,yg 1
(rt @; -y M g 4A
Pou(r7) 4:1Z ?{i on |r — rf dn e o Js o r—r|

(17.81)

These two equations can be combined to obtain a system of equations for the

potential values only. To that end we approach the boundary symmetrically with

rli =r; £ dn;. Under this circumstance

1 1
st fan
Si r—r7| Si |l‘—l‘j|

J

fdA8 ! = fdA8 ! 17.82
, 8n|r—r;r|_ s, onr—r;| (17.82)

0 1 0 1 .
fdA— T =¢.dA— — jFi
S on |r—rj| s; on |r—rj|

p(r)
47‘[80|I‘— I‘j|

——Z(l—a)@f 01
. 8n|r—rj|

i#j

and we find

(1+e)®; =/ dv
%
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Fig. 17.16 Projection of the dA
surface element ﬂ

1 d 1
-—a PP dA— 17.83
471( +e) Jﬁ. Bn|r—r | ( )
The integrals for i # j can be approximated by
0 1 1
y{ dA ————=A;n; grad; —. (17.84)
S; on |I‘—l‘j| |l‘i—I‘j|

The second integral has a simple geometrical interpretation (Fig. 17.16).

Since grad |r =0 lr e ‘r " ‘ the area element dA is projected onto a sphere
1

" rj—r7|

with unit radius. The integral Sgsj dA grad is given by the solid angle of S;

with respect to r’. For r’ — r; from inside this is just minus half of the full space
angle of 4. Thus we have

p(r)
4m|r —rjleo

(l+81)¢j=/dv
\%4

__2(1 e1)®; Aj — o1 += (1+81)(p

itj on ni | i — T |
(17.85)
or
2 1 —1 ad 1
o=t [av 20 Lyl 0 1
1 +e¢g dmeglr —r;|  2m oy e1+1 on; |r; —r;]
(17.86)

This system of equations can be used to calculate the potential on the boundary. The
potential inside the cavity is then given by (17.73). Numerical stability is improved
by a related method which considers the potential gradient along the boundary. Tak-
ing the normal derivative

—— =n;grad, ;. (17.87)
n;j J
of (17.80), (17.81) gives
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_ 0 r

—‘Din(l'-) = _/ de)_

nj "7 ong Jy 4n|r—r-lso

1
Z f 8n8n, |r—r |

+— a(p’ in 7€ (17.88)
4 an |r—r | )
0 1
Wj om Z % anan, |r—r |
1 0D 0 1
- 8—’?§ A —. (17.89)
T n S; njlr— r; |
In addition to (17.82) we have now
92 1 92 1
% dA—f:f dA—i+ (17.90)
: onon; Ir—r;| : onon; Ir—r;|

and the sum of the two equations gives

1 d
1 + on, — Din,j
1

d 1= 3By 1
_ _(/ dv p(r) 4 ) ZAi i,in )
onj\Jy  4meolr —rj| 47 _ an |ri —rj]

i#]
I+ 190,
1 j,in
_ 17.91
2 on ( )
or finally
d _ 2e1 0 p(r)
on; m’J_el—i—anj v 4dmeglr —rj|
g1 —1 0P; i 0 1
2 A; — . 17.92
* 2 A an anj|r; —rj] (17.52)

1
atl; #J
In terms of the surface charge density this reads:

(1—ep) / p(r) 1 n;(r;—r;)
=2 —n;grad [ dV TA ).
% 80(1—1—81)( j gra dreor—v| | dmeo ;U -1,

(17.93)

This system of linear equations can be solved directly or iteratively (a simple damp-
ing scheme o,, — wo,, + (1 —w)o, . with® ~ 0.6 helps to get rid of oscillations).
From the surface charges o; A; the potentlal is obtained with the help of (17.75).
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17.4 Boundary Element Method for the Linearized
Poisson-Boltzmann Equation

We consider now a cavity within an electrolyte. The fundamental solution of the
linear Poisson-Boltzmann equation (17.63)

) e—Klr—r’l
obeys
divgrad G, (r —r') — k?Ge(r —r') = 8(r — r'). (17.95)

Inserting into Green’s theorem (17.69) we obtain the potential outside the cavity

d a
Dot (I'/) = f dA (‘pout(r) —Gy (I‘ - I'/) — Gy (I‘ - l'/) _(pout(r)>
S on an
(17.96)
which can be combined with (17.74), (17.79) to give the following equations [32]

a a
(I+ene(r) = ﬁdA [‘P(l‘)%(Go —£1G) — (Go — Gx)aq)m(r)}

+/ Py (17.97)

a dmeolr — 1|
2

onon’

fdAaq)-(r)8 G 1G
S an " \ 70 &1 k

9
L POy (17.98)
on’ Jeqy 4melr —r'|

(e @ () = fdA DM~ (Go— G
on S

For a set of discrete boundary elements the following equations determine the values
of the potential and its normal derivative at the boundary:

1+4¢; a 0
5 ;= Z@i%dA%(Go —e1Gy) — Z %®i,infdA (Go—Gy)
i#j i#]
+fAdV (17.99)
dmeg|r — 1|
1+e 9 92
> Wd)i’m: ;@i‘(ﬁdA W(GO_GK)
0 0 1
—Z—‘Pi,m dA—/ G()——Gk
— In on €1
i#]j
0 r
R O (17.100)

on’ | 4me|r — |
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The situation is much more involved than for the simpler Poisson equation (with
k = 0) since the calculation of many integrals including such with singularities is
necessary [32, 143].

17.5 Electrostatic Interaction Energy (Onsager Model)

A very important quantity in molecular physics is the electrostatic interaction of a
molecule and the surrounding solvent [11, 237]. We calculate it by taking a small
part of the charge distribution from infinite distance (@ (r — oo) = 0) into the
cavity. The charge distribution thereby changes from Ap(r) to (A + dA)p(r) with
0 < XA < 1. The corresponding energy change is

dE = /dk -p(r)®@,(r)dV

on(M) Ay, / )»,0(}’/) /
= [ ax. av')av.
/ pm(; dreolr —rnl ) dmeolr —r|

(17.101)

Multiplication of (17.93) by a factor of A shows that the surface charges Ao, are
the solution corresponding to the charge density Ao (r). It follows that o, (1) = Aoy,
and hence

dE:AdA/p(r)(Z OnAn PO dV’>. (17.102)

- dmeglr —ry|  dmweglr — 1|

The second summand is the self energy of the charge distribution which does not
depend on the medium. The first summand vanishes without a polarizable medium
and gives the interaction energy. Hence we have the final expression

Ei dE= | Xxd: dv
T / / /'O(r)ZMEOIr—rn

—Z on A / Py, (17.103)
8meg|r — ry|

For the special case of a spherical cavity with radius a an analytical solution by
a multipole expansion is available [148]

I+ D —1
Ein M"M;" 17.104
= 87‘[80 Z Z [1+81(1+ 1)]a2+1 1M ( )

with the multipole moments

M;":/p(r,Q,go) 1rlY,m(9,<p)dv. (17.105)

The first two terms of this series are:
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Fig. 17.17 Surface charges

2
E~Zl=——— MMy = — 1—— )= 17.106
int 8weg a0 0 88 1) a ( )
m_ 1 2 =D

it 8ren (1+2¢))a

1 21—
8weg 14+2¢ a3’

S 01,0 1yl
s (MM + MM} + M My)
2

(17.107)

17.5.1 Example: Point Charge in a Spherical Cavity

Consider a point charge Q in the center of a spherical cavity of radius R (Fig. 17.17).
The dielectric constant is given by

_Jeo r<R
8—{8180 R (17.108)
Electric field and potential are inside the cavity
1
E = Q D= 0 + 9 ——1 (17.109)
47 eqr? dmegr  4megR \ &
and outside
E=—2  o-_2 g (17.110)
e gor? 4 eeor
which in terms of the surface charge density o is
47 R?
= 2RO (17.111)
47[80}’2
with the total surface charge
2 1
4rRo=Ql——1). (17.112)
&1

The solvation energy (17.103) is given by

2
Eipe = Q—<l - 1) (17.113)

8mep \ &1
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solvation energy (eV)

Fig. 17.18 (Solvation energy with the boundary element method) A spherical cavity is simulated
with radius = 1 A which contains a point charge in its center. The solvation energy is calculated
with 25 x 25 (circles) and 50 x 50 (squares) surface elements of equal size. The exact expression
(17.106) is shown by the solid curve

which is the first term (17.106) of the multipole expansion. Figure 17.18 shows
numerical results.

17.6 Problems

Problem 17.1 (Linearized Poisson-Boltzmann equation) This computer experi-
ment simulates a homogeneously charged sphere in a dielectric medium (Fig. 17.19).
The electrostatic potential is calculated from the linearized Poisson-Boltzmann
equation (17.65) on a cubic grid of up to 100° points. The potential @ (x) is shown
along a line through the center together with a log-log plot of the maximum change
per iteration

|@ D (1) — o™ (1) (17.114)

as a measure of convergence.
Explore the dependence of convergence on

e the initial values which can be chosen either @ (r) = 0 or from the analytical
solution

QO  2+e(l+4xka) Q 2

o (r) = | FTer e Sreoa’ forr <« (17.115)
- Qe—)( r—a .
4mege(ka+1)r forr >a

o the relaxation parameter w for different combinations of ¢ and «
e the resolution of the grid
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Fig. 17.19 Charged sphere
in a dielectric medium

Fig. 17.20 Point charge
inside a spherical cavity

Problem 17.2 (Boundary element method) In this computer experiment the solva-
tion energy of a point charge within a spherical cavity (Fig. 17.20) is calculated with
the boundary element method (17.93).

The calculated solvation energy is compared to the analytical value from (17.104)

(17.116)

Esory =

0? i s (g1 —e2)(n+ 1)
8megR R? ney + (n+ ey

n=1
where R is the cavity radius and s is the distance of the charge from the center of

the cavity.
Explore the dependence of accuracy and convergence on

e the damping parameter @

o the number of surface elements (6 x 6---42 x 42) which can be chosen either as
d¢ db or d¢ d cos (equal areas)

e the position of the charge



Chapter 18
Waves

Waves are oscillations that move in space and time and are able to transport en-
ergy from one point to another. Quantum mechanical wavefunctions are discussed
in Chap. 21. In this chapter we simulate classical waves which are, for instance,
important in acoustics and electrodynamics. We use the method of finite differences
to discretize the wave equation in one spatial dimension

a2 , 32
33l X)) = (1, %), (18.1)

Numerical solutions are obtained by an eigenvector expansion using trigonometric
functions or by time integration. Accuracy and stability of different methods are
compared. The wave function is second order in time and can be integrated directly
with a two-step method. Alternatively, it can be converted into a first order system
of equations of double dimension. Here, the velocity appears explicitly and veloc-
ity dependent damping can be taken into account. Finally, the second order wave
equation can be replaced by two coupled first order equations for two variables (like
velocity and density in case of acoustic waves), which can be solved by quite gen-
eral methods. We compare the leapfrog, Lax-Wendroff and Crank-Nicolson meth-
ods. Only the Crank-Nicolson method is stable for Courant numbers o > 1. It is an
implicit method and can be solved iteratively. In a series of computer experiments
we simulate waves on a string. We study reflection at an open or fixed boundary and
at the interface between two different media. We compare dispersion and damping
for different methods.

18.1 Classical Waves
In classical physics there are two main types of waves:

Electromagnetic waves do not require a medium. They are oscillations of the electro-
magnetic field and propagate also in vacuum. As an example consider a plane wave

P.O.J. Scherer, Computational Physics, Graduate Texts in Physics, 329
DOI 10.1007/978-3-319-00401-3_18,
© Springer International Publishing Switzerland 2013
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Fig. 18.1 Electromagnetic y
wave

/,j/// i

z

which propagates in x-direction and is linearly polarized (Fig. 18.1). The electric
and magnetic field have the form

0 0
E=|Ex.1n| B= 0 . (18.2)
0 B.(x,1)

Maxwell’s equations read in the absence of charges and currents

. . oB E
divE =divB =0, rotE:—E, TOtBZMOSOE- (18.3)

The fields (18.2) have zero divergence and satisfy the first two equations. Applica-
tion of the third and fourth equation gives

d0Ey 9B 0B, ok, (18.4)
ox o ax M0 ‘
which can be combined to a one-dimensional wave equation
d’E, 23 E, 18.5)
a2 ox? '

with velocity ¢ = (nogo) /2.

Mechanical waves propagate through an elastic medium like air, water or an elastic
solid. The material is subject to external forces deforming it and elastic forces which
try to restore the deformation. As a result the atoms or molecules move around their
equilibrium positions. As an example consider one-dimensional acoustic waves in
an organ pipe (Fig. 18.2):

A mass element

dm=p0dV =pAdx (18.6)

at position x experiences an external force due to the air pressure which, accord-
ing to Newton’s law changes the velocity v of the element as described by Euler’s
equation'

IWe consider only small deviations from the equilibrium values g, po, vo = 0.
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F(x)=p(x)A . : F(x+dx)=—p(x+dx)A A
: " v

- | :
J(x)= p, Av(x) | JOxrdx)= poAv(xidx) g

X X+dx

Fig. 18.2 (Acoustic waves in one dimension) A mass element dm = 0A dx at position x expe-
riences a total force F = F(x) + F(x + dx) = —Ag—i dx. Due to the conservation of mass the
change of the density ‘;—f is given by the net flux J = J(x) — J(x +dx) = —Q()A% dx

ad ap

—v=——. 18.7
Qo7 v o (18.7)
The pressure is a function of the density
" d
2 _ (3) <—p> =202 (18.8)
Po \Qo do/o 00

where n = 1 for an isothermal ideal gas and n &~ 1.4 for air under adiabatic condi-
tions (no heat exchange), therefore

ad ,00
—v=—c"—. 18.9
Qog v =—C"o (18.9)
From the conservation of mass the continuity equation (11.10) follows
9 0 (18.10)
—0=—00—V. .
20r°~ "

Combining the time derivative of (18.10) and the spatial derivative of (18.9) we
obtain again the one-dimensional wave equation

32 5 92
—o=c’—o. 18.11
02¢ ¢ 5x2° (18.11)

The wave equation can be factorized as

O eIV Voo (2 V(22 o0 as12)
o Sax J\or " ox )T \ar T Sax J\or T )0 T '

which shows that solutions of the advection equation

9 9
212 )o=0 18.13
(3t Cax>9 (18.13)

are also solutions of the wave equation, which have the form
o= f(x xct). (18.14)

In fact a general solution of the wave equation is given according to d’ Alembert
as the sum of two waves running to the left and right side with velocity ¢ and a
constant envelope (Fig. 18.3)
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Fig. 18.3 d’Alembert
solution to the wave equation

X
o= filx +ct) + falx —ct). (18.15)
A special solution of this kind is the plane wave solution
f(.x t) zeiwliikx
with the dispersion relation
w = ck. (18.16)

18.2 Spatial Discretization in One Dimension

We use the simplest finite difference expression for the spatial derivative (Sects. 3.4,
11.2)

S x H A0 F /0 x = A0 2200 5,2 (18.17)

82
ﬁf()ﬁt):

Ax2
and a regular grid
Xpn=mAx m=12...M (18.18)
Jm = f(xm). (18.19)

This turns the wave equation into the system of ordinary differential equations
(Sect. 11.2.3)

2 fm+l + fm—l - 2fm
Ax?

where fo and fj;41 have to be specified by suitable boundary conditions (Fig. 18.4).

In matrix notation we have

d2
pln=c (18.20)

f1(®)
f=| : (18.21)
@)
d2
() = AW +5() (18.22)

where for
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(@) Lo

Xo X3 Xp XM-1 XM XM

Xo X4 Xg XM-1 XM XMt

Fig. 18.4 (Boundary conditions for 1-dimensional waves) Additional boundary points
x0,Xpm+1 are used to realize the boundary conditions: (a) fixed boundaries: f(xg) = 0,
{ﬁ_,zzf(xl) = 22 (f(x2) = 2f (1) or flxmt1) =0, %f(XM) = 25 (fOm—1) = 2f (),
(b) periodic boundary conditions: xy = xp, %f(xl) = ﬁ(_f(xz) + flxp) — 2f(x1)),
Mal = X D) = g (fGme) + f@) — 2f@wm). (© open  bound-
aries: & f(xi) = LRl — 0. B f(x) = @) = 2f ) or foon) =
L) 2 I ) — g, ;\—_zzf(xM) = L @fm-1) — 2f(xm). (@) moving boundaries:
fOo) = &0, A fG) = £5(f0) = 2f@1) + &@) or fausr ) = Em (o),
D) = 55 (F Car—1) = 2 (ean) + En1 (1))

o fixed boundaries

S(H)=0  (18.23)

—_
Co
. o
—_
|~

x2

Pla
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e periodic boundaries?
-2 1 1
1 -2 1
1 -2 1 c2
A= — S(@) =0 18.24
o SO (18.24)
1 -2 1
1 1 =2
e open boundaries
-2 2
1 -2 1
1 -2 1 c2
A= — S(@#)=0 18.25
A SO (18.25)
1 -2 1
2 =2
e moving boundaries
-2 1 &o(1)
1 -2 1 0
1 -2 1 c2
Ar2 Q) )
-2 1 0
=2 En+1(1)

(18.26)

A combination of different boundary conditions for both sides is possible.

Equation (18.20) corresponds to a series of mass points which are connected
by harmonic springs (Fig. 18.5), a model, which is used in solid state physics to
describe longitudinal acoustic waves [129].

18.3 Solution by an Eigenvector Expansion

For fixed boundaries (18.20) reads in matrix form

d2
“H(0) = Af) (18.27)

with the vector of function values:

2This corresponds to the boundary condition fy = fa, % f(x1) = 0. Alternatively we could use
fo= 1, % f(x1/2) =0 which replaces the 2 s in the first and last row by 1 s.
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(i-1) Ax jAX (j+1) Ax

Fig. 18.5 (Atomistic model for longitudinal waves) A set of mass points m is connected by
springs with stiffness K. The elongation of mass point number j from its equilibrium position
xj = jAx is &;. The equations of motion m&; = —K(§; —&;_1) — K(§; — &;41) coincide with

(18.20) with a velocity of ¢ = Ax,/ %A%

f1(®)
f(r) = : (18.28)
(@)
and the matrix
-2 1
1 -2 1
1 -2 1 o2
A= — 18.29
Ax? (18.29)
1 -2 1
1 =2

which can be diagonalized exactly (Sect. 9.3). The two boundary points f(0) =0
and f((M 4+ 1) Ax) =0 can be added without any changes. The eigenvalues are

s—2 cz( (kAx) 1) 42 .o kAx 9 )2
=2——(cos(kAx) —1)=———=sin“| — )| =(iw
Ax? Ax? 2 k
wl
kANx=———, [I=1...M (18.30)
(M +1)

with the frequencies

2c¢ . (kAx (18.31)
= —sin| — ). .
@k Ax 2

This result deviates from the dispersion relation of the continuous wave equation
(18.11) wk = ck and approximates it only for kAx < 1 (Fig. 18.6).
The general solution has the form (Sect. 11.2.4)

M

fat) = ;(C1+ei“’” + Cp_e™'er) sin<m (Mn_il_ 5 ) (18.32)
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Fig. 18.6 Dispersion of the ‘ ‘ ‘ -

discrete wave equation L5 0]
. 1P
ch
0.5F 8
| | |
% 05 I 15
k/k

max

The initial amplitudes and velocities are

M
. wl
fn(t = 0) = ;(C[+ + C[)Sln(mm> = Fm

(18.33)

M
d ml
— t=0, = E [ (Cre — Ci_) si =G
dar Sm( Xm) = iw(Cry 1 )Sm<m (M + 1)> m

with F,,, and G, given. Different eigenfunctions of a tridiagonal matrix are mutually
orthogonal
M

3 s AL i M, (18.34)
Sin — | SIn = — ’ .
M1 M1 2 b

m=1

and the coefficients C;4 follow from a discrete Fourier transformation:

1 XM l wl
=u Z Z(C1'+ + C[r_)sm(mM n 1) sm(mM m 1)

m=110=1
1
= E(CIJr +Cio) (18.35)
M
~ 1 . wl
G = i Z sm<mN—+l>Gn
m=1
M NM

—iZZiw(c —eysinfm 5 in(m T
M A M1 M1

m=10'=1

1
= Eiw[(cl+ -C-) (18.36)
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~ 1 ~

Ciy=F+—G

";’1 (18.37)

C-=F—-—G,.
iw;

Finally the explicit solution of the wave equation is

M —~
Fu(t) = l;z(}?, cos(wyt) + % sin(a)[t)> sin(mMn—_’l_l). (18.38)

Periodic or open boundaries can be treated similarly as the matrices can be diag-
onalized exactly (Sect. 9.3). For moving boundaries the expansion coefficients are
time dependent (Sect. 11.2.4).

18.4 Discretization of Space and Time

Using the finite difference expression also for the second time derivative the fully
discretized wave equation is

f&+ At,x)+ f(t — At,x) —2f(t,x)

At?
t A t,x —Ax) —=2f(t,
_pf Xt A0+ > D200 | o(ax2, AR). (1839)
Ax
For a plane wave
f=e@h (18.40)
we find
QOAl | iAo _ 2 Ar? (elkdr 4 emikBx _ o) (18.41)
Ax? ’
which can be written as
At kA
sin 228 — gsin = (18.42)
2 2
with the so-called Courant-number [64]
At
a=c—. (18.43)
Ax

From (18.42) we see that the dispersion relation is linear only for « = 1. For
a # 1 not all values of w and k allowed (Fig. 18.7).
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Fig. 18.7 (Dispersion of the 15 ‘ \
discrete wave equation) Only
for « =1 or for small values
of kAx and wAt is the
dispersion approximately
linear. For & < 1 only
frequencies

W < Wmax = 2arcsin(a) /At
are allowed whereas for

a > 1 the range of k-values is 0.5F a<i -
bounded by

kmax = 2arcsin(1/a)/Ax

WAt/2

‘ ! ‘ ! ‘ !
00 0.5 1 1.5

k Ax /2

18.5 Numerical Integration with a Two-Step Method

We solve the discrete wave equation (18.39) with fixed or open boundaries for

f+ At x)=2fx)(1—a?) +a?(f(t,x + Ax) + f(t,x — Ax))

— f(t = At,x) + O(Ar%, Ax?) (18.44)
on the regular grids
Xp=mAx m=1,2...M (18.45)
t,=nAt n=1,2...N (18.46)
i fta, x1)
f,=1: |= : (18.47)
f}{l/l Stn, xpm)

by applying the iteration
=21 =) fr 4 fh 4o — ol (18.48)

This is a two-step method which can be rewritten as a one-step method of double

dimension
=T = 18.49
( £, -1 1 0 | P ( )

with the tridiagonal matrix
-2 aq
1 -2 1
M= (18.50)
1 -2 1
an -2

where aj and ay have the values 1 for a fixed or 2 for an open end.
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The matrix M has eigenvalues (Sect. 9.3)
.o kAx
A =2cos(kAx) — 2= —4sin - ) (18.51)

To simulate excitation of waves by a moving boundary we add one grid point with
given elongation &y(¢) and change the first equation into

Ftns1,x1) =2(1 = &?) f(tn, x1) + &2 f (g, x2) + &E0(tn) — f(t—1,%1).
(18.52)

Repeated iteration gives the series of function values

f Ly . (h 5\ o1
(6) (&)=r(R): ()=r()~  as»

A necessary condition for stability is that all eigenvalues of T have absolute values
smaller than one. Otherwise small perturbations would be amplified. The eigenvalue

equation for 7 is
24a’M -0 -1 u\_ (0
G 2 ()-(0): (18.54)

We substitute the solution of the second equation

u=ov (18.55)

into the first equation and use the eigenvectors of M (Sect. 9.3) to obtain the eigen-
value equation

(2—}—0[2)»—0)01)—1):0. (18.56)
Hence o is one of the two roots of
o2 —o(a?r+2)+1=0 (18.57)
which are given by (Fig. 18.8)
aZ a2 2
oc=14+—= —+1) —1. (18.58)
2 2
From
.o kAx
A= —4sin”| —
2
we find
—4<i<0 (18.59)
2
A
1—2a2<“7+1<1 (18.60)

and the square root in (18.58) is imaginary if

o
—1<T+1<1 (18.61)
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Fig. 18.8 (Stability regions 4 : : :
of the two-step method)
Instabilities appear for
|| > 1. One of the two 3l i
eigenvalues o becomes
unstable (|o| > 1) for waves
with large k-values 2
© 2} a =11
1 o?<1.0
| | |
00 1 2 3 4
k Ax
which is the case for
. kAx
sm2<T>a2 < 1. (18.62)
This holds for all k only if
lo| < 1. (18.63)

But then

24\ 2 2 2
|U|2:(1+%> +<1_<%+1> >=1 (18.64)

and the algorithm is (conditionally) stable. If on the other hand |¢| > 1 then for
some k-values the square root is real. Here we have

@
and finally
25 23\2
1+“T— <1+°‘T) “1<—1 (18.66)

which shows that instabilities are possible in this case.

18.6 Reduction to a First Order Differential Equation

A general method to reduce the order of an ordinary differential equation (or a sys-
tem of such) introduces the time derivatives as additional variables (Chap. 12). The
spatially discretized one-dimensional wave equation (18.22) can be transformed into
a system of double dimension
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d
—f(t) =v(t 18.67
O (1) =v() ( )
4o ¢ ME(t) +S(1) (18.68)
—v(t)=—= . .
dr Ax?
We use the improved Euler method (Sect. 12.5)
At
f(r + Ar) =) + V<t + T)At +0(AF) (18.69)
V(4 AD) = (1) + C wtfe A st A At + 0(AP)
B Ax? 2 2
(18.70)
and two different time grids
f,=ft,) S,=St) n=0,1... (18.71)
£tn 1) = £(t) + V(tur12) At (18.72)
Vo =V(th—12) n=0,1... (18.73)
2
c
V(tat1/2) = V(ta—1/2) + [EMf(t") + S(tn)] At. (18.74)
‘We obtain a leapfrog (Fig. 18.9) like algorithm (page 231)
)
Vot+l =Vp + |:—2an + Sn}At (18.75)
Ax
fo1 =1 + v At (18.76)

where the updated velocity (18.75) has to be inserted into (18.76). This can be com-
bined into the iteration

(f,,+1 ) (B Vi AT+ [ ME, + S, ] A7
Vn+1 v, + [AC—;Mf,, +S,]At

1+ 820 Ar) [ S, Ar?
— Ax n n
ol G 1 (V) + < N > . (18.77)

Ax2

Since the velocity appears explicitly we can easily add a velocity dependent
damping like

=y v(tn, Xm) (18.78)

which we approximate by

At
—yv(tn — 7,xm> (18.79)

under the assumption of weak damping

YAt < 1. (18.80)
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Fig. 18.9 Leapfrog method (n=1/2) At (n+1/2) At

Vn—1 Vn Vn+1

fq f f
(n-1)At  nAt (n+1) At

n n+1

To study the stability of this algorithm we consider the homogeneous problem
with fixed boundaries. With the Courant number o = <AL (18.77) becomes

Ax
1+a?M  At(1—yAt
(f"+1)= T (1=ran (f">. (18.81)
Vi+1 EM 1 —yAt Vn
Using the eigenvectors and eigenvalues of M (Sect. 9.3)
.o kAx
A= —4sin — (18.82)

we find the following equation for the eigenvalues o':

(1+e*r—o)u+At(1—yAt)v=0
5 (18.83)
a‘Au+ At(l1 —y At —o)v=0.

Solving the second equation for # and substituting into the first equation we have

At
—a2)

|:(1+azk—o) (l—yAt—o)—i—At(l—yAt)]:O (18.84)

hence

(1+a*r—0)(1 —yAt —0) —a*A(1 —y A =0
ol —o(2—yAt+a®))+(1—yA)=0

YAt o?a yAr  o2r\?
2L P2 LYY gy A,
7 > T3 > T (I=yAaD

(18.85)

Instabilities are possible if the square root is real and 0 < —1 (o > 1 is not possible).
This is the case for

At At a?a At
—l+yT%—a/1—yAt<1—yT+a—<~/1—)/At’«31—y7

2
(18.86)
a2
—24+yAt < EN <0. (18.87)

The right inequality is satisfied, hence it remains
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Fig. 18.10 (Standing waves in an organ pipe) At the closed (left) end the amplitude of the longi-
tudinal velocity is zero whereas the amplitudes of pressure and density changes are extremal. This
is reversed at the open (right) end

kA At
o2sin?(22) <1 - X2 (18.88)
2 2
This holds for all k-values if it holds for the maximum of the sine-function
At
o <1— yT (18.89)

This shows that inclusion of the damping term even favors instabilities.

18.7 Two-Variable Method

For the 1-dimensional wave equation (18.11) there exists another possibility to re-
duce the order of the time derivative by splitting it up into two first order equations
similar to (18.9), (18.10)

3 ]
Ef(t,x) = cag(t,x) (18.90)

a a

Several algorithms can be applied to solve these equations [162]. We discuss only
methods which are second order in space and time and are rather general methods
to solve partial differential equations. The boundary conditions need some sapccial
care. For closed boundaries with f(xo) = 0 obviously %(xo) = 0 whereas %(xo)
is finite. Hence a closed boundary for f(z,x) is connected with an open bound-
ary for g(z, x) with g—f(xo) = 0 and vice versa. This is well known from acoustics

(Fig. 18.10).

18.7.1 Leapfrog Scheme

We use symmetric differences (Sect. 3.2) for the first derivatives

fat G- f-3x) _ stx+5)-g—5H

(Ax?, Ar%)
At Ax
(18.92)
A A A A
g+ 5. x) =gt —5.,x) _ SO+ ) - fe—F) +0(Ax% AP)

At Ax
(18.93)
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Fig. 18.11 (Simulation with ‘ ‘ ‘ ‘
the leapfrog method) | 1000 steps |
A rectangular pulse is
simulated with the 1 o=1.0 o AvAvAvAvAvAvﬁv'\vﬂvA A M\ f\
two-variable leapfrog Vi VV
method. While for o = 1 the
pulse shape has not changed
after 1000 steps, for smaller
values the short wavelength
components are lost due to
dispersion

amplitude

_—

| L | L L |
-100 -50 0 50 100
time

to obtain the following scheme

8nt12: Xmt1/2) = 8(tn=1/2, Xm41/2) + & (f (tn, Xm+1)) — f (tns Xm—1)

(18.94)
F sty Xm) = f ns X)) + (8 (tng1/2: Xmy1/2) — 8(nt1/2, Xm—1/2)).-
(18.95)
Using different time grids for the two variables
f ftn, x1) g7 g(th—1/2,X1/2)
=1 : |= : &=1: |= :
fu Sftn, xm) gy 8(th—1/2, XM —1/2)
(18.96)

this translates into the algorithm (Fig. 18.11)

g =gmta(fn— fa) (18.97)
St =gt — ™)
= fatalgnn—an) + (o —2n+ fas). (1898)
To analyze the stability we insert

f _ ueanelkmAx g;ln — veaneikmAx (1899)

and obtain the equations
Gv=v+au(l —e *4) (18.100)
Gu =u+av(e®® — 1) + a?u(2coskAx —2) (18.101)

which in matrix form read

2 _ ikAx _
G(’f}):(”o‘(zcos_]fkﬁf) 2 at | D)(ﬁ) (18.102)

a(l—e
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The maximum amplification factor G is given by the largest eigenvalue, which is
one of the roots of

<1 — 402 sin2<kﬂ> - a> (1 —0) + 4> sin2<kﬂ> =0
2 2 (18.103)

(1 —o+a2k2)(1 —0) —a?2=0

2
a:1—2a25in2<]w%):t\/<l—2azsin2<]w%>> —1. (18.104)

The eigenvalues coincide with those of the two-step method (18.58).

18.7.2 Lax-Wendroff Scheme

The Lax-Wendroff scheme can be derived from the Taylor series expansion

f( x) 1,02 f(t,x)
ft+At,x)= f(t,x) + —2At +2A2T

a 1,x) A2 %f(t,x
g( )+ f(2 )+
0x 2 ot
ag(t’-x) 1 Zazg(tv-x)
ot

= f(t,x) +cAt - (18.105)

At + = At
+ 2 912

af (t,x) N c2A1? 3%g(t, x)
0x 2 912
It uses symmetric differences on regular grids (18.45), (18.46) to obtain the iteration

Tt T I =200

gt +At,x)=g(t,x)+

= g(t,x) +cAt . (18.106)

n _oh
Frl = g g opp Sl " Enml 202 (18.107)

2Ax 2Ax2
n n n n n
n+1 n m+1 Tmoi 27 28m1 T 81— 28m
Ar————"— At 18.108
Sm = 8m e 2Ax e 2Ax?2 ( )
i 1+%$M 4D "
( n+1) = .2 25 > (18.109)
g 5D 1+%5M)\8
with the tridiagonal matrix
0 1
-1 0 1
D= ) (18.110)
-1 0 1
-1 0

To analyze the stability we insert

fg _ ueanelkmAx g:ln — veaneikmAx (18111)
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Fig. 18.12 (Stability region 2
of the Lax-Wendroff method)
Instabilities appear for
|| > 1. In the opposite case 15k
short wavelength modes are '
damped
© 1
o =0.8
0.51 *
o’=05
\ ! |
% I 2 3
k Ax
Fig. 18.13 (Simulation with ; ; ; ; T ; T ‘
the Lax-Wendroff method) r 2000 steps
A rectangular pulse is N A
simulated with the 1 o=1.0 4 ARV \)(/ N
two-variable Lax-Wendroff ~0.95+
method. While fora =1 the g =0 1
pulse shape has not changed 2 a=0.8
after 2000 steps, for smaller = 0.5¢ ]
values the short wavelength §
components are lost due to L ]
dispersion and damping
)
V)
L L | L | L | L | L | J
-100 -50 0 50 100
time
and calculate the eigenvalues (compare with (18.102)) of
1 +a?(coskAx — 1) ia sinkAx
.. 2 (18.112)
i sink Ax 14+ a“(coskAx —1)
which are given by
o =1+a*(coskAx — l)i\/az(coszkAx— 1). (18.113)

The root is always imaginary and

o> =1+ (a4 - az)(coskAx —-12<1 +4(Ol4 — a2).

For o < 1 we find |o| < 1. The method is stable but there is wavelength dependent
damping (Figs. 18.12, 18.13).
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18.7.3 Crank-Nicolson Scheme

This method takes the average of the explicit and implicit Euler methods

f(t+m)=f(r)+5<8—g(r,x)+a—g(t+m,x))m (18.114)
2\ 0x 0x

c(of of
gt+A)=gt)+ | — (U, x)+ — @+ At,x) | At (18.115)
2\ dx ax
and uses symmetric differences on the regular grids (18.45), (18.46) to obtain
o
St = f 7 (8 — g+ a0y — ) (18.116)
o ¥
an ' =en+ g (i = faci+ i = 1nt) (18.117)

which reads in matrix notation

= . 18.118
(gn+l> (%D 1 &n + %D gn+1 ( )

This equation can be solved formally by collecting terms at time #,,4|

1 f, 1 2D\ (1
4 ) o 4 n 18.119
<—%D 1 )(gw) (%D 1 )<g> ( )

and multiplying with the inverse matrix from left

.
f,11 1 -5 1 3D f,

= . 18.120

(g”+1) <_% 1 %D 1 gn ( )

Now, if u is an eigenvector of D with purely imaginary eigenvalue A (Sect. 9.3)

1 %D u)_ [(dx%vu) o u
<%D K )(iu>_((%u§1)u>—(lizk>(iu> (18.121)

and furthermore

1 -<D u) [ (dF§Hu )\ a u
(Lo 37)(8) = (L8 E0) = (17 52) (&) s

But, since the eigenvalue of the inverse matrix is the reciprocal of the eigenvalue,
the eigenvalues of

-1
1 —2D 1 D
— 4 4
T_<_% 1 ) (%D 1 ) (18.123)
are given by
1+ 52
o= - (18.124)

Since A is imaginary, we find |o| = 1. The Crank-Nicolson method is stable and
does not show damping like the Lax-Wendroff method. However, there is consid-
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Fig. 18.14 (Simulation with 1.5F i ]
the iterated Crank-Nicolson 1000 steps
method) A rectangular pulse r v 1
is simulated with the
two-variable iterated
Crank-Nicolson method.
Only this method is stable for
values o > 1

amplitude

L ¥ L L L I
-100 -50 0 50 100

erable dispersion. Solution of the linear system (18.119) is complicated and can be
replaced by an iterative predictor-corrector method. Starting from the initial guess

Of, 1 2D\ (f

= 2 " 18.125
(‘O)grm) (%D 1 ><gn) ( )
we iterate

((O)fn+l/2> <(0)f >+1<f >_< 1 %D)(&)
g, 112 2\ Qg4 2 D 1 gn
((l)fn-i-l) :(fn> < % ) ((O)f +1/2> (18.126)
(l)gn—H &n gn+1/2
O
— + n+1 )
(5o %) (@) (s0 ¥7)(0gn
(vg72) =2 () =3 o)
(l)gn+1/2 2 2\ Vg
O¢
+ ”“/2) 18.127
( ) <% ) <(°)gn+1/2 ( )
((2)fn+l) — <fn> ( %D> <( )fn—H/Z)
@1 g )gns1)2
1 4D 2D\ ( Vf, 1
= 4 + 4 )( nt ) 18.128
(%D I )(g) (%D (g, ) (18128

In principle this iteration could be repeated more times, but as Teukolsky showed
[250], two iterations are optimal for hyperbolic equations like the advection or wave
equation. The region of stability is reduced (Figs. 18.14, 18.15) compared to the
implicit Crank-Nicolson method. The eigenvalues are

Og =1tiasinkax |Po|>1 (18.129)

JAIQ

2
Dy =1 +iasinkAx — “7 sinfkax | Vo> 1 (18.130)
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Fig. 18.15 (Simulation of a 1 T w T
triangular pulse) A triangular L ) 5000 steps |
pulse is simulated with o
different two-variable

methods (full curve: initial

I
%

conditions, dashed curve: o 0.6
leapfrog, dash-dotted: g
Lax-Wendroff, dotted: =
iterated Crank-Nicolson). E 0.4

This pulse contains less short
wavelength components than
the square pulse and shows
much less deformation even
after 5000 steps 0

o
o

2 o? 2 . . o3 sin’ kAx
a=1—751n kAx £1 afsmkAx——4
(18.131)
@ 2 otsin*kAx  afsin®kAx
|o|"=1- 1 + T <1 forla|<2.

18.8 Problems

Problem 18.1 (Waves on a damped string) In this computer experiment we simu-
late waves on a string with a moving boundary with the method from Sect. 18.6.

o Excite the left boundary with a continuous sine function and try to generate stand-
ing waves

Increase the velocity until instabilities appear

Compare reflection at open and fixed right boundary

Observe the dispersion of pulses with different shape and duration

The velocity can be changed by a factor n (refractive index) in the region x > 0.
Observe reflection at the boundary x =0

Problem 18.2 (Waves with the Fourier transform method) In this computer exper-
iment we use the method from Sect. 18.3 to simulate waves on a string with fixed
boundaries.

e Different initial excitations of the string can be selected.
e The dispersion can be switched off by using wy = ck instead of the proper eigen-
values (18.31).

Problem 18.3 (Two-variable methods) In this computer experiment we simulate
waves with periodic boundary conditions. Different initial values (rectangular, trian-
gular or Gaussian pulses of different widths) and methods (leapfrog, Lax-Wendroff,
iterated Crank-Nicolson) can be compared.



Chapter 19
Diffusion

Diffusion is one of the simplest non-equilibrium processes. It describes the transport
of heat [52, 95] and the time evolution of differences in substance concentrations
[82]. In this chapter, the one-dimensional diffusion equation

9 —D82 S(t 19.1
SR =D )+ S (19.1)

is semi-discretized with finite differences. The time integration is performed with
three different Euler methods. The explicit Euler method is conditionally stable only
for small Courant number o = % < 1/2, which makes very small time steps nec-
essary. The fully implicit method is unconditionally stable but its dispersion devi-
ates largely from the exact expression. The Crank-Nicolson method is also uncon-
ditionally stable. However, it is more accurate and its dispersion relation is closer
to the exact one. Extension to more than one dimension is easily possible, but the
numerical effort increases drastically as there is no formulation involving simple
tridiagonal matrices like in one dimension. The split operator approximation uses
the one-dimensional method independently for each dimension. It is very efficient
with almost no loss in accuracy. In a computer experiment the different schemes are

compared for diffusion in two dimensions.

19.1 Particle Flux and Concentration Changes

Let f(x,t) denote the concentration of a particle species and J the corresponding
flux of particles. Consider a small cube with volume /> (Fig. 19.1). The change
of the number of particles within this volume is given by the integral form of the
conservation law (11.10)

3/ de(r,t)+¢‘ J(r,t)dA=/ dv S(r,t) (19.2)
at Jy v 1%

where the source term S(r) accounts for creation or destruction of particles due to
for instance chemical reactions. In Cartesian coordinates we have
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Fig. 19.1 Flux through a h
volume element JAz+ 3)
Jﬁ A+ B
h
JX—F ) —
=z J (x+ g)
/ h
h
W-3)
Lz -2
xX+h/2 y+h/2 +h/2 5
f dx// dy// dz/< Fx . 20— S(x/,y/,z/,t)>
x—h/2 y—h/2 —h/2 ot

x+hj2 y+h/2 h h
/ / / / / /
+/ dx/ dy(Jz(x,y,z——)—]z<x,y,z+—))
x—h/2 y—h/2 2 2
x+h/2 z+h/2 h h
/ / / / /
+/ dx/ dz(Jy(x,y——,z>—fy(x,y+—, >>
x—h/2 z—h/2 2 2
z+h/2 y+h/2 h h
’ o ’o _
/ dz/ ( ( ——,y,z>—Jz(x+—,y,z))—0.
w—hp Jy-np 2 2 (19.3)

In the limit of small /4 this turns into the differential form of the conservation law
0Jy aJy aJ; > 0

A\l
~

+h—L4+n=
ox ay 0z

h3(%f(x, y,z,1) — S(x, y, 2, t)> +h2(h
(19.4)

or after division by 4>

%f(r, 1) =—divJ(r, 1)+ S(r, 1). (19.5)

Within the framework of linear response theory the flux is proportional to the gradi-
ent of f (Fig. 19.2),

J=—Dgrad f. (19.6)
Together we obtain the diffusion equation
of _ .
i div(D grad )+ S 19.7)

which in the special case of constant D simplifies to

2—{:DAf+S. (19.8)
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Fig. 19.2 Diffusion due to a Y PY

. . [ )
concentration gradient g ° [ ]
() ° L
[ J
® [ J °
o0 o -
° I °
o 0 o
[ ] [ ) ) PY °

19.2 Diffusion in One Dimension

‘We will use the finite differences method which works well if the diffusion constant
D is constant in time and space. We begin with diffusion in one dimension and
use regular grids t, = nAt, x, = mAx, f; = f(t,, x») and the discretized second
derivative

f  fHAD)+ flx—Ax) =2f(x)
ax2 Ax?
to obtain the semi-discrete diffusion equation

+0(Ax?) (19.9)

. D
f(t,xm) = A—xz(f(t, Xma1) + F(E Xmo1) = 2 (1, %)) + S(2, xp) (19.10)

or in matrix notation

; D
f(t) = — Mf() +S(@) (19.11)
Ax
with the tridiagonal matrix
-2 1
1 =21
M= . (19.12)
1 =21
1 -2

Boundary conditions can be taken into account by introducing extra boundary
points xq, xpr+1 (Fig. 19.3).

19.2.1 Explicit Euler (Forward Time Centered Space) Scheme

A simple Euler step (Sect. 12.3) makes the approximation

At
—5 (s fny = 28m) + Sp AL

Al 0 — oty xm) AL = D~
X
(19.13)

For homogeneous boundary conditions f = 0 this becomes in matrix form
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(a)

X
(b)
X
Xo X1 X XM-1 XM XMt
J=0 SV N\
Y v J=0
() : :
X
Xo X1 Xz Xm-1 XM XMt

Fig. 19.3 (Boundary conditions for 1-dimensional diffusion) Additional boundary points
X0, Xpm+1 are used to realize the boundary conditions. (a) Dirichlet boundary conditions: the func-

tion values at the boundary are given f (¢, xo) = & (¢), :Tzzf(xl) = ﬁ(f(xz) —2f(x1) +&(1))
2

or f(t,xmi1) = Emr1(), 2 fam) = £ (fGm—1) — 2f (em) + Emy1(©)). (b) Neumann

boundary conditions: the flux through the b(z)undary is given, hence the derivative % at the

boundary f(1,x0) = f(1,x2) + 255110, 5 f(x1) = 25 2f (x2) = 2 (x1) + 2571 (1)) or

2
Fxme1) = Fxm-1) = 25T @), 5 f o) = 52 QF Om—1) = 2f (em) — 255 T ().
(¢) No-flow boundary conditions: there is no flux through the boundary, hence the deriva-

tive g—)C = 0 at the boundary f(¢,x9) = f(¢,x2), %f(xl) = ﬁ(Zf(xz) — 2f(x1)) or
2
F@xm) = ft,xm-2), 2 fem) = £o2 Qf (ey—1) — 2 (xm))

nt f St At
c o l=al |+ : (19.14)
1"71 iy S, At

with the tridiagonal matrix

At At
1- ng Dmm

A= . . =14+aM
At At At
D3z 1—2%72 DA_szt
(19.15)

where « is the Courant number for diffusion
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At
a:DE. (19.16)

The eigenvalues of M are (compare (18.30))

kA 2 M
r=—dsin?( 22) withkar=—""0 = 2T (19.17)
2 M+1 M+1 M+1
and hence the eigenvalues of A are given by
kA
1+ak=1—4asinsz. (19.18)
The algorithm is stable if
[1+ar| <1 forall A (19.19)
which holds if
kA
—1<1—4asinsz<1. (19.20)

The maximum of the sine function is sin(%) ~ 1. Hence the right hand inequa-
tion is satisfied and from the left one we have

—1<1—4a. (19.21)
The algorithm is stable for
D A ! (19.22)
= —_——<< . .
* Ax? 2
The dispersion relation follows from inserting a plane wave ansatz
A kA
M =1 — 4 sin2<Tx>. (19.23)

For o > 1/4 the right hand side changes sign at

/1
ke Ax =2arcsin,/ —. (19.24)
da

The imaginary part of w has a singularity at k. and the real part has a finite value of
7 for k > k. (Fig. 19.4 on page 356). Deviations from the exact dispersion

w=ik? (19.25)

are large, except for very small k.

19.2.2 Implicit Euler (Backward Time Centered Space) Scheme

Next we use the backward difference
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Fig. 19.4 (Dispersion of the 10
explicit Euler method) The
dispersion of the explicit
method is shown for different
values of the Courant number
« and compared to the exact
dispersion (dashed curve).
The imaginary part of w
shows a singularity for

a > 1/4. Above the
singularity  is complex
valued

Im (w At) /o
D
T

fatt = S = F g xm) At
3’f
= D5 (i1, ) At + St xm) At

to obtain the implicit method
St —a(fitt+ it =20 = fo - s A
or in matrix notation
At 1 =8, +S,11At withA=1—-aM
which can be solved formally by
fo1=A"'f, +A7!S, 1AL
The eigenvalues of A are

kA
)\(A)=1+4asin2Tx>1

and the eigenvalues of A~!

1
1 + 4o sin? K52

AMA ) =r)" =

The implicit method is unconditionally stable since
A(ATY)| < 1.
The dispersion relation of the implicit scheme follows from

1

eia)At — )
14 4o sinz(kATx)

(19.26)

(19.27)

(19.28)

(19.29)

(19.30)

(19.31)

(19.32)

(19.33)

There is no singularity and w is purely imaginary. Still, deviations from the exact

expression are large (Fig. 19.5 on page 357).
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Fig. 19.5 (Dispersion of the
implicit Euler method) The
dispersion of the fully
implicit method is shown for
two different values of the
Courant number o and
compared to the exact
dispersion (dashed curve)

Im (0 At) /o

Formally a matrix inversion is necessary. Numerically it is much more efficient
to solve the tridiagonal system of equations (page 69).

(I —aM) f(tay1) = f(tn) + St 1) At

(19.34)

19.2.3 Crank-Nicolson Method

The Crank-Nicolson method [65] which is often used for diffusion problems, com-
bines implicit and explicit methods. It uses the Heun method (Sect. 12.5) for the

time integration

It =t = %(%(ml, Xm) + %(m, xm)> (19.35)
- %(g(w,xmwgm,xm)
(St )+ SCorr, v) 5 (19.36)
_ ﬁ(fn’iﬂ i =2 St I =2, ’Z+l>
T2 Ax2 Ax?
S+ S Ar (19.37)

2

This approximation is second order both in time and space and becomes in matrix

notation

o o Sy +Sut1
1— =M If =|14+=MIf — At
< ) ) n+1 ( + B ) n+ )

which can be solved by

(19.38)
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-1 —1
S, +S
fpi1 = (1—%1\4) (1+%M>fn+(l—%M> St St 5y

2
(19.39)

Again it is numerically much more efficient to solve the tridiagonal system of equa-
tions (19.38) than to calculate the inverse matrix.
The eigenvalues of this method are

A= i;’i withu=—4sin2k§ e [—4.0]. (19.40)
Since ot < 0 it follows
1+%u<1—%u (19.41)
and hence
A<l (19.42)
On the other hand we have
1>-1 (19.43)
1+%u>—1+%u (19.44)
A>—1. (19.45)

This shows that the Crank-Nicolson method is stable [251]. The dispersion follows
from

1 —2asin?(*5%)
1+ 2asin?(X5%)

For @ > 1/2 there is a sign change of the right hand side at

/1
k. Ax = 2arcsin,/ —. (19.47)
2a

The imaginary part of w has a singularity at k. and @ is complex valued for k > k.
(Fig. 19.6 on page 359).

elwAt —

(19.46)

19.2.4 Error Order Analysis

Taylor series gives for the exact solution
. A% A 33
Afexact = At f (1, x) + Tf(f,x) + ?mf(t,x) +--
= At[Df"(t,x) + S(t, x)]
Ar?

+ T[Df'”(z, )+ S0+ (19.48)
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Fig. 19.6 (Dispersion of the 10
Crank-Nicolson method) The
dispersion of the
Crank-Nicolson method is
shown for different values of
the Courant number o and
compared to the exact
dispersion (dashed curve).
The imaginary part of w
shows a singularity for

o > 1/2. Above the
singularity o is complex
valued. The exact dispersion
is approached quite closely
fora~1/2 0

Im (0 At) /o
D
T

whereas for the explicit method
Afexpl =aMf(t,x)+ S, x)At

= DA—(f(t X+ Ax) + f(t,x — Ax) =2 (t,x)) + S(t, x) At

Ax2
— At " 1
DF Ax? i@, X)“r—f ,x)+--- )+ S, x)At
DAtAx* ,, At? ..
:Afexact+Tf (t,x)_Tf(t,X)—’—"' (19.49)

and for the implicit method
Afimpr =aMf(t + At,x) + S(t + At, x)At

—DAAZ(f(t+At x4+ Ax)+ f(t+ At,x — Ax) = 2f (1 + At, x))

+ S(t + At, x)At

At
_DF(AX f//(t x)+ f/w(t x) +-- )

2

At 5 in 4
+ S, x)At + D— | Ax“f7(t,x) +
Ax?

l_;f'-/w(t’x) 4. )

+ 8(t, x) At?
AZAX " 1 27
= Afexacr + D———f""(t,x )+§At f,x)+---. (19.50)
The Crank-Nicolson method has higher accuracy in At:

Moar+ Mimt _ DY o SO0 g

Afon —
fen RTE
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19.2.5 Finite Element Discretization

In one dimension discretization with finite differences is very similar to dis-
cretization with finite elements, if Galerkin’s method is applied on a regular grid
(Chap. 11). The only difference is the non-diagonal form of the mass-matrix which
has to be applied to the time derivative [88]. Implementation of the discretization
scheme (11.170) is straightforward. The semi-discrete diffusion equation becomes

0

1 2 1
§<€f(t’x’"_l) + gf(l,xm) + gf(tvxm+l))

= Aixz(f(t,xmﬂ) + [t xm—1) =2 (t, X)) + St x)  (19.52)
or in matrix form
<l + lM)i‘(t) = iMf(t) +S(@). (19.53)
6 Ax?
This can be combined with the Crank-Nicolson scheme to obtain
(1 n lM) (it —£,) = <3an + 5an+1) + 28, + Sui)
6 2 2 2
(19.54)

1 « I « At
[1 + (8 - E)M}fm = [1 + (6 + 5>M]fn + 5 Gt Snp0).

(19.55)

or

19.3 Split-Operator Method for Multidimensions

The simplest discretization of the Laplace operator in 3 dimensions is given by

32 82 32
Af=\z5+55+:5 ) Xy,
/ (3x2+8y2+az2)f( % ¥2)
1
= Ax2(MX+My+MZ)f(t’xv )’71) (1956)
where

1 t, A s Vs t, —A , Y, _2 t, .Y,
—fo(t,x,y,z)zf( X+Ax,y,2)+ flt,x —Ax,y,2) = 2f(t,x,y,2)
Ax? Ax?

(19.57)

etc. denote the discretized second derivatives. Generalization of the Crank-Nicolson
method for the 3-dimensional problem gives
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o o o -1
f(tn+1)=<1——Mx——My——Mz> <1+2M +2M + = M)f(t)

2 2 2
(19.58)

But now the matrices representing the operators M, My, M, are not tridiagonal. To
keep the advantages of tridiagonal matrices we use the approximations

1+ 2+ 2+ S )~ 1+ S V(1 +Sm, ) (1+ 2
2Ty e )™ 2 2 2

(19.59)

o o o -~ o o o
L= oMy = oMy = oM )~ (1= oM ) (1= oMy ) (1= 2 M,

(19.60)

and rearrange the factors to obtain

[07 -1 o o -1 o
1) = (1 - EMX> (1 + EMX) (1 - EMy) (1 + EM,)

~1
x (1 _ %MZ> (1 +%m )f(tn) (19.61)

which represents successive application of the 1-dimensional scheme for the three
directions separately. The last step was possible since the operators M; and M for
different directions i # j commute. For instance

MM, f =M (f(x,y+Ax)+ f(x,y— Ax) —2f(x,))
=(f(x+Ax,y+Ay)+f(x—Ax,y—l—Ax)
—2f(x,y+Ax)+ f(x + Ax,y — Ax)
+ f(x—Ax,y— Ax) —2f(x,y — Ax)
—2f(x 4+ Ax,y) — 2 (x — Ax, ) +4£(x,))
=M,M,f. (19.62)

The Taylor series of (19.58) and (19.61) coincide up to second order with respect to
aM;:

o o o -1 o o o
1—5Mx—5My—§MZ 1+§Mx+§My+§Mz

2
=1+a(My+ M, +M)+ (M + My + M;)? + O(a ) (19.63)

o -1 o o -1 o
(1 _ EMX) (1 + EMX> <1 - EMy> (1 + EMy)
o -1 o
(g (1)
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a’M? Ol2M§ a’M? 3
=<1—|—aMx+ 5 x)(l—i—aMy—i—T)(l—l—aMz—i- 3 Z)—i—O(a )

Ot2

=L+ a(My+ My + Mo) + = (My + My + Mo)? + 0 (). (19.64)

Hence we have

DA

Ax? 2

DAt S S
+<1+TA+~~->%+"AI

A2, 5 ,
= fu+ At(DAfy + Sy) + T(D A*+ DAS, +S,)

(A2+"’)>fn

+ 0(AtAx?, AP) (19.65)

and the error order is conserved by the split operator method.

19.4 Problems
Problem 19.1 (Diffusion in 2 dimensions) In this computer experiment we solve
the diffusion equation on a two dimensional grid for

e an initial distribution f(r =0, x, y) = 8x 08y,0
e aconstant source f(r=0)=0, S(t,x,y) =6x,00y,0

Compare implicit, explicit and Crank-Nicolson method.



Chapter 20
Nonlinear Systems

Nonlinear problems [123, 145] are of interest to physicists, mathematicians and
also engineers. Nonlinear equations are difficult to solve and give rise to interesting
phenomena like indeterministic behavior, multistability or formation of patterns in
time and space. In the following we discuss recurrence relations like an iterated
function [135]

Xpt1 = f(xn) (20.1)

systems of ordinary differential equations like population dynamics models [178,
214, 245]

x@®)=f(x,y)
y@) =gx,y)

or partial differential equations like the reaction-diffusion equation [83, 112, 178]

(20.2)

2
%c(x, t) = D%c(x, 1)+ f(c) (20.3)
where f and g are nonlinear in the mathematical sense.! We discuss fixed points of
the logistic mapping and analyze their stability. A bifurcation diagram visualizes the
appearance of period doubling and chaotic behavior as a function of a control pa-
rameter. The Lyapunov exponent helps to distinguish stable fixed points and periods
from chaotic regions. For continuous-time models, the iterated function is replaced
by a system of differential equations. For stable equilibria all eigenvalues of the Ja-
cobian matrix must have a negative real part. We discuss the Lotka-Volterra model,
which is the simplest model of predator-prey interactions and the Holling-Tanner
model, which incorporates functional response. Finally we allow for spatial inho-
mogeneity and include diffusive terms to obtain reaction-diffusion systems, which
show the phenomena of traveling waves and pattern formation. Computer experi-
ments study orbits and bifurcation diagram of the logistic map, periodic oscillations

! Linear functions are additive f(x + y) = f(x) 4+ f(y) and homogeneous f(ax) =af(x).
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Fig. 20.1 (Orbit of an
iterated function) The
sequence of points

Oy Xig1), (i1, Xi41) 18
plotted together with the
curves y = f(x) (dashed)
and y = x (dotted)

.x""(xo’xo)

\J

of the Lotka-Volterra model, oscillations and limit cycles of the Holling-Tanner
model and finally pattern formation in the diffusive Lotka-Volterra model.

20.1 Iterated Functions

Starting from an initial value xo a function f is iterated repeatedly

x1 = f(x0)

x2 = f(x1)
(20.4)

Xit1 = f(x;).

The sequence of function values xg, x1 - - - is called the orbit of x¢. It can be visual-
ized in a 2-dimensional plot by connecting the points

(x0, x1) = (x1,x1) = (x1,x2) = (x2,X2) = - - = (X;, Xj41) = (Xit1, Xit1)

by straight lines (Fig. 20.1).

20.1.1 Fixed Points and Stability

If the equation
x* = f(x*) (20.5)

has solutions x*, then these are called fixed points. Consider a point in the vicinity
of a fixed point

x=x*4¢g (20.6)

and make a Taylor series expansion
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Fig. 20.2 (Attractive fixed Y
point) The orbit of an (X _X) o Y=X
attractive fixed point 0" 5
converges to the intersection S GEETT (X1 ’X1)
of the curves y = x and Te=e
y=f(x) (Xz’X2)~ — .
X, X)) T
L y=fx)
(%,,0) T x
* * ! * *
f)=f(x*+e0)=f(x*)+eof (x*)+---=x"+e1+---  (20.7)
with the notation
er =gof(x). (20.8)

Repeated iteration gives”

fPW=f(f@)=f(" +e)+-=x"+ef/(x) =x"+e
: (20.9)
f(n)(X*) =x"+eg,
with the sequence of deviations
gn = f/(x*)gn_l —_= ... = (f/(x*))ngo,
The orbit moves away from the fixed point for arbitrarily small &g if | f'(x*)| > 1
whereas the fixed point is attractive for | f/(x*)| < 1 (Fig. 20.2).

Higher order fixed points are defined by iterating f(x) several times. A fixed
point of order n simultaneously solves

(20.10)

The iterated function values cycle periodically (Fig. 20.3) through
= f(x) > f(z)(x*) . ~f("_l)(x*).

This period is attractive if

7 PN £ FDE) P <1,

2Here and in the following f @ denotes an iterated function, not a derivative.
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Fig. 20.3 (Periodic orbit) y A
The orbit of an attractive TYEX
fourth order fixed point cycles )
through the values
x1=f(x4), x2= f(x1),
x3= f(x2), x4 = f(x3)

S y=f(x)

y

20.1.2 The Lyapunov Exponent

Consider two neighboring orbits with initial values xo and x¢ + &g. After n iterations
the distance is

|F(F( F@0)) = F(F(- fxo+20))| = leole™” (20.11)

with the so called Lyapunov exponent [161] A which is useful to characterize the
orbit. The Lyapunov exponent can be determined from
I <|f<”><xo +e0) — f<"><xo>|)

A= lim —In
n=oo n ol

(20.12)

or numerically easier with the approximation
| f (x0 + €0) — £ (x0)| = leol | £/ (x0) |
| £ (fxo+20) — F(fx0)| = [(f(xo+80) — £ &x0)|| £/ (xo + €0)]
= |eol| f'x0) || £/ (x0 + €0) | (20.13)
| £ (xo +20) — £ (x0)| = leol| f/ o) || £/ x| -+ | f/ (xn1) | (20.14)

from
1 n—1
A= lim —Zln\f’(x,-)y. (20.15)
n—oon
i=0
For a stable fixed point
A—In|f'(x*)| <0 (20.16)

and for an attractive period

A= In|f/(x*) £(F(x) . (PP ()] <. (20.17)

Orbits with A < 0 are attractive fixed points or periods. If, on the other hand, A > 0,
the orbit is irregular and very sensitive to the initial conditions, hence is chaotic.
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Fig. 20.4 (Reproduction rate r(N)
of the logistic model) At low A
densities the growth rate has

its maximum value rg. At

larger densities the growth r
rate declines and reaches
r=0for N =K. The
parameter K is called
carrying capacity

20.1.3 The Logistic Map

A population of animals is observed yearly. The evolution of the population density
N is described in terms of the reproduction rate » by the recurrence relation

Nut1 =7 Ny (20.18)

where N,, is the population density in year number n. If r is constant, an exponential
increase or decrease of N results.

The simplest model for the growth of a population which takes into account that
the resources are limited is the logistic model by Verhulst [264]. He assumed that the
reproduction rate » depends on the population density N in a simple way (Fig. 20.4)

r:ro(l — ﬁ) (20.19)
K
The Verhulst model (20.19) leads to the iterated nonlinear function
Nott = roNy — %ON,f (20.20)

with ro > 0, K > 0. We denote the quotient of population density and carrying
capacity by the new variable
1

0= Ny (20.21)

and obtain an equation with only one parameter, the so called logistic mapping

1 1 N,
Xp4+1 = ?Nn+l = ErONn<1 — ?1) =70 xp - (1 —xp). (20.22)

20.1.4 Fixed Points of the Logistic Map

Consider an initial point in the interval
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0<xp<l. (20.23)

We want to find conditions on r to keep the orbit in this interval. The maximum
value of x,,4 is found from

dxn—H
dx;,

=r(l1—=2x,)=0 (20.24)

which gives x, = 1/2 and max(x,4+1) = r/4. If r > 4 then negative x,, appear after
some iterations and the orbit is not bound by a finite interval since

| %1 _

= |r|(1 + |xn|) > 1. (20.25)
|5 |
The fixed point equation
x* =rx* —rx*? (20.26)
always has the trivial solution
x*=0 (20.27)
and a further solution
N 1
xF=1—- (20.28)
r

which is only physically reasonable for r > 1, since x should be a positive quantity.
For the logistic mapping the derivative is

f'(x)y=r—2rx (20.29)

which for the first fixed point x* = 0 gives | f'(0)| = r. This fixed point is attractive
for 0 < r < 1 and becomes unstable for > 1. For the second fixed point we have
| f/(1— %)| = |2 — r|, which is smaller than one in the interval 1 <r <3.Forr <1
no such fixed point exists. Finally, for r; = 3 the first bifurcation appears and higher
order fixed points become stable.

Consider the fixed point of the double iteration

¥ =r(r (= x?) = 2 (= x?)?). (20.30)

All roots of this fourth order equation can be found since we already know two of
them. The remaining roots are

X, =2 . (20.31)
They are real valued if
r—1)2=4>0—>r>3 (orr<-—1). (20.32)

For r > 3 the orbit oscillates between x| and x3 until the next period doubling

appears for rp = 1 4 /6. With increasing r more and more bifurcations appear and
finally the orbits become chaotic (Fig. 20.5).
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Fig. 20.5 (Orbits of the logistic map) Left: For 0 < r < 1 the logistic map has the attractive fixed
point x* = 0. Middle: In the region 1 < r < 3 this fixed point becomes unstable and another stable

fixed point is at x* = 1 — 1/r. Right: For 3 < r < 1 + /6 the second order fixed point (20.31) is
stable. For larger values of » more and more bifurcations appear

Ljapunov exponent A

X

Fig. 20.6 (Bifurcation diagram of the logistic map) For different values of r the function is it-
erated 1100 times. The first 1000 iterations are dropped to allow the trajectory to approach stable
fixed points or periods. The iterated function values x1oo0 - - - X1100 are plotted in an r—x diagram
together with the estimate (20.15) of the Lyapunov exponent.

The first period doublings appear at r =3 and r = 1 + /6. For larger values chaotic behavior
is observed and the estimated Lyapunov exponent becomes positive. In some regions motion is
regular again with negative Lyapunov exponent

20.1.5 Bifurcation Diagram

The bifurcation diagram visualizes the appearance of period doubling and chaotic
behavior as a function of the control parameter r (Fig. 20.6).
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20.2 Population Dynamics

If time is treated as a continuous variable, the iterated function has to be replaced
by a differential equation

dN
ke f(N) (20.33)
or, more generally by a system of equations
M ANT--Ny)
AN | AN (2034)
de | ' '
N, Fa(Ny -+ Ny)

20.2.1 Equilibria and Stability

The role of the fixed points is now taken over by equilibria, which are solutions of

O—d—N— (Neg) (20.35)
_dt_f “ '

which means roots of f(N). Let us investigate small deviations from equilibrium
with the help of a Taylor series expansion. Inserting

N =Ny +§ (20.36)
we obtain
dé ,
0 =S Weg) + [ (Neg)§ + -+ (20.37)
but since f(N,4) =0, we have approximately
€ _p N, 20.38
T = (Ve (20.38)
with the solution
E(1) = &oexp{ f'(Neg)t}. (20.39)

The equilibrium is only stable if e f'(Ne,) < 0, since then small deviations
disappear exponentially. For e f'(N,,) > 0 deviations will increase, but the expo-
nential behavior holds only for not too large deviations and saturation may appear.
If the derivative f’(Ne,) has a nonzero imaginary part then oscillations will be su-
perimposed. For a system of equations the equilibrium is defined by

fiN{T - Ny 0

LN | 9 (20.40)

In(N{T-- Ny Ty 0
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Fig. 20.7 (Equilibria of the

logistic model) The dx
equilibrium x,, = 0 is at
unstable since an

infinitesimal deviation grows

exponentially in time. The

equilibrium x,, = 1 is stable

since initial deviations unstable

disappear exponentially stable

P4
/o 1\x

and if such an equilibrium exists, linearization gives

eq
N N, &1
N Ny &
. = ; + 1| . (20.41)
Ny N;q &n
9 dfi f1
51 IN| INy AN, 51
a8 B .. 32
4 §2 = W Ny 5,2 . (20.42)
dr | : Lo :
én Ofn O .. Bfu &n
Ny INy AN,

The equilibrium is stable if all eigenvalues A; of the derivative matrix have a negative
real part.

20.2.2 The Continuous Logistic Model

The continuous logistic model describes the evolution by the differential equation

dr (1—-x) (20.43)
— =rgX —X). B
ar
To find possible equilibria we have to solve
Xeg(l — xeg) =0 (20.44)

which has the two roots x., =0 and x., = 1 (Fig. 20.7).
The derivative f’ is

fx)= %(rox(l —x)) =ro(l —2x). (20.45)

Since f'(0) =rp > 0and f'(1) = —rg < 0 only the second equilibrium is stable.
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20.3 Lotka-Volterra Model

The model by Lotka [160] and Volterra [266] is the simplest model of predator-
prey interactions. It has two variables, the density of prey (H) and the density of
predators (P). The overall reproduction rate of each species is given by the difference
of the birth rate  and the mortality rate m

dN N

T (r—m)
which both may depend on the population densities. The Lotka-Volterra model as-
sumes that the prey mortality depends linearly on the predator density and the preda-
tor birth rate is proportional to the prey density

mg=aP rp=bH (20.46)

where a is the predation rate coefficient and b is the reproduction rate of preda-
tors per 1 prey eaten. Together we end up with a system of two coupled nonlinear
differential equations

dH
v =f(H,P)=ryH —aHP
dpP
a =g(H,P)=bHP —mpP
where ry is the intrinsic rate of prey population increase and m p the predator mor-
tality rate.

(20.47)

20.3.1 Stability Analysis

To find equilibria we have to solve the system of equations

H P)=ryH—-—aHP =0
fUH,Py=ra (20.48)
g(H,P)=bHP —mpP =0.

The first equation is solved by H.; =0 or by P,; = ry/a. The second equation is
solved by P,; =0 or by H,, = m p/b. Hence there are two equilibria, the trivial one

Peq = Heq =0 (20.49)
and a nontrivial one
rg mp
Peq = 7 Heq = 7 (2050)

Linearization around the zero equilibrium gives

dH dpP
—=rgH+--- —=—mpP+---. (20.51)
dt dr
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This equilibrium is unstable since a small prey population will increase exponen-
tially. Now expand around the nontrivial equilibrium:

P =Py, +E, H=Hy+n (20.52)
dn 8f af amp

dl 81‘1 +_‘§ (rH_aPeq)n_aHeq§=_ b 3 (20.53)
dé Bg bry

T=aant —s bPn+ (bHey —mp)s ==y (20.54)

or in matrix notation

d (n 0 =555 (m

— = . 20.55

w(8)=( ) .
The eigenvalues are purely imaginary

A=Zi/mpyrp =tiw (20.56)

and the corresponding eigenvectors are

iy/murp amp /b
< bry/a > ’ <1m> : (20.57)

The solution of the linearized equations is then given by

b [rp .
E(t) = &pcoswt —+— 770 sin wt
n(t) =nocoswt — — / &) sin wt

which describes an ellipse in the £—7 plane (Flg. 20.8). The nonlinear equations
(20.48) have a first integral

(20.58)

relnP(t)—aP(@)—bH({t)+mplnH(t)=C (20.59)

and therefore the motion in the H—P plane is on a closed curve around the equilib-
rium which approaches an ellipse for small amplitudes &, 7.

20.4 Functional Response

Holling [124, 125] studied predation of small mammals on pine sawflies. He sug-
gested a very popular model of functional response. Holling assumed that the preda-
tor spends its time on two kinds of activities, searching for prey and prey handling
(chasing, killing, eating, digesting). The total time equals the sum of time spent on
searching and time spent on handling

T = Tsearch + Thandling- (20.60)

Capturing prey is assumed to be a random process. A predator examines an area
« per time and captures all prey found there. After spending the time ey, the
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Fig. 20.8 (Lotka-Volterra model) The predator and prey population densities show periodic os-
cillations (right). In the H—P plane the system moves on a closed curve, which becomes an ellipse

for small deviations from equilibrium (left)

Fig. 20.9 Functional aHT
response of Holling’s model
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o HT

predator examined an area of o 7Tseqrcn and captured Hr = Ha Tyeqrcn prey. Hence
the predation rate is

H T, 1
Hr o search _ o . (20.61)
HT T L+ Thandting / Tsearch

The handling time is assumed to be proportional to the number of prey captured

a =

Thandling = Tp HaTsearch (20.62)

where T} is the handling time spent per one prey. The predation rate then is given
by
o
a=——-—--:
1+aHT,

At small densities handling time is unimportant and the predation rate is agp = «
whereas at high prey density handling limits the number of prey captured and the
predation rate approaches as, = ﬁ (Fig. 20.9).

(20.63)
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20.4.1 Holling-Tanner Model

We combine the logistic model with Holling’s model for the predation rate [124,

125, 249]
dH H
—=ryH|{1——)—aHP
dt Ky
u(i-2 Y __HP=f(H, P) (20.64)
=7r _ — _—_— = , .
" Ku) 1+aHT,
and assume that the carrying capacity of the predator is proportional to the density
of prey
dp P P
—=rpP|(l—— ) =rpP|1—— ) =g(H, P). 20.65
Pkl < KP) rp ( kH) g(H, P) ( )

Obviously there is a trivial equilibrium with P,; = H,, = 0. Linearization gives
il H+ i P+ (20.66)
- =7 . — =7 ce .
de " dr i

which shows that this equilibrium is unstable. There is another trivial equilibrium
with Py =0, H.y = K. Here we find:

dn _Ku+n\ o
d_r_rH(K“")(l KH> [TaKn T, " TmE
o
dt kK(Kg + 1) '
N\ _("H — T Ka ) (1
(D)= 5m =) () @009
= ra.rp. (20.70)

Let us now look for nontrivial equilibria. The nullclines (Fig. 20.10) are the curves
defined by %—I;I =0and % =0, hence by

rg H
P=—< ——)(1+ozHTh) (20.71)
o KH
P=kH. (20.72)
The H-nullcline is a parabola at
T, — K5 T+ K;")?
=X n p,= u = 0. (20.73)
20T K g 4aTyK

It intersects the H-axis at H = Ky and H = —1/a Ty, and the P-axisat P =rpy/c.
There is one intersection of the two nullclines at positive values of H and P which
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Fig. 20.10 Nullclines of the P
predator-prey model A

eq

-1/, K|\ H

corresponds to a nontrivial equilibrium. The equilibrium density H,, is the positive
root of

Fi=0

rHaThHezq + (g +akKy —rgyKpgaTy)Hyy —rg Ky =0. (20.74)
It is explicitly given by

rg+akKy —rgyKgaTy

Hey=—
e 2rgaTy
\/(rH +akKy —ruKgaTy)? + 4V%,aThKH
+ . (20.75)
2ryaTy
The prey density then follows from
Poy = Hogk. (20.76)
The matrix of derivatives has the elements
af aH,,
MHP = = ————7 77—
P l+alyH,y
of He, ak Heg «?Ho kT,
Mmyg = —5 =FH 1-2 — )
oH Ky 1+aTyH (1 +alyHey) (20.77)
ag
mpp=—=—r
PP= 50 P

dg
MPH = o = rpk

from which the eigenvalues are calculated as

myg + mpp (myn + mpp)?
= + \/ — (mpgmpp — mgpmpy). (20.78)

A=
2 4

Oscillations appear, if the squareroot is imaginary (Fig. 20.11).
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Fig. 20.11 (Holling-Tanner model) Top: evolution from an unstable equilibrium to a limit cycle,
middle: a stable equilibrium is approached with oscillations, botfom: stable equilibrium without
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20.5 Reaction-Diffusion Systems

So far we considered spatially homogeneous systems where the density of a popula-
tion or the concentration of a chemical agent depend only on time. If we add spatial
inhomogeneity and diffusive motion, new and interesting phenomena like pattern
formation or traveling excitations can be observed.

20.5.1 General Properties of Reaction-Diffusion Systems

Reaction-diffusion systems are described by a diffusion equation’® where the source
term depends nonlinearly on the concentrations

c D Cl Fi({c})
=)= Al |+ : - (20.79)
cN Dy cN Fy({ch)

20.5.2 Chemical Reactions

Consider a number of chemical reactions which are described by stoichiometric
equations

> A =0. (20.80)
i
The concentration of agent A; is
ci =¢Cj0+tvx (20.81)
with the reaction variable
x= 8760 (20.82)
v;
and the reaction rate
dx 1 dc¢;
r=—=—— (20.83)
de v dr

which, in general is a nonlinear function of all concentrations. The total concentra-
tion change due to diffusion and reactions is given by

3
—cx = DpAck + Z wjrj = DiAck + Fe({ci}). (20.84)
at -

3We consider only the case, that different species diffuse independently and that the diffusion
constants do not depend on direction.
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20.5.3 Diffusive Population Dynamics

Combination of population dynamics (20.2) and diffusive motion gives a similar set
of coupled equations for the population densities

9
o N =DiANe+ fi (N1, Na. . Ny). (20.85)

20.5.4 Stability Analysis

Since a solution of the nonlinear equations is not generally possible we discuss small
deviations from an equilibrium solution N, ,fq 4 with

9
o Nie= AN =0. (20.86)

Obviously the equilibrium obeys
Sk(N1---Np)=0 k=1,2---n. (20.87)
We linearize the equations by setting
Ne =N +& (20.88)

and expand around the equilibrium

&1 Ag
D
9| & ! A&
arl ] D :
En N7\ ag,
ah dh .. N
aN, 9N, aN, £
LT T A I P
o A Wl T+ (20.89)
o of . 0 | \&
aNy INy IN,

Plane waves are solutions of the linearized problem.’ Using the ansatz

£j =& oel @K (20.90)

we obtain

4We assume tacitly that such a solution exists.

3Strictly this is true only for an infinite or periodic system.
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&1 &1 &1

& , | & &

il . |= —k“D : + M : (20.91)
&n &n &n

where M, denotes the matrix of derivatives and D the matrix of diffusion constants.
For a stable plane wave solution A = iw is an eigenvalue of

My = Mo —k*D (20.92)
with
N(r) <O0. (20.93)

If there are purely imaginary eigenvalues for some k they correspond to stable solu-
tions which are spatially inhomogeneous and lead to formation of certain patterns.
Interestingly, diffusion can lead to instabilities even for a system which is stable in
the absence of diffusion [258].

20.5.5 Lotka-Volterra Model with Diffusion

As a simple example we consider again the Lotka-Volterra model. Adding diffusive
terms we obtain the equations

o (H\ _(ruH—aHP Dy H
§<P>_<bHP—mPP)+< DP)A<P>' (20.94)

There are two equilibria

Hyy= P,y =0 (20.95)
and
rH mp
Poy = — Hey = - (20.96)

The Jacobian matrix is

0 rg —aPb, —aH
My=—F(Cy) = q e 20.97

0=3=F(Co) ( bPa  bHe—mp ( )

which gives for the trivial equilibrium

rg — DHk2 0
M = . 20.

k ( 0 —mp—Dpk2> ( 098)
One eigenvalue Ay = —mp — D pk?is negative whereas the second A =ry — D k2

is positive for k> < g /Dy . Hence this equilibrium is unstable against fluctuations
with long wavelengths. For the second equilibrium we find:
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t=814

Fig. 20.12 (Lotka-Volterra model with diffusion) The time evolution is calculated for initial ran-
dom fluctuations. Colors indicate the deviation of the predator concentration P(x, y,t) from its
average value (blue: AP < —0.1, green: —0.1 < AP < —0.01, black: —0.01 < AP < 0.01, yel-

low: 0.01 < AP <0.1, red: AP > 0.1). Parameters as in Fig. 20.13

Fig. 20.13 (Dispersion of the 1
diffusive Lotka-Volterra

model) Real (full curve) and
imaginary part (broken line) 0

of the eigenvalue A (20.100) | TS~ ______

are shown as a function of k.
Parameters are

Dy=Dp=1, < |
mP:rH:a:bZO.S _2, 1
3 N
L | L | L |
0 05 I 15 2
k
—DHk2 _amp
Mo — b 20.99
= (T Dol 209
tr(My) = —(Dy + Dp)k?
det(Myg) = mpry + Dy Dpk* (20.100)

Dy +Dp

1
A= P2 5\/(DH — Dp)2k* — dmpry.

2

For small k with k> < 2. /mpry/|Dy — Dp| damped oscillations are expected
whereas the system is stable against fluctuations with larger k& (Figs. 20.12, 20.13,

20.14).
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Fig. 20.14 (Traveling waves P(x,y,t) H(x,y,1)
in the diffusive A y A
Lotka-Volterra model)
Initially P(x, y) = Peq and
H(x,y) is peaked in the
center. This leads to A .
oscillations and a sharp
wavefront moving away from t=8
the excitation. Color code and
parameters as in Fig. 20.12 X X

t=20

20.6 Problems

Problem 20.1 (Orbits of the iterated logistic map) This computer example draws
orbits (Fig. 20.5) of the logistic map

X1 =10 Xp - (1 — xp). (20.101)

You can select the initial value xy and the variable r.

Problem 20.2 (Bifurcation diagram of the logistic map) This computer example
generates a bifurcation diagram of the logistic map (Fig. 20.6). You can select the
range of r.

Problem 20.3 (Lotka-Volterra model) Equations (20.47) are solved with the im-
proved Euler method (Fig. 20.8). The predictor step uses an explicit Euler step to
calculate the values at t + Az/2

At At
Hp,(t + 7) =H®) + (ruH() — aH(t)P(t))7 (20.102)
Ppr<z + %) =P@)+ (bH®P (1) — mpP(t))% (20.103)

and the corrector step advances time by Af¢
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At At At
Hit+At)=H()+ VHHpr l+7 —Calr [+7 Ppr l+7 At

(20.104)

At At At
P(t+AN=P@)+ prr t+7 Ppr l+7 —m,,P,,, l+7 At.

(20.105)

Problem 20.4 (Holling-Tanner model) The equations of the Holling-Tanner model
(20.64), (20.65) are solved with the improved Euler method (see Fig. 20.11). The
predictor step uses an explicit Euler step to calculate the values at ¢ + Az /2:

At
5 (20.106)

Hp,(t + %) =H(@®)+ f(H®), P(1))

At
5 (20.107)

At
Ppr<t + 7) = P(t) +g(H(t)’ P(t))

and the corrector step advances time by At:

At At
H(t+At)=H(@) + f<H,,r<t + 7), Ppr<t + 7>>At (20.108)

At At
P(t+ At)=P(1) +g<Hpr<t + 7) Pp,<t + 7))At. (20.109)

Problem 20.5 (Diffusive Lotka-Volterra model) The Lotka-Volterra model with
diffusion (20.94) is solved in 2 dimensions with an implicit method (19.2.2) for
the diffusive motion (Figs. 20.12, 20.14). The split operator approximation (19.3) is
used to treat diffusion in x and y direction independently. The equations

Hit+An\ _(A'H@) N ATV F(H®@), P(t) At
Pt+An ) AP A7lg(H®), P(1)) At
~ (A?A;‘[Hm +fH @), P(t))Ar])

ATATP@) + g(H ), Paenan ) GO0

are equivalent to the following systems of linear equations with tridiagonal matrix
(5.3):

A U=H0+ f(H@), P(1))At (20.111)
U=AH(t+ At) (20.112)
AV =P(t)+g(H(1), P(t))At (20.113)
V=AP(t+ At). (20.114)

Periodic boundary conditions are implemented with the method described in
Sect. 5.4.



Chapter 21
Simple Quantum Systems

In this chapter we study simple quantum systems. A particle in a one-dimensional
potential V (x) is described by a wave packet which is a solution of the partial dif-
ferential equation [232]

2 42
2m 9x?2
We discuss two approaches to discretize the second derivative. Finite differences
are simple to use but their dispersion deviates largely from the exact relation, except
high order differences are used. Pseudo-spectral methods evaluate the kinetic energy
part in Fourier space and are much more accurate. The time evolution operator can
be approximated by rational expressions like Cauchy’s form which corresponds to
the Crank-Nicholson method. These schemes are unitary but involve time consum-
ing matrix inversions. Multistep differencing schemes have comparable accuracy
but are explicit methods. Best known is second order differencing. Split operator
methods approximate the time evolution operator by a product. In combination with
finite differences for the kinetic energy this leads to the method of real-space prod-
uct formula which can applied to wavefunctions with more than one component, for
instance to study transitions between states. In a computer experiment we simulate
a one-dimensional wave packet in a potential with one or two minima.
Few-state systems are described with a small set of basis states. Especially the
quantum mechanical two-level system is often used as a simple model for the tran-
sition between an initial and a final state due to an external perturbation.'Its wave-

function has two components
_ (&
|¢>—(C2> (21.2)

which satisfy two coupled ordinary differential equations for the amplitudes Cj » of
the two states

0
ihoo ¥ () = Hy (1) = V) + V) (). @11

IFor instance collisions or the electromagnetic radiation field.
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ind (C1>=(H“ H12> <C1>. (21.3)
dr \ C2 Hy Hp )\ C

In several computer experiments we study a two-state system in an oscillating
field, a three-state system as a model for superexchange, the Landau-Zener model
for curve-crossing and the ladder model for exponential decay. The density matrix
formalism is used to describe a dissipative two-state system in analogy to the Bloch
equations for nuclear magnetic resonance. In computer experiments we study the
resonance line and the effects of saturation and power broadening. Finally we simu-
late the generation of a coherent superposition state or a spin flip by applying pulses

of suitable duration. This is also discussed in connection with the manipulation of a
qubit represented by a single spin.

21.1 Pure and Mixed Quantum States

Whereas pure states of a quantum system are described by a wavefunction, mixed
states are described by a density matrix. Mixed states appear if the exact quantum
state is unknown, for instance for a statistical ensemble of quantum states, a system
with uncertain preparation history, or if the system is entangled with another system.
A mixed state is different from a superposition state. For instance, the superposition

[¥) = Colvo) + Cil¥1) (21.4)

of the two states |1g) and |1/1) is a pure state, which can be described by the density
operator

[ ) (| = |Col?1¥o) (Yol + IC1121¥1) (1]
+ CoC1W0) (1| + CECr ) (Yol (21.5)

whereas the density operator

p = polyo) (Yol + p1lY1) (V1] (21.6)

describes the mixed state of a system which is in the pure state |yo) with probability
po and in the state |y/1) with probability p; = 1 — po. The expectation value of an
operator A is in the first case

(A) = (Y] AlY) = |Col* (ol Alvo) + C1 > (Y1 Aly)
+ CoCT (Y1 |AlYo) + CCi{vol Aln) 217

and in the second case

(A) = po(YolAlYo) + p1{¥1|Alyn). (21.8)

Both can be written in the form

(A) =tr(pA). (21.9)
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21.1.1 Wavefunctions

The time evolution of a quantum system is governed by the time dependent
Schrodinger equation [230]

a
ihalw =Hly) (21.10)

for the wavefunction . The brackets indicate that |y) is a vector in an abstract
Hilbert space [122]. Vectors can be added

V) = Y1) + [¥2) = V1 + 92) (2L1D)
and can be multiplied with a complex number
V) =AlYn) = |Ayn). (21.12)
Finally a complex valued scalar product of two vectors is defined”
C={nly2) (21.13)
which has the properties
(Y1 1¥2) = (Yal¥1)* (21.14)
(W1192) = A (W1 v2) = (A 91 |2) (2L.15)
(Ul +v2) = Wlvn) + (V1Y) (21.16)
(U1 +¥2lv) = Wilv) + (Valy). 2L17)

21.1.2 Density Matrix for an Ensemble of Systems

Consider a thermal ensemble of systems. Their wave functions are expanded with
respect to basis functions |15) as

W)= Csl). (21.18)
The ensemble average of an operator A ;s given by
W=W=<Z C;*wsAC‘«ws) (21.19)
55
=Y CiCyAsy =tr(pA) (21.20)
s

2If, for instance the wavefunction depends on the coordinates of N particles, the scalar product is
defined by (W) = [ d3r1 - d3rn i (ry - rn) Y (1 - 1),
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with the density matrix

pys =y CiCy. (21.21)
5,5
The wave function of an N-state system is a linear combination
V) =Cily1) + ColY2) + -+ Cnl¥N). (21.22)
The diagonal elements of the density matrix are the occupation probabilities
pn=IC11>  pn=|Cof?--- pnN =ICn|? (21.23)

and the nondiagonal elements measure the correlation of two states’

,0]2=,0§1=C>2‘<C1, (21.24)

21.1.3 Time Evolution of the Density Matrix

The expansion coefficients of

W) =" Cslvs) (21.25)
can be obtained from the scalar product S
Cs = (Ysl¥). (21.26)
Hence we have
CiCy = (WY)W ¥) = (W V) (W15 (21.27)

which can be considered to be the s’, s matrix element of the projection operator

1) (]

CiCy=(lv)(Wl),,- (21.28)
The thermal average of |y) (| is the statistical operator
p =)yl (21.29)
which is represented by the density matrix with respect to the basis functions )
ps's = W) (Ylyy =CECy. (21.30)

From the Schrédinger equation

ihly) = H|y) (21.31)

we find

3They are often called the “coherence” of the two states.
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Fig. 21.1 Potential well

—ih(y| = (Hy|=(V|H (21.32)

and hence

ihp = ih(1) (W] + W) (1) = THY) (Y] = 1) (H Y. (21.33)

Since the Hamiltonian H is identical for all members of the ensemble we end up
with the Liouville-von Neumann equation

ihp=Hp— pH =[H, pl. (21.34)

With respect to a finite basis this becomes explicitly:

ihpii = ZHiiji —pijHji = ZHiiji —pijHji (21.35)
J J#
ihpix =) _ Hijpjk — pijHjk
J
= (Hi; — Hik) pix + Hix(ork — pii) + Z (Hijpjk — pijHji).
JFik
(21.36)

21.2 Wave Packet Motion in One Dimension

A quantum mechanical particle with mass m, in a one-dimensional potential V (x)
is described by a complex valued wavefunction ¥ (x) (Fig. 21.1). We assume that the
wavefunction is negligible outside an interval [a, b]. This is the case for a particle
bound in a potential well i.e. a deep enough minimum of the potential or for a
wave-packet with finite width far from the boundaries. Then the calculation can be
restricted to the finite interval [a, b] by applying the boundary condition

Y(x)=0 forx<aorx>b (21.37)

or, if reflections at the boundary should be suppressed, transparent boundary condi-
tions [9].
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All observables (quantities which can be measured) of the particle are expecta-
tion values with respect to the wavefunction, for instance its average position is

b
(x) =(¢(X)XW(X))=/ dx Y (0)x i (x). (21.38)
a
The probability of finding the particle at the position xy is given by
P(x = x0) = | (xo)|”- (21.39)
For time independent potential V (x) the Schrédinger equation
. R 92
i =Hy = <———2+v<x)>w (21.40)
2mp 0x
can be formally solved by
i(t —to)
V() =U(t, 10)y(10) = expy — H 4 (10). (21.41)

If the potential is time dependent, the more general formal solution is

st
V@) =U, ) (1) =T, exp{—%/ H(r)dr}wo)
0]

(e8] _\" t t t R
:Zl‘(—j /dn/ dtz.../ dty T{H @) H(1) ... H(ty))
—n! h f 0 to

(21.42)

where 7; denotes the time ordering operator. The simplest approach is to divide the
time interval 0. .. ¢ into a sequence of smaller steps

U(t,tg) =U(t, tny—1)...U(tr, t1)U(11, tp) (21.43)

and to neglect the variation of the Hamiltonian during the small interval At =t,41 —
1, [158]

iAt
U(tn+1,tn)=exP{—?H(tn)}. (21.44)

21.2.1 Discretization of the Kinetic Energy

The kinetic energy

h2 2
Tl/f(x)=—%ﬁ1/f(x) (21.45)

is a nonlocal operator in real space. It is most efficiently evaluated in Fourier space
where it becomes diagonal

hZ 2
FITy k) = z—f[lﬁ](k)- (21.46)

mp
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21.2.1.1 Pseudo-spectral Methods

The potential energy is diagonal in real space. Therefore, pseudo-spectral
(Sect. 11.5.1) methods [93] use a Fast Fourier Transform algorithm (Sect. 7.3.2)
to switch between real space and Fourier space. They calculate the action of the
Hamiltonian on the wavefunction according to

h2k?
2—f[¢](k)]. (21.47)
mp

Hy (x) = V(x)w<x>+f—1[

21.2.1.2 Finite Difference Methods
In real space, the kinetic energy operator can be approximated by finite differences
on a grid, like the simple 3-point expression (3.31)

B B2 Y Y =20 n
2m,, Ax?

0(Ax?) (21.48)

or higher order expressions (3.33)

hz __a +16 n _30 n+16 n _ n
- w2 1OV = OV + 1OV = Vs 0(Ax*) (21.49)
2m, 12Ax2
A P
“om, A <9—0Wm+3 ~5pYmt2 T 5Vmer — g ¥m
3 3 1
+51/f,’,1,1 - %w;;,z + %w,’fm) + 0(Ax%) (21.50)

etc. [94]. However, finite differences inherently lead to deviations of the dispersion
relation from (21.46). Inserting v, = elkmAY we find

R 2(1 — cos(kAx))

E(k) = 21.51
R T v 21.51)
for the 3-point expression (21.48),
h? 15— 16cos(kA 2kA
E() = cos(kAx) + cos( X) (21.52)
2m,, 6Ax2

for the 5-point expression (21.49) and
o1

49 3 1
%E (E —3cos(kAx) + 10 cos(2kAx) — 5 cos(3kAx)) (21.53)

for the 7-point expression (21.50). Even the 7-point expression shows large devi-
ations for k-values approaching kmax = w/Ax (Fig. 21.2). However, it has been
shown that not very high orders are necessary to achieve the numerical accuracy of
the pseudo-spectral Fourier method [113] and that finite difference methods may be
even more efficient in certain applications [114].
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Fig. 21.2 (Dispersion of 10 . . . :
finite difference expressions) | /|
The dispersion relation of ,’/
finite difference expressions 81 A
of increasing order ((21.48), | il

(21.49), (21.50) and the
symmetric 9-point
approximation [94]) are
compared to the exact
dispersion (21.46) of a free
particle (dashed curve)

21.2.2 Time Evolution

A number of methods have been proposed [7, 51, 158, 278] to approximate the short
time propagator (21.44). Unitarity is a desirable property since it guaranties stability
and norm conservation even for large time steps. However, depending on the appli-
cation, small deviations from unitarity may be acceptable in return for higher effi-
ciency. The Crank-Nicolson (CN) method [104, 172, 173] is one of the first methods
which have been applied to the time dependent Schrodinger equation. It is a unitary
but implicit method and needs the inversion of a matrix which can become cumber-
some in two or more dimensions or if high precision is required. Multistep methods
[131, 132], especially second order [10] differencing (SOD) are explicit but only
conditionally stable and put limits to the time interval A¢. Split operator methods
(SPO) approximate the propagator by a unitary product of operators [14, 67, 68].
They are explicit and easy to implement. The real-space split-operator method has
been applied to more complex problems like a molecule in a laser field [61]. Poly-
nomial approximations, especially the Chebishev expansion [53, 248], have very
high accuracy and allow for large time steps, if the Hamiltonian is time independent.
However, they do not provide intermediate results and need many applications of the
Hamiltonian. The short time iterative Lanczos (SIL) method [57, 153, 197] is very
useful also for time dependent Hamiltonians. Even more sophisticated methods us-
ing finite elements and the discrete variable representation are presented for instance
in [4, 226]. In the following we discuss three methods (CN, SOD, SPO) which are
easy to implement and well suited to solve the time dependent Schrodinger equation
for a mass point moving in a one-dimensional potential.

21.2.2.1 Rational Approximation

Taking the first terms of the Taylor expansion
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1At iAt
U(tyt1,ty) =exp _FH :1—7H+-~- (21.54)
corresponds to a simple explicit Euler step
1At
V(tat1) = (1 - 7H>W(tn)~ (21.55)

From the real eigenvalues E of the Hamiltonian we find the eigenvalues of the ex-
plicit method

A=1—-—F (21.56)

which all have absolute values

At2E?
Al =,/1+T > 1. (21.57)

Hence the explicit method is not stable.
Expansion of the inverse time evolution operator
1 1At iAt
U(ty, ths1) =Utny1, 1)~ =exp +TH =1+ ?H + -

leads to the implicit method

iAt
Y (tat1) =¥ (tn) — FHlﬂ(th) (21.58)
which can be rearranged as
inr \7!
V(tny1) = (1 + 711) Y (tn). (21.59)

Now all eigenvalues have absolute values < 1. This method is stable but the norm
of the wave function is not conserved. Combination of implicit and explicit method
gives a method [172, 173] similar to the Crank-Nicolson method for the diffusion
equation (Sect. 19.2.3)

1At (th+1) (th)
Ptns) — () = — oty (L) Y)Y (21.60)
h 2 2
This equation can be solved for the new value of the wavefunction
(ta+1) 1+'AtH B 1 'AtH (tn) (21.61)
= 1— —1— .
Vi1 2h AR

which corresponds to a rational approximation* of the time evolution operator (Cay-
ley’s form)

4The Padé approximation (Sect. 2.4.1) of order [1, 1].



394 21 Simple Quantum Systems

U( Yo i (21.62)
Intl, y) & ——+—. .
T YAy
The eigenvalues of (21.62) all have an absolute value of
2A12
[A| 1+i Eary™ 1 (EA! 1+ EM?J 1 (21.63)
= 1 —1 = = 1. .
2h 2h

It is obviously a unitary operator and conserves the norm of the wavefunction since
(1 —i%H)*C —i%H) _ (1 +i%H>(1 —i%H) _1 o1en
1+i%tH) \1+i5tH 1—igtH)\1+i5tH ‘
as H is Hermitian H' = H and (1 + i% H) and (1 — i% H) are commuting opera-
tors. From the Taylor series we find the error order

At ! At

1+1i—H 1-1i—H

2h 2h
At A2, At
=(1-i—H——H"+--- 1-1i—H
2h 4h2 2h

i At
o= exp<_’?H> +0(AP). (21.65)

For practical application we rewrite [149]

1+'AtH B 1 'AtH 1+'AtH B 1 'AtH—i-Z
i— —i— = i— —1—i—
2h 2h 2h 2h

142 1—|—'AIH - (21.66)
=— i— .
2h

hence

A -1
Y (tat1) = 2(1 +12—£H> V(tn) — Y (tn) =25 — Y (tn). (21.67)

¥ (t,41) is obtained in two steps. First we have to solve

(1 'AIH =yt 21.68
+1% )X—I/f(n)- (21.68)
Then ¥ (t,+1) is given by

Y (tnt1) =2x — Y (tn). (21.69)

We use the finite difference method (Sect. 11.2) on the grid
Xp=mAx m=0---M v, =y, Xm) (21.70)

and approximate the second derivative by
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92 Vs T ¥ =2
W‘//(tnaxm) = sz

Equation (21.68) then becomes a system of linear equations

“ 4+ 0(Aax?). (21.71)

X0 Vo
x1 Yy
Al . | = . (21.72)
XM Vi
with a tridiagonal matrix
2 -1 Vo
. hAt -1 2 - At Vi
A=l-i—— +i—
4mp Ax o1 2h .
-1 2 Vu
(21.73)
The second step (21.69) becomes
8 X0 vy
yt! X1 vy
. =21 . |—=| . | (21.74)
yt! XM Vi
Inserting a plane wave
Y = elkr—en (21.75)
we obtain the dispersion relation (Fig. 21.3)
2 hof 2 . kAx)?
—tan(wAt/2) = —— | — sin —— (21.76)
At 2mp \ Ax 2
which we rewrite as
20 L kAx T
wAt = 2 arctan —5 sin® — 21.77)
b4 T 2
with the dimensionless parameter
T2hAt
(21.78)

="\
2m, Ax?

For time independent potentials the accuracy of this method can be improved
systematically [261] by using higher order finite differences for the spatial derivative
(Sect. 21.2.1.2) and a higher order Padé approximation (Sect. 2.4.1) of order [M, M]
for the exponential function
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0.8

WAt/o

04

0.2

kAx/mt

Fig. 21.3 (Dispersion of the Crank-Nicolson method) The dispersion relation of the Crank-Ni-
colson method (21.95) deviates largely from the exact dispersion (21.98), even for small values
of the stability parameter «. The scaled frequency wAf/« is shown as a function of kAx/x
for « =0.1,1,2,5, 10 (solid curves) and compared with the exact relation of a free particle
wAtja = (kAx/fr)2 (dashed curve)

ﬁ 1 —z/z™ ( 2M+])
et = — 4+ 0(z (21.79)
el YV

to approximate the time evolution operator

iAt M1 — acH/R M 2M+1
T +0((At . (2180
exp( h ) sl:[]lJr(iAtH/h)/z.f(M) AR

However, the matrix inversion can become very time consuming in two or more
dimensions.

21.2.2.2 Second Order Differencing

Explicit methods avoid the matrix inversion. The method of second order differenc-
ing [10] takes the difference of forward and backward step

Y (tn—1) = U (tn—1, 1) ¥ (tn) (21.81)
Y (tnt1) = Utpt1, )Y (1) (21.82)

to obtain the explicit two-step algorithm

V(tnt1) =Y (tn-1) + [U(thrl s In) — U_l(tnv tnfl)]l/f(tn)' (21.83)

The first terms of the Taylor series give the approximation

iA
Y (tng1) = ¥ (tp—1) _Z%Hl/f(tn)‘f‘ o((ar)’) (21.84)
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which can also be obtained from the second order approximation of the time deriva-
tive [150]

Yt + At) — ¥t — At)

d
Hy =ih—y = 21.85
v=thgv 2A1 (21.85)
This two-step algorithm can be formulated as a discrete mapping
_niAt
(wt,m)) :( 25 H 1) < v (i) ) (21.86)
110(1‘11) 1 0 1uﬁ(l‘n—l)
with eigenvalues
iEgAt EZAt?
A=— +,/1-= . 21.87
h h2 ( )
For sufficiently small time step [158]
h
At < ——— (21.88)
max |E;|
the square root is real,
E2ZAf? E2Af?
A2 = Ahz + (1 — *hz ) =1 (21.89)

and the method is conditionally stable and has the same error order as the Crank-
Nicolson method (Sect. 21.2.2.1). Its big advantage is that it is an explicit method
and does not involve matrix inversions. Generalization to higher order multistep dif-
ferencing schemes is straightforward [131]. The method conserves [150] the quan-
tities (Y (¢ + At) | (¢)) and R(Y (t + At)|H|¥ (¢)) but is not strictly unitary [10].
Consider a pair of wavefunctions at times o and #; which obey the exact time evo-
lution

1At
V(1) =eXp{—?H}w(to) (21.90)

and apply (21.84) to obtain

iAt iAt
Y(ty) = [1—27Hexp{—?HH1/f(to) (21.91)
which can be written as
Y (12) = LY (10) (21.92)
where the time evolution operator L obeys

L= 1+2iA—tHex +iA—[H 1—2iA—tHex —EH
= n P no P T

At (At At \?
=1—-4—Hsini—H;+4 —H | .
h h h
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L.5f

WAt /o
T
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‘ ! ‘ ! ‘ ! ‘
0O 0.2 0.4 0.6 0.8 1

kAX /It

Fig. 21.4 (Dispersion of the Fourier method) The dispersion relation of the SOD-Fourier method
(21.95) deviates from the exact dispersion (21.98) only for very high k-values and approaches it
for small values of the stability parameter «. The scaled frequency wAft/« is shown as a function
of kAx /m for e = 0.5, 0.75, 1 (solid curves) and compared with the exact relation of a free particle
wAt/a = (kAx/fr)2 (dashed curve)

Expanding the sine function we find the deviation from unitarity [10]

4
£'e—1 =§(%H> +--=0((An?) (21.93)
which is of higher order than the error of the algorithm. Furthermore errors do not
accumulate due to the stability of the algorithm (21.89). This also holds for devia-
tions of the starting values from the condition (21.90).

The algorithm (21.84) can be combined with the finite differences method
(Sect. 21.2.1.2)

2

2m, Ax?

iAt
R [vmw,'; —

- (Vi + vy — zm)} (21.94)

or with the pseudo-spectral Fourier method [150]. This combination needs two
Fourier transformations for each step but it avoids the distortion of the dispersion
relation inherent to the finite difference method. Inserting the plane wave (21.75)
into (21.84) we find the dispersion relation (Fig. 21.4) for a free particle (V = 0):

1 (hAtk? 1 kAx\?
w = — arcsin = —arcsin| o[ — . (21.95)
At 2mp At T

For a maximum k-value

v

the stability condition (21.88) becomes
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1

0.8

0.6

WAt /oL

0.4

0.2

kAx /mt

Fig. 21.5 (Dispersion of the finite difference method) The dispersion relation of the SOD-FD
method (21.99) deviates largely from the exact dispersion (21.98), even for small values of
the stability parameter «. The scaled frequency wAf/« is shown as a function of kAx/m for
o =m2 /4 ~2.467, 1.85, 1.23, 0.2 (solid curves) and compared with the exact relation of a free
particle wAt Ja = (kAx/Jr)2 (dashed curve)

At B2k
1> — WM& — (21.97)
h 2m,
For small k the dispersion approximates the exact behavior
hk?
w=—". (21.98)
2m P
The finite difference method (21.94), on the other hand, has the dispersion relation
(Fig. 21.5)
1 4 kA
w = — arcsin i sin’ il (21.99)
At 72 2
and the stability limit
At 2hAt 4o
l=—F,. —=—"— 21.100
h max mprz j'[2 ( )

The deviation from (21.98) is significant for kAx /7w > 0.2 even for small values
of a [150].

21.2.2.3 Split-Operator Methods

The split-operator method approximates the exponential short time evolution oper-
ator as a product of exponential operators which are easier tractable. Starting from
the Zassenhaus formula [164]
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SA+B) _ eAAeABek2C2ek3C3 o (21.101)
1 1
Cr=3[B, Al C3=[C2, A+2B] ... (21.102)

approximants of increasing order can be systematically constructed [68, 246]
HAEB) — MPAB L 0(02) =M B L 0(WY) L. (21.103)

Since these approximants do not conserve time reversibility, often the symmetric
expressions

MATB) _ A2, 0B AAJ2 0@3)
= M2PBRIICIAIBRIAL L O(M5) . (21.104)
are preferred.

Split-Operator-Fourier Method Dividing the Hamiltonian into its kinetic and
potential parts

2 2
2mp 8x2

the time evolution operator can be approximated by the time-symmetric expression

H=T+V=- +Vx) (21.105)

U =e 3 Te Ve 3T 4 0((A1)) (21.106)

where the exponential of the kinetic energy can be easily applied in Fourier space
[80, 150]. Combining several steps (21.106) to integrate over a longer time interval,
consecutive operators can be combined to simplify the algorithm

UNAY=UN (A =e BT (e Ve BTV e Ve BT, (21.107)

Real-Space Product Formulae Using the discretization (21.48) on a regular grid
the time evolution operator becomes the exponential of a matrix

U(At)
Yo h _ h
n ot mpAx? 2mp Ax2
__h w + h R
=exp —iAf 2mp Ax? h mpAx? 2mp Ax?
h \% h
_2mpA)c2 TM+mpr2
n+2p B
, B n+28 —-p
=exp { —iAt . (21.108)
—B vm+2p

with the abbreviations
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1 h

Yim " p 2mp Ax?

The matrix can be decomposed into the sum of two overlapping tridiagonal block
matrices [61, 67]°

(21.109)

Yo+2B -B A
| B n+s B A3
Ho= S+ 8|7 .
—B Ay
(21.110)
0 0 0 p
0 In+p -8B z
H, = —B %724',3 0 = (21.111)
0 . Ay

0

The block structure simplifies the calculation of e 1A/Ho and ¢~1A"He tremen-
dously since effectively only the exponential functions of 2 x 2 matrices

By (1) = ¢ iTAm (21.112)
have to be calculated and the approximation to the time evolution operator
U(At) = ¢ 101 Ho 2 =iAtHe ,—iATH, /2

Bi1(5) 1
— B3(5H) By (At)

Bi(5h)
» B3(5H) (21.113)

can be applied in real space without any Fourier transformation. To evaluate
(21.112) the real symmetric matrix A,, is diagonalized by an orthogonal transfor-
mation (Sect. 9.2)

A=R'AR=R"! (’\01 fz)R (21.114)

and the exponential calculated from

e A —1—itR AR+ RVARR 'AR+---

(—it)?
2

SFor simplicity only the case of even M is considered.
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(—ir)?

=R—1[1—ir/§+ AR+~--]R

—1_—itd _1(ei™h
—RleTAR=R i ) R (21.115)

21.2.3 Example: Free Wave Packet Motion

We simulate the free motion (V = 0) of a Gaussian wave packet along the x-axis
(see Problem 21.1). To simplify the numerical calculation we set h=1and m, =1
and solve the time dependent Schrodinger equation

3 192
— = ———— 21.116
Yo 29527 (21.116)
for initial values given by a Gaussian wave packet with constant momentum
o\ /4 )
Yolx) = (—) elfore=x/a, (21.117)
am
The exact solution can be easily found. Fourier transformation of (21.117) gives
R 1 o0 i
wk(l‘ = 0) = T'/ dx eil xlﬂ()(x)
AV LT J—o0
a \'* a
=(2—> exp{—z(k—ko)z}. (21.118)
T
Time evolution in k-space is rather simple
'az} kz& (21.119)
i—yp=— .
TR R
hence
Ui () = e 1240 (1 = 0) (21.120)

and Fourier back transformation gives the solution of the time dependent Schro-
dinger equation in real space

1 o oA
(t,x)=—/ dx " (1)
w V21 J-0 1[’
2
<2a>1/4 1 { (x-i%)M@(wziz)}
= — €X — .
b4 Ja + 2it P a+2it

(21.121)
Finally, the probability density is given by a Gaussian

|y (t x)|2—‘/2—a;ex —zic‘u—kz)2 (21.122)
’ Vor JaZxa2 Plmaa 542 0 '
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Fig. 21.6 (Conservation of s uF
norm and energy) The free 5 10 s Fves 7
motion of a Gaussian wave “; sk D(3,57) E
packet is simulated with the s 10
Crank-Nicolson method (CN) E1E CN E
the second order differences z 10 SOP
method (SOD) with 3 point S 6k 1 | ; | ; | ; |
(21.48) 5 point (21.49) and g 10 ‘ SoD 357) |
7-point (21.50) differences 2 ot =
and with the real-space % " " SOP
split—opera;tor method (SPO). £ 1o ]
At=10", Ax=0.1,a=1, g 124 E
ko =3.77 £ 10 CN

o 1 0-16 I | | | E

0 1 2 3 4 5
time

Fig. 21.7 (Free wave-packet 0.8

motion) The free motion of a
Gaussian wave packet is
simulated. The probability
density is shown for the initial
Gaussian wave packet and at
later times t =1, 2, 3, 4.
Results from the second order
differences method with

3 point differences ((21.48),
dash-dotted) and 5 point
differences ((21.49), dashed)
are compared with the exact
solution ((21.122), thin solid N T =
line). At =1073, Ax =0.1, 0 10 20
a=1,ky=3.77 position x

2

° o
> =N
T T

probability density [y(x)|
)
o
T

which moves with constant velocity &y and kinetic energy
o n 92 1 1
dxy*(x, 0 —=— D ==(k§+ - ). 21.123
/OO xyT(x )< 2ax2>w(x ) 2(O+a> ( )

Numerical results are shown in Figs. 21.6, 21.7 and Table 21.1.

21.3 Few-State Systems

In the following we discuss simple models which reduce the wavefunction to the
superposition of a few important states, for instance an initial and a final state which
are coupled by a resonant interaction. We approximate the solution of the time de-
pendent Schrédinger equation as a linear combination

M
[y )~ CiIg;) (21.124)

j=1
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Table 21.1 (Accuracy of finite differences methods) The relative error of the kinetic energy
(21.123) is shown as calculated with different finite difference methods

Method Ejin %
kin

Crank-Nicolson (CN) with 3 point differences 7.48608 —1.6 x 1072
Second Order Differences with 3 point differences (SOD3) 7.48646 —1.6 x 1072
Second Order Differences with 5 point differences (SODS5) 7.60296 —4.6x 107
Second Order Differences with 7 point differences (SOD7) 7.60638 —0.9x 1073
Split-Operator method (SOP) with 3 point differences 7.48610 —1.6 x 1072
exact 7.60645

of certain basis states |¢1) - - - [¢a)® which are assumed to satisfy the necessary
boundary conditions and to be orthonormalized

(@ilgj) = 6ij. (21.125)
Applying the method of weighted residuals (Sect. 11.4) we minimize the residual
IR)=ih)_Ci()lp;) =Y C;j(t)H|)) (21.126)
J J

by choosing the basis functions as weight functions (Sect. 11.4.4) and solving the
system of ordinary differential equations

0=R; = (¢;|R) =ihC; = Y (¢;|HIp;))C} (21.127)

il

J

which can be written

M
inCi = H; jCj(t) (21.128)
j=1

with the matrix elements of the Hamiltonian

H; j={¢ilH|p;). (21.129)
In matrix form (21.128) reads
Ci(0) Hii - Howm\ [ C@®
ih : = : : : (21.130)
Cu (1) Hyi -+ Huwm) \Cu(®)
or more symbolically
ihC(r) = HC(r). (21.131)

6This basis is usually incomplete.
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Fig. 21.8 Two-state system 12>
model

[

[1>

If the Hamilton operator does not depend explicitly on time (H = const.) the
formal solution of (21.131) is given by

t
C:eXp{TiH}C(O)' (21.132)
i
From the solution of the eigenvalue problem

HC, =1C, (21.133)

(eigenvalues X and corresponding eigenvectors C, ) we build the linear combination

C=Y a,Cpefit. (21.134)

The amplitudes a; can be calculated from the set of linear equations

C(0) =Y a,C;. (21.135)
A
In the following we use the 4th order Runge-Kutta method to solve (21.131) nu-
merically whereas the explicit solution (21.132) will be used to obtain approximate
analytical results for special limiting cases.
A time dependent Hamiltonian H () appears in semiclassical models which treat
some of the slow degrees of freedom as classical quantities, for instance an electron
in the Coulomb field of (slowly) moving nuclei

q;jd;j’
Hn= el+Z4,,80|l._R (r)|+Z,4neo|Rj(r>—R,~/(t>| (21.136)

or in a time dependent electromagnetic field

H(t) = Ter + Ver — erE(2). (21.137)

21.3.1 Two-State System
The two-state system (also known as two-level system or TLS; Fig. 21.8) is the

simplest model of interacting states and is very often used in physics, for instance in
the context of quantum optics, quantum information, spintronics and quantum dots.

Its interaction matrix is
_(E1V
H = ( v E2> (21.138)
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and the equations of motion are
ihC1 = E\C1 +VCy
iﬁCz =FE,Cr+VC(Cy.

Equations (21.139) can be solved analytically but this involves some lengthy ex-
pressions. Let us therefore concentrate on two limiting cases:

(a) For E{ = E5 we add and subtract (21.139) to find

(21.139)

d
iha(CliCZ):(Elth)(Clthz) (21.140)
with the solution
C1 £ Co = (C1(0) £ C2(0)) e E1EVI/R, (21.141)
For initial conditions
Ci1(0)=1 C2(0)=0 (21.142)
the explicit solution is given by
, Vi Vi 1+cos2/t
Cp=e B/ o — IC1P=cos’ — = ———1 (21.143)
h h 2
, Vi Vi 1—cos2/t
Cy=—ie "B/ Pgin — |Co)? =sin> — = ——— " (21.144)
h h 2
and the two-state system oscillates between the two states with the period
h
=12 (21.145)
Vv

(b) For V « AE = E, — E,’ perturbation theory for the small quantity V/AE
gives the following approximations:

VZ
MAE - TE

e (21.146)
MXE —
2 2+AE

1

AE

=V

~ AE
C ( 1 )

For initial values C(0) = ( (1)) the amplitudes a > are calculated from

\4
(1)=<‘“_V“2ﬁ) (21.148)
0 aixg +a

(21.147)

7TWe assume E>, > Eq.
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Fig. 21.9 (Numerical simulation of a two-state system) The equations of motion of the two-state
system (21.139) are integrated with the 4th order Runge-Kutta method. For two resonant states the
occupation probability of the initial state shows oscillations with the period (21.145) proportional
to V~!. With increasing energy gap E; — E| the amplitude of the oscillations decreases

which gives in lowest order

a~l——

2
AE (21.149)

T AEY
The approximate solution is

\4

2 Ly Ex+ t
(1_ VEZ)elh( 1 AEZ) + Eze,ﬁ( 2 AE2)

C= (21.150)

(E1— (Ez+AE2)t

v2
t
Eelh AEZ) AEelh

and the occupation probability of the initial state is

V2 V2 V2

Numerical results are shown in Fig. 21.9.
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Fig. 21.10 Two-state system — 12>
in an oscillating field 0}

e

1>
21.3.2 Two-State System with Time Dependent Perturbation

Consider now a 2-state system with an oscillating perturbation (for instance an atom
or molecule in a laser field; Fig. 21.10)

H= (VE(;) VE(;)) V(1) = Vo cos wt. (21.152)

The equations of motion are

ihCi=E|C1+ V()

L (21.153)
ihCr =V (#)C| + E1C>.
After the substitutions
£y
Ci=eih'u
2 (21.154)
Cr= eﬁtuz
E,—E
wy = —— 1 (21.155)
h
they become
Ey)—E Vi . .
ihity = V([)C—Zih ltuz _ %(e—l(wzl—w)t + e—l(w21+w)t)u2
21.156
E\Ey, Vo ( )

iy =V(@t)e T 'up= T(ei(“’z‘_w)’ + ei(“’zl"'w)’)ul.

At larger times the system oscillates between the two states.® Applying the rotating
wave approximation for w & wy| we neglect the fast oscillating perturbation

ihi = %e_i(“m_w)’uz (21.157)
ihit = %e“wﬂ*wﬁul (21.158)

and substitute
Uy =ape i@n-ort (21.159)

to have

8S0 called Rabi oscillations.
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Fig. 21.11 (Simulation of a two-state system in an oscillating field) The equations of motion
(21.153) are integrated with the 4th order Runge-Kutta method. At resonance the system oscillates

between the two states with the frequency V /h. The dashed curves show the corresponding solution
of a two-state system with constant coupling (Sect. 21.3.1)

) Vo .
ih(dl —aji(wa) — a)))eﬂ(“’zl*w)’ = 7067‘(“’2‘7‘”)%2

(21.160)
ihity = L0 giton—o gitom -0ty (21.161)
or
iha; = h(w — wo1)a; + %uz (21.162)
ity = ?al (21.163)

which shows that the system behaves approximately like a two-state system with a
constant interaction Vp/2 and an energy gap h(wz; — w) = E» — Ej — hiw (a com-
parison with a full numerical calculation is shown in Fig. 21.11).
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Fig. 21.12 Superexchange — Iv>

model 4 AN
Vy’ \\ Vv

\\—lf>
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e
N

¥

li>
21.3.3 Superexchange Model

The concept of superexchange was originally formulated for magnetic interactions
[8] and later introduced to electron transfer theory [117]. It describes an indirect
interaction through high energy intermediates (Fig. 21.12). In the simplest case, we
have to consider two isoenergetic states i and f which do not interact directly but
via coupling to an intermediate state v.

The interaction matrix is

0O Vi O
H=|Vi E, V|. (21.164)
0O VvV, 0

For simplification we choose Vi = V5.
Let us first consider the special case of a resonant intermediate state E, = 0:

0 v o0
H=|V 0 V|]. (21.165)
0 Vv o0
Obviously one eigenvalue is A1 = 0 and the corresponding eigenvector is
1
Ci=| 0 |]. (21.166)
-1
The two remaining eigenvalues are solutions of
-2 vV 0
O=det| V. -1 V |[=ia(-22+2V?) (21.167)
0 Vv -
which gives
A23 =2V, (21.168)
The eigenvectors are
1
Ci=|+tv2]. (21.169)
1
From the initial values
ay+apy+as

CO) =| v2a2—V2a3 | =

—a1+ay+az

(21.170)

S O =
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the amplitudes are calculated as

1 1
a1=§a2=a3=Z (21.171)
and finally the solution is
1 1 1 ! 1 1 ! 1
C=-| o0 |+-|v2]erV 4| -v2|emv?V
2 4 4
-1 1 1
%+ L cos @t
=| LZisinL2 fV . (21.172)
—§+§COS%I

Let us now consider the case of a distant intermediate state V < |Ez|. A1 = 0 and
the corresponding eigenvector still provide one solution. The two other eigenvalues
are approximately given by

E2 E, E, Ej 4v?
Ma=E 2 4+2V2+ a1+ —5 21.173
2,3 2 + + 5 > > ( + E2> ( )

A~ Ey+ 2V A3 R 2v? (21.174)
2~ E2 £, 3N £ .
and the eigenvectors by
1 1
C~|2+2 G~ |- . (21.175)
1 1
From the initial values
1 ay+ay+as
CO=|0])=]| ara+azrs (21.176)
0 —ay +apy +aj
we calculate the amplitudes
! v ! 1 2v? (21.177)
al = — ar» X —— a3z ~ — —_— .
1=5 2 E% 3¥5 E%
and finally the solution
1 Lo
z(1 +e MY
~| v ol oy -2
Cx E_zem 2t _ Fe ik E; . (21.178)
12v2,

2( 1+e " Ex )

The occupation probability of the initial state is
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Fig. 21.13 (Numerical simulation of the superexchange model) The equations of motion for the
model (21.164) are solved numerically with the 4th order Runge-Kutta method. The energy gap
is varied to study the transition from the simple oscillation with w = V2V /h (21.172) to the ef-
fective two-state system with w = Ve/h (21.179). Parameters are Vi =V, =1, E; = E3 =0,
E>, =0,1,5,20. The occupation probability of the initial (solid curves), virtual intermediate
(dashed curves) and final (dash-dotted curves) state are shown

1 _1av?, 2 V?
|C1|2=Z l4e¢ mE' :Cosz<hTt> (21.179)
2

which shows that the system behaves like a 2-state system with an effective interac-
tion of

2v2

V2
Ve = —.
eff E,
Numerical results are shown in Fig. 21.13.

(21.180)

21.3.4 Ladder Model for Exponential Decay

For time independent Hamiltonian the solution (21.132) of the Schrodinger equation
is a sum of oscillating terms and the quantum recurrence theorem [29] states that the
system returns to the initial state arbitrarily closely after a certain time 7. However,
if the initial state is coupled to a larger number of final states, the recurrence time can
become very long and an exponential decay observed over a large period. The ladder
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Fig. 21.14 Ladder model

li> If,n>

model [27, 242] considers an initial state |0) interacting with a manifold of states
|1) - - - |n), which do not interact with each other and are equally spaced (Fig. 21.14)

O Vv ...V
V Eq
H=]| . E;j=E +(j—DAE. (21.181)
14 E,
The equations of motion are
n
ihCo=V Y C;
2.6 (21.182)

j=l1
ith =E;C;+ VC(o.

For the special case AE =0 we simply have

.. v?
Coz—ﬁnCO (21.183)
with an oscillating solution
1%
Co~cos< ;_L/r_lt> (21.184)
Here the n states act like one state with an effective coupling of V /n.
For the general case AE # 0 we substitute
=y
Cj =ujein (21.185)
and have
E
ihi je ' =V Co. (21.186)
Integration gives
v [ Ly N g4l
uj=—|[ e Co(t)dt (21.187)
ih Jy,
and therefore
1% rE; /
Cj=1 e =0y (1) i (21.188)
i

With the definition
E;=j*hAw (21.189)
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Fig. 21.15 (Numerical
solution of the ladder model)
The time evolution of the
ladder model (21.182) is
calculated with the 4th order
Runge-Kutta method for

N = 50 states and different
values of the coupling V

time

we have

n

. 1% VZ [ ,
j=1 jo

We replace the sum by an integral over the continuous variable
w=jAw (21.191)

and extend the integration range to —oo---00. Then the sum becomes approxi-
mately a delta function

S o
.. , . ’ d 2
N / oL = (i —1)  (21.192)
o0 Aw Aw

j==o0

and the final result is an exponential decay law

. 27 V? 27 V?
Co=——5—Co=— E)C 21.193
0 A" 3 p(E)Co ( )
with the density of final states
(E)= L1 (21.194)
P = haw ~ AE '

Numerical results are shown in Fig. 21.15.

21.3.5 Landau-Zener Model

This model describes crossing of two states (Fig. 21.16), for instance for colliding
atoms or molecules [154, 282]. It is assumed that the interaction V is constant near
the crossing point and that the nuclei move classically with constant velocity
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Fig. 21.16 Slow atomic
collision

Re R
Fig. 21.17 Multiple passage ;P1
of the interaction region b .
P,
2
R (o]
3
R ¢’ . R c
o :
¥ R v

R, =P,(1-R,) +(1-P,)P,= 2P(1-P)

0 Vv
H= (V AE(t)) AE(t) =AEy+ vt. (21.195)

For small interaction V or large velocity % AE=Q % AE the transition probabil-
ity can be calculated with perturbation theory to give

_ V2 (21.196)
 hEAE '
This expression becomes invalid for small velocities. Here the system stays on the
adiabatic potential surface, i.e. P — 1. Landau and Zener found the following ex-
pression which is valid in both limits:

Pry=1 ( ki ) (21.197)
=1 —¢€X _— . .
LZ p h%AE

In case of collisions multiple crossing of the interaction region has to be taken into
account (Fig. 21.17). Numerical results are shown in Fig. 21.18.
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Fig. 21.18 (Numerical solution of the Landau-Zener model) Numerical calculations (solid

curves) are compared with the Landau-Zener probability ((21.197), dashed lines) and the approxi-
mation ((21.196), dotted lines). The velocity is dAE /dt = 1

21.4 The Dissipative Two-State System

A two-state quantum system coupled to a thermal bath serves as a model for mag-
netic resonance phenomena, coherent optical excitations [263, 280] and, quite re-
cently, for a qubit, the basic element of a future quantum computer [73, 183]. Its
quantum state can not be described by a single wavefunction. Instead mixed quan-
tum states have to be considered which can be conveniently described within the
density matrix formalism [232].

21.4.1 Equations of Motion for a Two-State System

The equations of motion for a two-state system are

ihp1 = Hi2021 — p12Hay (21.198)
ihpo = Haip12 — p21 Hiz (21.199)
ihp12 = (Hy1 — Hp)p12 + Hia(p22 — p11) (21.200)

—ihpo1 = (Hyi1 — Hp)p21 + Ha1(p22 — p11) (21.201)
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which can be arranged as a system of linear equations’
P11 0 0 —Hy; Hip P11
inl P22 © 0 Hyy —Hip P22
p12 —Hp Hip Hij—Hn 0 P12
021 Hy  —Hy 0 Hy — Hii ) \ p2i
(21.202)
21.4.2 The Vector Model
The density matrix is Hermitian
p,'j = p;ﬁi (21203)

its diagonal elements are real valued and due to conservation of probability

P11 + p22 = const. (21.204)

Therefore the four elements of the density matrix can be specified by three real
parameters, which are usually chosen as

x =2Rpo (21.205)
y=23p21 (21.206)
Z=p11 — P22 (21.207)

and satisfy the equations

d 1
—2R(p21) = —%((Hn — H»)23(p21) + 23(H12) (p11 — p22)) (21.208)

dr

d 1

52‘3(021) = £((H11 — H»)2R(p21) — 2R(H12)(p11 — p22))  (21.209)
d 2

5(’0” —pn) = E(S(le)zm(pzl) + RH1223(021))- (21.210)

Together they form the Bloch vector

(21.211)

]
Il
N =

which is often used to visualize the time evolution of a two-state system [81]. In
terms of the Bloch vector the density matrix is given by

P11 P12 L= b 1
= . =—(1 21.212
(/021 ,022) ”% 1%1 2( +ro) ( )

The matrix of this system corresponds to the Liouville operator.
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with the Pauli matrices

0 1 0 —i 1
ox=<1 0), ay=(i Ol>, oz=< _1>. (21.213)

From (21.208), (21.209), (21.210) we obtain the equation of motion

Hy—Hy z 23(H12)
h h

d [~ -~
T yl=1 x HllgHZZ —z 291(}1;1|2) (21.214)
Z X 25({112) +y 23“(}{512)

which can be written as a cross product

d
—Tr=wXxr (21.215)
dr
with
%91[’]12
w= —23Hy, . (21.216)

+(Hy1 — Ha)

Any normalized pure quantum state of the two-state system can be written as [75]

_(C1) _ 0 (1 b 0 (0

W>—<C2>_COS§<O>+6 smE ) (21.217)

corresponding to the density matrix

cos? % e % gin % cos %
p=\ ., . 4 0 Y . (21.218)
e sin 5 €08 3 sin” %
The Bloch vector
cos ¢ sin 6
r=| sin¢gsiné (21.219)
cos6

represents a point on the unit sphere (the Bloch sphere, Fig. 21.19). Mixed states cor-
respond to the interior of the Bloch sphere with the fully mixed state p = (1 (/)2 1(/)2)
represented by the center of the sphere (Fig. 21.19).

21.4.3 The Spin-% System

An important example of a two-state system is a particle with spin % Its quantum
state can be described by a two-component vector

Ci\ _ 1 0
<C2>—C1 <0>+C2(1> (21.220)
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(9)

Fig. 21.19 (Bloch sphere) Left: Any pure quantum state of a two-state system can be represented
by a point on the Bloch sphere. Right: The poles represent the basis states. Mixed quantum states
correspond to the interior of the sphere, the center represents the fully mixed state

where the two unit vectors are eigenvectors of the spin component in z-direction
corresponding to the eigenvalues s, = £ % The components of the spin operator are
given by the Pauli matrices

h
S; = 20 (21.221)
and have expectation values

C’rC2+C;C]

h ) (c Crercic
(S)=§(CT c3) | oy <C2>:h | (21222)

9z C12—|Co?

2

The ensemble average for a system of spin-% particles is given by the Bloch vector

p21+p12

_ 2 h

(S)=h| 22 =T (21.223)
Pu;ﬂzz

The Hamiltonian of a spin-% particle in a magnetic field B is

h h B B, —iB
H=-y—-0cB=—-y—- z * Y 21.224
Y50 VZ(Bx—i-lBy B, > ( )
from which the following relations are obtained
2
yBy = —ﬁS%le (21.225)
2
yBy=—-3H); (21.226)

h
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Hy — H.
yB, =1 : 22 (21.227)
®=—yB. (21.228)
The average magnetization
— h
m=y( ):yzr (21.229)
obeys the equation of motion
d
Em=—yB X m. (21.230)

21.4.4 Relaxation Processes—The Bloch Equations

Relaxation of the nuclear magnetization due to interaction with the environment
was first described phenomenologically by Bloch in 1946 [28]. A more rigorous
description was given later [201, 269] and also applied to optical transitions [179].
Recently electron spin relaxation has attracted much interest in the new field of
spintronics [284] and the dissipative two-state system has been used to describe the
decoherence of a qubit [46].

21.4.4.1 Phenomenological Description

In thermal equilibrium the density matrix is given by a canonical distribution

pfl = i (21.231)
tr(e—AH) '
which for a two-state system without perturbation
A
Hy= ( 2 _é> (21.232)
2
becomes
e—BA/2
0% = < ePA2{e=PAJ2 A ) (21.233)
ePAT2 o—PAJ2

where, as usually 8 = 1/kpT. If the energy gap is very large A > kpT like for an
optical excitation, the equilibrium state is the state with lower energy'®

00
eq
P _(0 1). (21.234)

10We assume A > 0, such that the equilibrium value of z = p1; — p22 is negative. Eventually, the
two states have to be exchanged.




21.4 The Dissipative Two-State System 421

The phenomenological model assumes that deviations of the occupation difference
from its equilibrium value

o1t —p5a=— tanh<2k3 T) (21.235)

decay exponentially with a time constant 7 (for NMR this is the spin-lattice relax-
ation time)

d 1 eq eq
— — =—— — — — . 21.236
o ‘Rd(pn 022) T [(o11 — p22) — (017 — p33) ] ( )
The coherence of the two states decays exponentially with a time constant 75

which is closely related to 77 in certain cases!! but can be much smaller than Tj if
there are additional dephasing mechanisms. The equation

d 1
— [ — 21.237
7 ‘Relmz T2,012 ( )

describes the decay of the transversal polarization due to spatial and temporal dif-
ferences of different spins (spin-spin relaxation), whereas for an optical excitation
or a qubit it describes the loss of coherence of a single two-state system due to
interaction with its environment.

The combination of (21.230) and the relaxation terms (21.236), (21.237) gives
the Bloch equations [28] which were originally formulated to describe the time evo-
lution of the macroscopic polarization

1
5 0
dm 1
E:—yme—R(m—meq) R= 0 T 0 . (21238)
1
0 0
For the components of the Bloch vector they read explicitly
4 (* -1/T —L(Hi — H») —33Hp\ /4
a = %(Hn — Hy) —1/T, —%9’%H12 y
¢ 23Hy, F0Hy, —1/T ¢
0
+ 0 . (21.239)
Zeq/Tl

21.4.5 The Driven Two-State System

The Hamiltonian of a two-state system (for instance an atom or molecule) in an o0s-
cillating electric field Ee™'“#! with energy splitting A and transition dipole moment

Wuis

For instance T» = 27T for pure radiative damping.
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A —iw st
AN —uEe™1?f
H:( 2. HEE ) (21.240)
—,bLEelwft -5
The corresponding magnetic field
2
B, = —h,uE coswyt (21.241)
14
2 .
By = ﬁ,uE sinw ¢t (21.242)
A
B, = - (21.243)
14

is that of a typical NMR experiment with a constant component along the z-axis and
a rotating component in the xy-plane.
21.4.5.1 Free Precession

Consider the special case B, = const., By = By = 0. The corresponding Hamilto-
nian matrix is diagonal

h$2 0
_ 2
H= ( 0 h90> (21.244)
— kA
with the Larmor-frequency
A
20 = 7 = —yBy. (21.245)

The equations of motion for the density matrix are

(p11 — p22) — (P11 — p53)

a
- = — 21.246
Bt(p“ p22) T ( )
ih 9 hs$2 ih 1 (21.247)
ih— = —ih— .
o P12 012 P

with the solution

(p11 — p22) = (P17 — 33) + [(11(0) — p22(0)) — (p}7 — p53) e~/
(21.248)
p12 = pr2(0)e 01—/ T, (21.249)

The Bloch vector

(x0 cos 20t — yo sin $2t)e /T2

r=| (yocos 29t + xqsin 2o1)e /T2 (21.250)
2% + (z0 — 29~/

is subject to damped precession around the z-axis with the Larmor frequency
(Fig. 21.20).
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. ! ; . ; .
0 10 20 -0.5 0 0.5
time X

Fig. 21.20 (Free precession) The Bloch equations (21.239) are numerically solved with the 4th
order Runge-Kutta method. After excitation with a short resonant pulse the free precession is ob-
served. Left: The occupation difference z = p11 — p22 decays exponentially to its equilibrium value.
Right: In the xy-plane the Bloch vector moves on a spiral towards the equilibrium position (x =0,
y=0)

21.4.5.2 Stationary Solution for Monochromatic Excitation

For the two-state system (21.240) with
Hyi — Hy=A=h$ (21.251)
Hyp = Vp(coswyt —isinwyt) (21.252)
the solution of the Bloch equations (21.238)

e —1/T -2 20 sinw X 0
=y ]= 20 —1/T, —mcosa)ft y |+ 0
dr 2Wp .- 2, h T
2 —Zsinwst L coswyt —1/T; Z Zeq/ Ti
(21.253)

can be found explicitly [280]. We transform to a coordinate system which rotates
around the z-axis ((13.3) on page 243) with angular velocity w ¢

x’ cos(wrt)  sin(wyr) 0 X X
v | = =sin@sn) coswrn 0|y |=a0|y]|. @125
Z 0 0 1 z z
Then
d x’ [x a(* . x’ 0
— |y |=Aly|+A— |y |=(AAT"+AKkA )|y | +A]| O
dt \ dt / Zeq
z 4 z z T
(21.255)

with
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—-1/1 —$20 % sina)ft
K= 20 1/ —Pcoswyt |- (21.256)
—%Sinwft z—f‘.l/(’coswft —1/T
The matrix products are
) 0 wr 0 -1/, —$2 0
AAT'=W=|-0; 0 0 AKAT = 20 -1 -
0 0 0 0 2o 11
(21.257)
and the equation of motion simplifies to
¥ —le wf— 8§20 0 X 0
v]=l2-0, -4 =FA[y |+ 0] @1258)
7 0 2 1 7 %

h T
For times short compared to the relaxation times the solution is approximately given
by harmonic oscillations. The generalized Rabi frequency §2r follows from [96]

i2rx = (0y — 20)y (21.259)

. , , 2V,
i2ry = (20— wy)x — 52 (21.260)

2V,
iQr7 = ?Oy/ (21.261)
as
2Vo\?
0

Qp=/(20—wf)?+ <7> : (21.262)

At larger times these oscillations are damped and the stationary solution is ap-
proached (Fig. 21.21) which is given by
27725220 — wy)

Vi
7 ; 5 23 . (21.263)
l+4ﬁT1T2+T2 (a)f—QO) 1—|—T22(a)f—9())2

z¢

The occupation difference

V2
4h—% T\ T»

Z=pi1 —,022=Zeq(1 - ) (21.264)

V2
L +48T T+ T (wf — 20)?

has the form of a Lorentzian. The line width increases for higher intensities (power

broadening)
1 143
Aw = Fz 1+4ﬁT1T2 (21.265)
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0
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30 0 50
time

Fig. 21.21 (Monochromatic Excitation) The Bloch equations are solved numerically with the 4th
order Runge-Kutta method for a monochromatic perturbation with w =4, Vp = 0.5. Parameters
of the two-state system are wg = 5, z,g = —1.0 and T} = T> = 5.0. The occupation difference
z = p11 — p22 initially shows Rabi oscillations which disappear at larger times where the stationary

value z = —0.51 is reached

Fig. 21.22 (Resonance line)
The equations of motion of
the two-state system

including relaxation terms are

integrated with the 4th order
Runge-Kutta method until a
steady state is reached.
Parameters are wp = 5,

Zeq =—0.8, V. =0.01 and
T) =T, =3.0,6.9. The
change of the occupation
difference is shown as a
function of frequency
(circles) and compared with
the steady state solution
(21.263)

and the maximum

-0.7970

-0.7975

-0.7980

. -0.7985-

=P 17P,,

-0.7990 -

-0.7995

-0.8000

2(£20) _

frequency ®

1

z¢

V2
1+43%5 7,1,

(21.266)

approaches zero (saturation), Figs. 21.22, 21.23.

21.4.5.3 Excitation by a Resonant Pulse

For a resonant pulse with real valued envelope V(#) and initial phase angle @
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Fig. 21.23 (Power saturation 0
and broadening) The
resonance line is investigated
as a function of the coupling
strength V and compared
with the stationary solution
(21.263) to observe the
broadening of the line width
(21.265). Parameters are

Wy =5, Zeg =—1.0,
T1=T,=100and V =0.5,
0.25, 0.125, 0.0625, 0.03125 0.8 P . a

P11 Py

o
=)
T
|

Z

|
-3 X 5 6 7

frequency m

Hyp = Vo(1)e ™ (Cort20)

the equation of motion in the rotating system is

. 1 2V0(T) ;
o -7 0 — sin @ ¥ 0
v | = 0 —le 2V0(t) cos D y1+10
r / paih
N ZV"(’) sin @ 2V°(t) cos dg —Til ¢ h

(21.267)

If the relaxation times are large compared to the pulse duration this describes ap-
proximately a rotation around an axis in the xy-plane (compare with (13.24))

d / /o 2Vo(1) /
dtr ~W(tr = N Wor (21.268)
0 0 —sin @
Wo = 0 0 —cosPy |. (21.269)
sin®g cos Dy 0

Since the axis is time independent, a formal solution is given by

( 2v0<1>
(1) =e" o Th ' p(0) = M0? Oy (0) (21.270)
with the phase angle
2Vo(t
q)(;):f o) 4. (21.271)
to h
Now, since
—sin? D —sin@gcos®y 0
We=| —sin®gcos®y  —cos? P 0 (21.272)
0 0 -1
W = —Wo (21.273)

Wy =—-Wwg (21.274)
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Fig. 21.24 (Rotation of the z
Bloch vector by a resonant
pulse) A resonant pulse
rotates the Bloch vector by
the angle @ around an axis in
the x’y’-plane

X /\
/’// y’
(D\/,\q

0

the Taylor series of the exponential function in (21.270) can be summed up

eW()(I’
1 1
=1+<DW0+§4>2W§+§4>3W3+-~-
(P ot @3
=1+W0(7—T+)+W0<@—?+>

=14 WZ(1 —cos @) + Wysin®
1 — sin? Do(l —cos®) —sin@gcosPy(l —cos®) —sindgsin@

=| —sin®gcos Po(1 —cos®) 1 —cos?2Py(l —cos®) —cosPysin®
sin @ sin @ cos @q sin @ cos @
cos®y sin®y O 1 0 0
=| —sin®y cos®y O 0 cos® —sind
0 0 1 0 sin® cos®
cos®y —sindy O
x | sin®dy cos®y O]. (21.275)
0 0 1

The result is a rotation about the angle @ around an axis in the xy-plane deter-
mined by @¢ (Fig. 21.24), especially around the x-axis for @y = 0 and around the
y-axis for @g = 7.

After a w-pulse (@ = ) the z-component changes its sign

cos(2®g) —sin(2®y) O

r'=| —sin2®g) —cos(2®y) 0 |r(0). (21.276)
0 0 -1
The transition between the two basis states z = —1 and z = 1 corresponds to a spin

flip (Fig. 21.25). On the other hand, a 7 /2-pulse transforms the basis states into a
coherent mixture

1 — sin? Dy —sin@gcos Py —sin Dy
r=| —sin®gcos®y 1 —cos?Py —cosdPy |r(0). (21.277)
sin @ cos @ 0



428 21 Simple Quantum Systems

Py 170y, |p1,2|

| L | L | L
20 30 40 50
time

Fig. 21.25 (Spin flip by a m-pulse) The equations of motion of the Bloch vector (21.253) are
solved with the 4th order Runge-Kutta method for an interaction pulse with a Gaussian shape. The
pulse is adjusted to obtain a spin flip. The influence of dephasing processes is studied. 77 = 1000,
tp = 1.8, Vo = 0.25. The occupation difference p11 — p22 = z (solid curves) and the coherence

lp12] = %\/ x2 + y2 (broken curves) are shown for several values of the dephasing time 7> = 5, 10,
100, 1000

21.4.6 Elementary Qubit Manipulation

Whereas a classical bit can be only in one of two states

either((l)) or <(1)) (21.278)

the state of a qubit is a quantum mechanical superposition

|¢)=Co((l)> +C (?) (21.279)

The time evolution of the qubit is described by a unitary transformation

[Y) — Uly) (21.280)

which is represented by a complex 2 x 2 unitary matrix that has the general form
(see also Sect. 13.14)

o B 5 5 .
U=<—ei‘ﬂﬂ* eiwa*> le|* +[BI7=1, detU=e?. (21.281)

The Bloch vector is transformed with an orthogonal matrix A, which can be found
from (21.212) and the transformed density matrix UpU !

R — pHe @) I((a?+ pHe ) —2R(afe”'?)
r—Ar A=| (B> -aPe?) R(a*+pHe™¥)  2IJ(afe?)
2% (a*B) 23(a*B) (> = 1B
(21.282)
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Any single qubit transformation can be realized as a sequence of rotations around
just two axes [126, 183, 263]. In the following we consider some simple transfor-
mations, so called quantum gates [274].

21.4.6.1 Pauli-Gates

Of special interest are the gates represented by the Pauli matrices U = o; since any
complex 2 x 2 matrix can be obtained as a linear combination of the Pauli matrices
and the unit matrix (Sect. 13.14). For all three of them detU = —1 and ¢ = 7.

The X-gate

0 1
Ux=<7x=<l O) (21.283)
corresponds to rotation by 7 radians around the x-axis ((21.276) with @9 =0)
1 0 O
Ax=10 -1 0 |. (21.284)
0 0 -1

It is also known as NOT-gate since it exchanges the two basis states. Similarly, the

Y -gate
0 —i
Ur=oy= (i 0 )

rotates the Bloch vector by 7 radians around the y-axis (21.276 with @9 = 7/2)

-1 0 O
Ay=|1 0 1 O (21.285)
0 0 -1
and the Z-gate
1 0
Uzzozz(o _1> (21.286)
by 7 radians around the z-axis
-1 0 O
Az=| 0 -1 0]. (21.287)
0 0 1

This rotation can be replaced by two successive rotations in the xy-plane
Az =AxAy. (21.288)

The corresponding transformation of the wavefunction produces an overall phase
shift of 7/2 since the product of the Pauli matrices is 0,0y = io;, which is not
relevant for observable quantities.
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21.4.6.2 Hadamard Gate

The Hadamard gate is a very important ingredient for quantum computation. It trans-
forms the basis states into coherent superpositions and vice versa. It is described by
the matrix

1 1
Uy = ? ﬁl (21.289)
V22
with det Uy = —1 and
0O 0 1
Ap=|0 -1 0 (21.290)
1 0 O

which can be obtained as the product

00 —1\/1 0 0O
Ap=|0 1 o0 0 -1 0 (21.291)
1 0 0 0 0 -1

of a rotation by m radians around the x-axis and a second rotation by /2 radians
around the y-axis. The first rotation corresponds to the X-gate and the second to
(21.277) with @y =7 /2

7

1
U= 2] (21.292)
/2

S-S

21.5 Problems

Problem 21.1 (Wave packet motion) In this computer experiment we solve the
Schrodinger equation for a particle in the potential V (x) for an initially localized
Gaussian wave packet ¥ (r = 0, x) ~ exp(—a(x — x0)%). The potential is a box,
a harmonic parabola or a fourth order double well. Initial width and position of the
wave packet can be varied.

e Try to generate the time independent ground state wave function for the harmonic
oscillator.

e Observe the dispersion of the wave packet for different conditions and try to gen-
erate a moving wave packet with little dispersion.

e Try to observe tunneling in the double well potential.

Problem 21.2 (Two-state system) In this computer experiment a two-state system
is simulated. Amplitude and frequency of an external field can be varied as well as
the energy gap between the two states (see Fig. 21.9).
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Fig. 21.26 (Generation of a coherent mixture by a 7 /2-pulse) The equations of motion of the
Bloch vector (21.253) are solved with the 4th order Runge-Kutta method for an interaction pulse
with a Gaussian shape. The pulse is adjusted to obtain a coherent mixture. The influence of dephas-
ing processes is studied. 71 = 1000, 7, = 0.9, Vy = 0.25. The occupation difference p11 — p22 =z

(solid curves) and the coherence |p12| = %\/,\c2 + y2 (broken curves) are shown for several values
of the dephasing time 7> =5, 10, 100, 1000

e Compare the time evolution at resonance and away from it.

Problem 21.3 (Three-state system) In this computer experiment a three-state sys-
tem is simulated.

e Verify that the system behaves like an effective two-state system if the intermedi-
ate state is higher in energy than initial and final states (see Fig. 21.13).

Problem 21.4 (Ladder model) In this computer experiment the ladder model is sim-
ulated. The coupling strength and the spacing of the final states can be varied.

e Check the validity of the exponential decay approximation (see Fig. 21.15).

Problem 21.5 (Landau-Zener model) This computer experiment simulates the Lan-
dau Zener model. The coupling strength and the nuclear velocity can be varied (see

Fig. 21.18).

e Try to find parameters for an efficient crossing of the states.

Problem 21.6 (Resonance line) In this computer experiment a two-state system
with damping is simulated. The resonance curve is calculated from the steady state

occupation probabilities (see Figs. 21.22, 21.23).
e Study the dependence of the line width on the intensity (power broadening).

Problem 21.7 (Spin flip) The damped two-state system is now subject to an exter-
nal pulsed field (see Figs. 21.25, 21.26, 21.27).
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Fig. 21.27 (Motion of the T
Bloch vector during 7 and 7
pulses) The trace of the

Bloch vector is shown in the
laboratory system. Left: i :
Z-pulse as in Fig. 21.26 with v —

T» = 1000. Right: m-pulse as v
in Fig. 21.25 with T = 1000 <

e Try to produce a coherent superposition state (7r/2 pulse) or a spin flip (7 pulse).
e Investigate the influence of decoherence.
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Performing the Computer Experiments
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The computer experiments are realized as Java-applets which can be run in any
browser that has the Java plug-in installed without installing anything else. They are
written in a C-like fashion which improves the readability for readers who are not
so familiar with object oriented programming. The source code can be studied most
conveniently with the netbeans environment which is open source and allows quick
generation of graphical user interfaces.

After downloading and unzipping the zipped file from extras.springer.com you
have two options:
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434 I Performing the Computer Experiments

Run a program in your Browser

Open the file CP-examples.html in your browser. If the Java plug-in is installed
properly you can start any one of the programs by simply clicking its number in the
left hand frame.

Open a program with the netbeans environment

If you have the netbeans environment installed, you can import any of the pro-
grams as a separate project by opening the corresponding folder in the directory
HTML/code/. You may have a look at the source code and compile and run it

® numprec2 - NetBeans IDE 6.5 =|E] |l|

File Edit View Mavigate Source Refactor Run Debug Profle Versioning Tools Window Help

Hﬁ - ‘Hj (;‘J“W T B D B (==

8 5] Newdapplet java x|
gl ey BB-B-QAUSR|CEL(AAC TG
BEj| 103 et L]
104 [ public woid precision() { i
g 105 double one, x, ¥, p’
" 106 double powers([]:
§ 107 int n, 1i;
@ 108 df = new DecimalForwat ("##0.00000000000000000") ;
109 powers = new douwble([100]:
110 one = 1.0;
111 x = 1.0;
112 n = 0;
113 povers[0] = one;
114
115 -n
116 k zir |
117
118 jTextAreal,setTabSize (10):
119 jTextAreal.append(” n \t x \t 1+x \t (1+x)-1\n");
120
121 do {
122
123
124 ¥ = X + one;
125 jTextAreal.append(”2"-" + n + " " 4+ df.format(x) + " " +d
126
127 *x=x/ 2.0
128 n=mn+1;
123 powers[n] = x;
130 } while (y > one):
131
132 jTextAreal.append(” machine precision reached\n");
133
134
135
136

137 “ }

138 %
T ﬂ_l
e
[Houtput  Qusages




Appendix II

Methods and Algorithms

Purpose Method Comments Pages
Interpolation Lagrange polynomial explicit form, easy to evaluate 17
Barycentric Lagrange for evaluation at many points 17
polynomial
Newton’s divided new points added easily 18
differences
Neville method for evaluation at one point 20
Spline interpolation smoother, less oscillatory 22
Rational interpolation smoother, less oscillatory, often less 25,28
coefficients necessary
Padé approximation often better than Taylor series 25
Barycentric rational easy to evaluate 27
interpolation
Rational interpolation alternative to splines, analytical 31
without poles
Multivariate multidimensional 32
interpolation
Trigonometric periodic functions 116
interpolation
Differentiation One-sided difference low error order 37
quotient
Central difference higher error order 38
quotient
Extrapolation high accuracy 221
Higher derivatives finite difference methods 41
Partial derivatives finite difference methods 42
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II Methods and Algorithms

Purpose Method Comments Pages
Integration Newton-Cotes formulae equally spaced points 46
Trapezoidal rule simple, closed interval 46
Midpoint rule simple, open interval 48
Simpson’s rule more accurate 46
Composite for larger intervals 48
Newton-Cotes rules
Extrapolation high accuracy 49
(Romberg)
Clenshaw-Curtis suitable for adaptive and 50
expressions multidimensional quadrature
Gaussian integration high accuracy if polynomial 52
approximation possible
Monte Carlo integration ~ high dimensional integrals 139
Linear equations Gaussian elimination standard method for linear equations 60
(LU reduction) and matrix inversion
QR decomposition numerically more stable 64
Iterative solution large sparse systems 73
Jacobi relaxation converges for diagonally dominant 73
matrices, parallel computation
possible
Gauss-Seidel relaxation converges for symmetric positive 74
definite or diagonal dominant
matrices, no extra storage
Chessboard (black-red) two independent subgrids, especially 307
for Poisson equation
Damping and Successive  speeds up convergence for proper 75
over-relaxation relaxation parameter
Multigrid fast convergence but more 307
complicated
Conjugate gradients for symmetric positive definite 76
matrices, preconditioning often
necessary
Special LU Tridiagonal linear equations 69
decomposition
Sherman-Morrison Cyclic tridiagonal systems 71
formula
Root finding Bisection reliable but slow continuous functions 84
Regula falsi (false speed and robustness between 85
position) bisection and interpolation
Newton-Raphson continuous derivative necessary, 85
converges fast if starting point is close
to a root
Interpolation (secant) no derivative necessary, but slower 87
than Newton
Inverse interpolation mainly used by combined methods 88
Dekker’s combined Combination of bisection and secant 91
method method
Brent’s combined Combination of bisection, secant, and 92
method quadratic inverse interpolation
methods, very popular
Chandrupatla’s Uses quadratic interpolation whenever 95

combined method

possible, faster than Brent’s method,
especially for higher order roots
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Purpose Method Comments Pages
Multidimensional ~ Newton-Raphson Needs full Hessian 97
root finding Quasi-Newton Hessian not needed, no matrix 98
(Broyden) inversion
Function Ternary search no gradient needed, very simple, for 99
minimization unimodal functions
Golden section search faster than ternary search but more 101
(Brent) complicated
Multidimensional ~ Steepest descent simple but slow 106
minimization Conjugate gradients faster than steepest descent 107
Newton-Raphson fast, if starting point close to 107
minimum, needs full Hessian
Quasi-Newton Hessian not needed, very popular 108
(BFGS,DFP)
Fourier Gortzel’s algorithm efficient if only some Fourier 120
transformation components are needed
Fast Fourier transform much faster than direct discrete 121
Fourier transform
Random numbers  Linear congruent simple pseudo-random number 135
mapping generator
Marsaglia-Zamann higher quality random numbers but 135
more complicated
RN with given inverse of cumulative distribution 136
distribution function needed
Random points on unit random directions 137
sphere
Gaussian RN Gaussian random numbers 138
(Box-Muller)
Thermodynamic Simple sampling inefficient 141
average Importance sampling samples preferentially important 142
configurations
Metropolis algorithm generates configurations according to 142
a canonical distribution
Eigenvalue Direct solution only for very small dimension 148
problems Tridiagonal matrices explicit solutions for some special 150
tridiagonal matrices
Jacobi simple but not very efficient 148
QL efficient method for not too large 156
matrices, especially in combination
with tridiagonalization by
Householder transformations
Lanczos iterative method for very large 159
matrices or if only a few eigenvalues
are needed
Singular value Generalization for arbitrary matrices 167

decomposition (SVD)
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Purpose Method Comments Pages
Data fitting Least square fit fit a model function to a set of data 162
Linear least square fit simple but less accurate 163
with normal equations
Linear fit with better numerical stability 165
orthogonalization
Linear fit with SVD expensive but more reliable, also for 172
rank deficient matrices
Low rank matrix data compression, total linear least 170
approximation squares
Discretization Method of lines continuous time, discretized space 183
Eigenvector expansion
Finite differences simplest discretization, uniform grids 180
Finite volumes partial differential equations with a 185
divergence term ( conservation laws),
flux conservative, allows unstructured
meshes and discontinuous material
parameters
Finite elements very flexible and general 196
discretization method but also more
complicated
Spectral methods expansion with global basis functions, 193
mostly polynomials and Fourier sums,
less expensive than finite elements but
not as accurate for discontinuous
material parameters and complicated
geometries
Dual grid for finite volumes 185,314
Weighted residuals general method to determine the 190
expansion coefficients
Point collocation simplest criterion, often used for 191
nonlinear problems and spectral
methods
Sub-domains more general than finite volumes 191
Least square popular for computational fluid 192
dynamics and electrodynamics
Galerkin most widely used criterion, leads 192
often to symmetric matrices
Fourier pseudo-spectral ~ very useful whenever a Laplacian is 193
method involved, reduces dispersion
Boundary elements if the Green’s function is available 204
Time evolution Explicit forward Euler low error order and unstable, mainly 210
used as predictor step
Implicit backward Euler  low error order but stable, used for 212
stiff problems and as corrector step
Improved Euler (Heun,  higher error order 213
predictor-corrector)
Nordsieck implicit method, has been used for 215
predictor-corrector molecular dynamics
Gear predictor-corrector  optimized for molecular dynamics 217
Explicit Runge Kutta general and robust methods, easy step 217

(2nd, 3rd, 4th)

size and quality control
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Purpose Method Comments Pages
Extrapolation very accurate and very slow 221
(Gragg-Bulirsch-Stor)
Explicit high error order but not self-starting, 222
Adams-Bashforth for smooth functions, can be used as
predictor
Implicit Adams-Moulton better stability than explicit method, 223
can be used as corrector
Backward differentiation implicit, especially for stiff problems 223
(Gear)
Linear multistep General class, includes 224
predictor-corrector Adams-Bashforth-Moulton and Gear
methods
Verlet integration symplectic, time reversible, for 225
molecular dynamics
Position Verlet less popular 227
Velocity Verlet often used 227
Stormer-Verlet if velocities are not needed 228
Beeman’s method velocities more accurate than for 230
Stormer-Verlet
Leapfrog simple but two different grids 231,231, 343
Crank-Nicolson implicit, stable, diffusion and 357, 347
Schrodinger equation
Lax-Wendroff hyperbolic differential equations 345
Two-step differential equation with second 338
order time derivative
Reduction to a first order Derivatives treated as additional 340
equation variables
Two-variable transforms wave equation into a 343

Unitary time
evolution

Rotation

Molecular
dynamics

Split operator

Rational approximation
Second order
differencing

Split operator Fourier

Real space product
formula

Reorthogonalization
Quaternions

Euler angles
Explicit method

Implicit method

Force field gradients
Normal mode analysis

Behrendsen thermostat
Langevin dynamics

system of two first order equations

approximates an operator by a product 360, 226, 399

implicit,unitary
explicit, not exactly unitary

low dispersion, needs fast Fourier
transformation

fast but less accurate, useful for
wavepackets in coupled states

restore orthogonality of rotation
matrix

optimum parametrization of the
rotation matrix

numerical singularities

low accuracy, reorthogonalization
needed

higher accuracy, orthogonal
transformation

needed for molecular dynamics

small amplitude motion around an
equilibrium

simple method to control temperature
Brownian motion

392
396

399

399

250

256

255
250

251

270
274

281
301
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