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4.5.2 Nonideal or Actual Transformer

In the previous section, certain assumptions were made in characterizing ay

r

ideal transformer. These assumptions are no longer applicable when analyzing
the performance of an actual transformer.

A nonideal transformer is illustrated in Fig. 4.10. It can be described g
having resistances in its windings. Not all of the flux produced by one winding
will link the other winding because of flux leakage. The core of the actug]
transformer is not perfectly permeable; it has a finite permeability. Thus,
requires a finite mmf for its magnetization. Because the flux in the core g
alternating, there are hysteresis and eddy current losses, collectively calleg
core losses or iron losses.

In deriving the equivalent circuit for the two-winding transformer of Fig,
4.10, the characteristics of an actual transformer described earlier need to be
modeled.

Consider the primary circuit. A voltage equation around the loop may be
written as

oo dM dé:
vi = Ryip + 7t = Rii1 + N; s (4.39)
where
R = resistance of primary winding
N; = number of turns for primary winding

The primary winding flux ¢; may be expressed as the sum of the mutual
flux ¢y, and the primary leakage ¢i;:

¢1 = ¢m + dn (4.40)
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FIGURE 4.10 An actual transformer.
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Thus. Eq. 4.39 reduces to

. d
v = Ryi; +N1% -f-]\/ld—;t;E

(4.41)

since the leakage flux ¢y is a linear function of the primary current i, the
secoﬂd term on the right-hand side of Eq. 4.41 may be expressed in terms of
the inductance of the primary winding. Thus,

di; don
ai + N ——

vi = Riiy +L; T

(4.42)

The secondary circuit is considered next. From Fig. 4.10, the voltage equa-
tion in the secondary may be written as follows:

. dA
vy = —Rpiy + o —Ryi, +N2@

T = (4.43)

From the flux directions, the secondary flux may be represented by the differ-
ence between the mutual flux and the secondary leakage flux:

$2 = b — b1 (4.44)
Substituting Eq. 4.44 into 4.43 yields
e dop do
vy = —Rpiy — Nz—dt + N2—dtm (4.45)

Similarly, the leakage flux ¢y, is a linear function of the secondary current
ia. Thus, Eq. 4.45 may be written using the inductance of the secondary wind-
ing as

(4.46)

In ]_Eqs. 4.42 and 4.46, the last terms represent the induced voltages across
the primary and secondary windings, respectively; that is,

de

ey = Nl_dtm (4.47)
d

ey = N2—¢m (4.48)
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Dividing Eq. 4.47 by Eq. 4.48 yields the voltage ratio:

(4.49)

Figure 4.11 shows the equivalent circuit of the two-winding transformer of
Fig. 4.10. The circuit elements that are used to model the core magnetizatioy
and the core losses can be added to either the primary side or the secondary
side. In Fig. 4.11, the inductor L representing the core magnetization and the
resistor R, representing the core losses (hysteresis and eddy current losses) have
been connected in parallel and located in the primary side of the transformer
equivalent circuit.

The core-related circuit elements R.; and Ly, are usually determined at rateq
voltage and are referred to the primary side in Fig. 4.11. They are assumeq
to remain essentially constant when the transformer operates at, or near, rated
conditions.

In phasor form, the transformer equivalent circuit takes the form showp
in Fig. 4.12. The reactances are derived by multiplying the inductances by
the radian frequency w = 2mf, where f is the frequency. The turns ratio
a = N1/N, is approximately equal to the voltage ratio V;/ V2, the ratio of the
rated primary voltage to the rated secondary voltage provided by the manu-
facturer.

A phasor diagram for a lagging power factor (inductive) load connected
across the secondary of the transformer of Fig. 4.12 is shown in Fig. 4.13.

The notation used is as follows:

E; = primary induced voltage
E, = secondary induced voltage
V1 = primary terminal voltage
e _‘l
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FIGURE 4.11 Equivalent circuit of a transformer.
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FIGURE 4.12 Transformer equivalent circuit in phasor form.

V, = secondary terminal voltage
I, = primary current
I, = secondary current
I. = excitation current
L., Xm = magnetizing current and reactance
I., R. = current and resistance representing core loss
R; = resistance of the primary winding
R, = resistance of the secondary winding
X, = primary leakage reactance
X, = secondary leakage reactance

In the transformer equivalent circuit of Fig. 4.12, the ideal transformer can
be moved out to the right or to the left of the equivalent circuit by referring
all quantities to the primary or secondary, respectively, as shown in Fig. 4.14.
This is almost always done because of the great simplicity it introduces in
transformer performance analysis.

FIGURE 4.13 Phasor diagram for Fig. 4.12.
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FIGURE 4.14 Referred transformer equivalent circuit: (a) referred to primary;
(b) referred to secondary.

EXAMPLE 4.6

A 25-kVA, 440/220-V, 60-Hz transformer has the following parameters:
R =0.16 Q R, = 0.04 Q R =270 Q
X; =0320 X, = 0.08 Q) Xm1 = 100 Q

The transformer delivers 20 kW at 0.8 power factor lagging to a load on the
low-voltage side with 220 V across the load. Find the primary terminal voltage.

Solution The voltage across the load is taken as reference phasor; thus,
V, =220/0°V

For a load P, = 20,000 W at 0.8 power factor lagging,

the secondary current
is computed as follows: :

20,000

L = %20)0.8)

/= cos”10.8 = 113.64 /1—36.9° A
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The transformer turns ratio is a = 440/220 = 2. Thus, the secondary volt-
ag¢ and current and the winding resistance and reactance are referred to the

primary side as follows:
aV, = 2(220 /0°) = 440 /0° V
L/a = (113.64 /—36.9°)/2 = 56.82 /—36.9° A
a’R; = (2)%(0.04) = 0.16 Q
a’X, = (2)%(0.08) = 0.32 Q

Referring to the phasor diagram of Fig. 4.13, the pri i
is calculated as follows: ’ iy dnduses voltage

Ei = aV, + (I/a)(@’R; + ja’X,)
440 £0° + (56.82 /—36.9°)(0.16 + j0.32)

458.2 + j9.07 = 458.3 /1° V

I

The shunt branch currents are

I = Ei/R; = (458.2 + j9.07)/270 = 1.7 + j0.03 A
In = Ei/jXm = (458.2 + j9.07)/7100 = 0.09 — j4.58 A
L =L+I, =179— j455A

Thus, the primary current is

IL =1. + Iz/a
= (1.79 — j4.55) + (56.82 /—36.9°) = 61.04 /—39.3° A
Therefore, the primary voltage is found from
Vi =E +Li(R: + jX1)

= (458.2 + j9.07) + (61.04 ,—39.3°)(0.16 + j0.32)
=478.1+ j18 = 478.4 /2.2°V

453 Approximate Equivalent Circuits

& : deI_'lvatl'on of approximate equivalent circuits begins with the diagrams
\ Wn in Fig. 4.14. All quantities have been referred to the same side of
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the transformer, and the ideal transformer may be omitted from the equivalep
circuit.

The first step in the simplification process is to move the shunt magnetizatioy
branch from the middle of the T circuit to either the primary or secondary
terminal, as shown in Fig. 4.15a and b. This step neglects the voltage drop
across the primary or secondary winding caused by the exciting current. The
voltage drop caused by the load component of the current is still includeq
of course. The error introduced in this step is generally very small in mos;
problems involving power transformers.

The primary and secondary winding resistances are combined to give eithg
the equivalent resistance referred to the primary side Re; = Ri + a’R; or the
equivalent resistance referred to the secondary side Rex = R 1/a? + Ry. Sim.
ilarly, the primary and secondary winding reactances are combined to obtaiy
either the equivalent reactance referred to the primary side Xe; = X1 + azX2
or the equivalent reactance referred to the secondary side Xe» = X1/ a’+Xx,

The next step in deriving the approximate equivalent circuit is the deletion of

the shunt magnetizing branch completely. Thus, the transformer equivalent cir. \

cuit reduces to a simple equivalent series impedance referred to either primary
or secondary, as shown in Fig. 4.15¢ and d.
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FIGURE 4.15 Approximate equivalent circuits.
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4.5 TRANSFORMERS

454 Voltage Regulation

Distribution and power transformers are often used to supply loads that are
designed to operate at essentially constant voltage. The amount of secondary
(load) current drawn depends on the load connected to the transformer sec-
ondary temxnals. As this current changes with changing load, with the same
gpplied primary voltage, the load voltage likewise changes. This change is due
o the voltage drop across the internal impedance of the transformer. A mea-
qure of how much the voltage will change as load is varied is called voltage
regulation.

The voltage regulation of a transformer is defined as the change in the
magnitude of the secondary voltage as the current changes from full load to no
joad with the primary voltage held fixed. This is expressed mathematically as

Voltage regulation = MmO% (4.50a)
Va1l '
_ Vi|—aV,|
V) 100% (4.50b)
[Vi/al = [V,
= ————=100%
A ) (4.50c)

The use of Eq. 4.50 in calculating the voltage regulation implies that the
primary voltage V; is adjusted to a value that provides rated secondary voltage
¥, across the load when rated secondary current is supplied to the load. Then
as current is reduced to zero or no load, the increase in secondary voltage is
determined.

455 Efficiency

The percent efficiency of the transformer is defined as the ratio of the power

output Poyrpye to the power input Py, both e d i ipli
- Thu:, put Finput xpressed in watts, multiplied by

P
n = 2P 100%

Piaput 4.51)

This can also be expressed as

— P, output
Poutput + 2(losses)

n 00% (4.52)
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or
g = Dipu = 200ssey) 4550, 4.53)
input
where
S(losses) = core loss + copper loss (4.54q)
S(losses) = Peore + (I1R1 + I3R2) (4.54b)
S,(losses) = Peore + I3Re1 (4.54¢)
S(losses) = Peore + I3Re (4.54q)
EXAMPLE 4.7

A 150-kVA, 2400/240-V transformer has the following parameters referred
to the primary side: Re; = 0.5 Q and Xe; = 1.5 . The shunt magnetizing
impedance is very large and can be neglected. At full load, the transformer
delivers rated kVA at 0.85 lagging power factor and the secondary voltage is
240 V. Calculate (a) the voltage regulation and (b) the efficiency assuming core
losses amount to 600 W.

Solution

a. The transformer turns ratio is
a = 2400/240 = 10
Take the secondary voltage V as the reference phasor.
V, =240 /0°V
aV, = 2400 /0° V
At rated load and 0.85 PF lagging:
I, = (150,000/240) /— cos™10.85° = 625 /—31.8° A
I, = I/a = (625/10) /—31.8° = 62.5 /—31.8° A

The primary voltage is calculated as follows:

Vi = aVz + I/ a)Rer + jXe1)

2400 £0° + (62.5 /—31.8%)(0.5 + j1.5) = 2476.8 /1.5°V
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Thus, the percent voltage regulation is found by using Eq. 4.50b as
follows:

i—aWw

Voltage regulation = 100%
aV
2476.8 — 2400
= a0 100% = 3.2%

b. At rated output,

Pougput = (150,000)(0.85) = 127,500 W
Py = I?Re; = (62.5)%(0.5) = 1953 W
Peore = 600 W
Pinput = Poupur + (losses) = 130,053 W

Therefore, the efficiency is found by using Eq. 4.51 as follows:

_ power output

- 100%
power input
127,500
= 130,053 100% = 98%

45.6 Determination of Equivalent Circuit Parameters

Two simple tests are used to determine the values for the parameters of the
transformer equivalent circuit of Fig. 4.15a and b. If it is desired to find the
parameters of the exact equivalent circuit of Fig. 4.12, it is customary to assume
Ry = a’R; and X1 = a%X,. This assumption allows the decomposition of the
equivalent resistance and reactance into the primary and secondary components.

The two tests are the short-circuit and open-circuit tests. Let the primary
(winding 1) be the high-voltage side and the secondary (winding 2) the low-
voltage side for the transformer of Fig. 4.10.

Open-Circuit Test In the open-circuit test, the transformer rated voltage is
applied to the low-voltage side of the transformer with the high-voltage side
left open. Measurements of power, current, and voltage are made on the low-
Voltage side as shown in Fig. 4.16.

Since the high-voltage side is open, the input current I, is equal to the
€Xciting current through the shunt excitation branch as shown in the equivalent
Circuit of Fig. 4.17. Because this current is very small, about 5% of rated
Value, the voltage drop across the low-voltage winding and the winding copper
losses are neglected.
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FIGURE 4.16 Connections for open-circuit test. ‘
!
The magnitude of the admittance of the shunt excitation branch of the equiy. |
alent circuit referred to the low-voltage side is calculated as follows:

Toc
Y| = — 4.5
I 02| Voo ( 3)
The phase angle of the admittance is found as
P
—0pp = —cos | ) 4.56
o (vocloc “.5
Thus, the complex admittance may be expressed as
Yoo = |Yo2| /=002 = G2 — jBm2 (4.57)

The corresponding resistance and reactance parameters of Fig. 4.15b are
derived from the conductance and susceptance, respectively:

1
Ro = — ,
2= G (4.58)
i X = L (4.59)
TEm2 T jBm '
Hi HV LV X1 g
—AMN— N
4
3‘ ’% Rep Xm2 @ Voc
H, X2
o, O

Transformer

FIGURE 4.17 Equivalent circuit for open-circuit test.
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ese parameters may be referred to the high-voltage side to give the parameters
of the equivalent circuit of Fig. 4.15a.
a2Rc2

R = (4.60)

Xmi = a*Xm2 (4.61)

Note that when rated voltage at rated frequency is applied during the open-
circuit test, the power input P, is practically equal to the rated core loss.
fn most applications, this value of core loss is typically assumed to remain

constant for different load levels.

ghort-Circuit Test 1In the short-circuit test, the low-voltage side is short-
circuited and the high-voltage side is connected to a variable, low-voltage
source. Measurements of power, current, and voltage are made on the high-
voltage side as shown in Fig. 4.18.

The applied voltage is adjusted until rated short-circuit current flows in the
windings. This voltage is generally much smaller than the rated voltage, in the
range of 0.05 to 0.10 per unit. Therefore, the current through the magnetizing
pranch is negligible, and the applied voltage may be assumed to occur wholly
as a voltage drop across the transformer series impedance as shown in the
equivalent circuit of Fig. 4.19.

The magnitude of the series impedance referred to the high-voltage (primary)
side may be calculated as follows:

Vi
Zat] = 7= 4.62)
SC
The equivalent series resistance referred to the high-voltage side is
By == — m +0’R
el = 2 =& a“Ry (4.63)

+

Reduced
voltage

Short
circuit

i

Transformer
FIGURE 4.18 Connections for short-circuit test.
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FIGURE 4.19 Equivalent circuit for short-circuit test.

Correspondingly, the equivalent series reactance referred to the high-voltage

side is
Xe1 = /|Ze1l2 = Rgl =X+ a2X2

The values of these parameters derived from the short-circuit test are used iy
conjunction with Fig. 4.15a. These parameters may be referred to the low.
voltage (secondary) side to derive the corresponding values for use with Fig,

4.15b as follows:
1
Re2 = <_2>Rel
a

1
Xep = <_2‘)Xe1
a

Note that when rated current flows through the windings during the short:
circuit test, the power input Py is equal to the rated copper loss.

(4.64)

(4.65)

(4.66)

Tests on Three-Phase Transformers When a three-phase transformer under
goes open-circuit and short-circuit tests, it must be remembered that the power
being measured is total three-phase power, the measured voltage is line-to-liné
voltage, and the measured current is line current. The impedance parameters of
interest are to be calculated on a per-phase basis. Therefore, before using the
formulas derived above to calculate the resistances and reactances, the measured
values must also be converted to per-phase values. Three-phase transformers
are discussed later in Section 4.7.

EXAMPLE 4.8

A 50-kVA, 2400/240-V, 60-Hz single-phase transformer has a short-circuit tes!
performed on its high-voltage side. An open-circuit test is performed on the
low-voltage side. The following test results were obtained:

r
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Voltage (V) Current (A) Power (W)
Short-circuit (LV shorted) 48 20.8 620
Open-circuit (HV open) 240 5.4 186

a. Draw the transformer’s equivalent circuit.
b. Determine its voltage regulation, and efficiency at rated load, 0.8 power
factor lagging, and rated voltage at the secondary terminals.

solution The ratings of the transformer, with the high-voltage side as primary,
are s follows:

Rated primary voltage V; = 2400 V

Rated secondary voltage V, = 240 V

Rated primary current /; = 50,000/2400 = 20.83 A
Rated secondary current /5 = 50,000/240 = 208.3 A
Turns ratio a = 2400/240 = 10

a. The equivalent circuit for the short-circuit test is shown in Fig. 4.19.
The series impedance parameters are calculated as follows:

|Ze1| = Vie/Is. = 48/20.8 = 2.30 Q
Re1 = Py/12 = 620/(20.8)> = 1.43 Q
Xe1 = V|Ze12 = Rai2 = /(2.30)2 — (1.43)2 = 1.80 Q

The equivalent circuit for the open-circuit test is shown in Fig. 4.17.
The parameters of the shunt magnetizing branch are computed as follows:

I 5.4
Y| = =2 = =% =
Yozl o = i = 002258
[ P [ 186
—02=—C0S1<—0C ):—cosl{—_Jz_ °
Vool O] B
Yoo = 0.0225 /—81.8° = (3.23 — j22.3) X 1072 S = Gey — jBuma
1 1
R — — —— =
2= 6o~ 3Bx103 006l
1 1
Xy = —— = 4480

By 223 x 1073

The shunt magnetizing branch may be referred to the high-voltage side as

R.; = a’Ry = (10)%(309.6) = 30.96 kQ
X1 = a’Xmo = (10)%(44.8) = 4.48 kQ

Il
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Finally, the transformer equivalent circuit is drawn as shown in Fig
4.20.

b. At rated secondary conditions, and 0.8 power factor lagging:
aV;, = (10)(240 /0°) = 2400 £0° V

208.3 /—36.9°
I, L__ _ _ °
10 20.83 /—36.9° A

Il

The primary voltage is computed as follows:

Vi = aVy + (I2/a)(Re1 + jXe1)
2400 /0° + (20.83 /—36.9°)(1.43 + j1.80)

= 2446.3 + j12.1 = 2446.4 0.3° V

The percent voltage regulation is found by using Eq. 4.50b as follows;

i—aW
aVy
2446.4 — 2400

= w0 100% = 1.9%

Il

Voltage regulation 100%

At rated load and 0.8 power factor, the power input is computed as
the sum of the power output and losses as follows:

Pouput = (50,000)(0.80) = 40,000 W
S(losses) = core loss + copper loss = Poc + I7Re1
186 + (20.83)%(1.43) = 806 W
Pinput = Poutpur + 2(losses) = 40,000 + 806 = 40,806 W

P

I Re1 Xe1 =z
o_.%—/\/\/\'—-—l Y'Y Y\ -O
+ 143Q 1.80Q &

Re1 Xm1
Vi 30.96 @ sa8ka V2
O =)

FIGURE 4.20 Transformer equivalent circuit for Example 4.7.
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Therefore, the efficiency of the transformer is found by using Eq. 4.51

as follows:
_ power qutput 100%
power input
40,000 _
= 20,806 100% = 98%
45.7 Polarity

fransformer windings are marked to identify terminals with the same polarity.
polarity marks may either be dots or + marks. Alternatively, polarity marks
may be shown by assigning the same subscripts to corresponding primary and
secondary labels, H and X, respectively. Thus, when the primary terminals are
named Hy and Hp, the corresponding secondary terminals are identified as X;
and X2, respectively.

Primary and secondary terminals have the same polarity when, at a given
instant of time, current enters the primary terminal and leaves the secondary
terminal as shown in Fig. 4.21.

The polarity marks also indicate that at the instant the primary dotted ter-
minal H; is positive with respect to the undotted end H,, so is the secondary
dotted terminal X; positive with respect to its undotted end X».

The terms additive polarity and subtractive polarity merely have reference
to the relative position of the locations of the H and X terminals. Figure 4.22
illustrates both conditions.

If the top terminals of the transformer of Fig. 4.22 are connected together
and one winding is excited by a sinusoidal voltage source, the voltage measured
across the bottom terminals will be either

a. The difference between the induced voltage across the H and X windings
as in Fig. 4.22a or

b. The sum of the induced voltages as in Fig. 4.22b.

Hl |1 |2 Xl
o 0
+
Ey
Ha - Xz
o 0
FIGURE 4.21 Transformer polarity markings.
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(@) ®)
FIGURE 4.22 Transformer polarity: (a) subtractive polarity; (b) additive polarity.

DRILL PROBLEMS
D4.9 A 240/120-V 60-Hz ideal transformer is rated at 5 kVA.

a. Calculate the turns ratio.
b. Calculate the rated primary and secondary currents.

c¢. Calculate the primary and secondary currents when the transformer de

livers 3.2 kW at rated secondary voltage and at 0.8 lagging power factg

D4.10 A 50-kVA, 2400/240-V, 60-Hz distribution transformer has the fol
lowing resistances and leakage reactances in ohms referred to its own side.

R, =
R

3.5
0.035

5.7
0.057

X, =
X,

The subscript 1 denotes the primary or high-voltage winding and subscript}
denotes the secondary or low-voltage winding.

a. Find the equivalent impedance Z.; referred to the primary.

b. Find the equivalent impedance Z., referred to the secondary.

¢. The transformer secondary is connected to an electrical load, and it de
livers its rated current at rated voltage and 0.85 power factor lagging
Find the primary voltage.

D4.11 A single-phase, 10-kVA, 2200/220-V transformer has the following

parameters:
Ri =400 R, = 0.04 Q
X; =500 X, =0.050Q
Rcl = 35 kQ Xm] =40 kQ

The transformer is supplying its rated current to a load at 220 V and 0.8 P
lagging.
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a. Draw the equivalent circuit of this transformer, showing values of the
elements referred to the primary side.

p. Determine the input voltage of the transformer.
¢. Calculate the transformer voltage regulation.
d. Find the efficiency of the transformer.

p4.12  Solve Problem D4.11 by using the approximate equivalent circuit of
, transformer given in Fig. 4.15¢ or Fig. 4.15d.

D4'13 A single-phase, 25-kVA, 2300/230-V, 60-Hz distribution transformer
pas the following characteristics:

Core loss at full voltage = 250 W
Copper loss at half load = 300 W

a. Determine the efficiency of the transformer when it delivers rated load
at 0.866 power factor lagging.

b. The transformer has the following (24-h) load cycle:

1/4 full load for 4 h at 0.8 PF
1/2 full load for 10 h at 0.8 PF
3/4 full load for 6 h at 0.8 PF
Full load for 4 h at 0.9 PF

Find the all-day (or energy) efficiency, that is, the ratio of the energy
output to the energy input over a 24-h period.

D4.14 A 5-kVA, 440/220-V, single-phase transformer was subjected to the
short-circuit and open-circuit tests, and the following test results were obtained:

Voltage (V) Current (A) Power (W)
Short-circuit test 28.5 11.4 65
Open-circuit test 220 1.25 50

a. Find the circuit parameters of the transformer.
b. Draw the equivalent circuit of the transformer.

4.6 AUTOTRANSFORMER

The autotransformer serves a function similar to that of the ordinary trans-
fOrrner to raise or lower voltage. It consists of a single continuous wind-
ing with a tap brought out at some intermediate point as shown in Fig.
4.23. Because the primary and secondary windings of the autotransformer are
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FIGURE 4.23 Autotransformer.

physically connected, the supply and output voltages are not insulated frop

each other.
When a voltage V; is applied to the primary of the autotransformer, the

induced voltages are related by

El Eac Nl
— = —_—=——=4d 4.61
E;  Ew 2 .61
Neglecting voltage drops in the windings,
Vi
— = 4.
¥ a (4.68)

When a load is connected to the secondary of the autotransformer, a curreil
I, flows in the direction shown in Fig. 4.23. By Kirchhoff’s current law,

I, = I, + 15 (4-69)

As in the ordinary transformer, the primary and secondary ampere-turns balance
each other, except for the small current required for core magnetization:

N1l = N2l (4.70
Equation 4.70 may also be written as

L _ M

2 - 1= 4.70

L m (

Substituting Eq. 4.71 into Eq. 4.69, the ratio of the winding currents i
found as '

J
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(4.72)

In an autotransformer, the total power transmitted from the primary to the
secondary does not actually pass through the whole winding. This means that
a greater amount of power can be transferred without exceeding the current
rating$ of the windings of the transformer.

The input apparent power is given by

S = Wnl 4.73)
gjmilarly, the output apparent power is given by
Sy = Wi, 4.74)
However, the apparent power in the transformer windings is
Sw =Wals = (Vi = W) = Sing (4.75)

This power is the component of the power transferred by transformer action or
py electromagnetic induction.

The difference (S, —Sw) between the output apparent power and the apparent
power in the windings is the component of the output transferred by electrical
conduction. This is equal to

Scond = Vol — Va3 = V214 (4.76)

EXAMPLE 4.9

A single-phase, 10-kVA, 440/110-V, two-winding transformer is connected as
an autotransformer to supply a load at 550 V from a 440 V supply as shown
below. Calculate the following:

a. kVA rating as an autotransformer

b. Apparent power transferred by conduction

¢. Apparent power transferred by electromagnetic induction
Solution

. The single-phase, two-winding transformer is reconnected as an autotrans-
ormer as shown in Fig. 4.24. The current ratings of the windings are given by

Iab

Ibc

10,000/110 = 90.9 A
10,000/440 = 22.7 A
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I

—

550V

oo

440V I3

c

0>
—0

FIGURE 4.24 Autotransformer circuit of Example 4.9.
At full or rated load, the primary and secondary terminal currents are

I, =909 A
Iy =1, +13=90.9+227 =113.6 A

Therefore, the kVA rating of the autotransformer is

kVA; = (440)(113.6)/1000 = 50 kVA
kVA, = (550)(90.9)/1000 = 50 kVA

Note that this transformer, whose rating as an ordinary two-winding trans-
former is only 10 kVA, is capable of handling 50 kVA as an autotransformer,
However, not all of the 50 kVA is transformed by electromagnetic induction,
A large part is merely transferred electrically by conduction.

The apparent power transformed by induction is

Sinda = Vilz = (440)(22.7) VA = 10 kVA
The apparent power transferred by conduction is

Scond = Vil2 = (440)(90.9) VA = 40 kVA

4.7 THREE-PHASE TRANSFORMERS

Three-phase transformers are used quite extensively in power systems to trans
form a balanced set of three-phase voltages at a particular voltage level into
a balanced set of voltages at another level. Transformers used between gefi
erators and transmission systems, between transmission and subtransmissiol
systems, and between subtransmission and distribution systems are all three

r
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ase transformers. Most commercial and industrial loads require three-phase
nsformers to transform the three-phase distribution voltage to the ultimate
jization level.
Three-phase transformers are formed in either of two ways. The first method
s 10 connect three single-phase transformers to form a three-phase bank. The
1econd method is to manufacture a three-phase transformer bank with all three
pases located on a common multilegged core. As far as analysis is concerned,
here is no difference between the two methods.

The primary windings and secondary windings of the three-phase transformer

ay be independently connected in either a wye (Y) or delta (A) connection.
As @ result, four types of three-phase transformers are in common use:

1. Wye-wye (Y-Y)

2. Wye-delta (Y-A)
3. Delta-wye (A-Y)
4. Delta-delta (A-A)

uti

The four possible connections are shown in Fig. 4.25. It should be noted

that to form a wye connection, the undotted ends of the three windings (three
rimaries or three secondaries) are joined together and form the neutral point

and the dotted ends become the three line terminals. In forming a delta con-
nection, the three windings belonging to the same side are connected in series
in such a way that the sum of the phase voltages in the closed delta is equal
to zero; then the line terminals are taken off the junctions of the windings.

In Fig. 4.25, the primary and secondary windings that are drawn parallel to
each other belong to the same phase. Also shown in the figure are the various
voltages and currents, where V and / are secondary line-to-line voltage and line
current, respectively, and a is the turns ratio of the single-phase transformer.

The Y-A connection is commonly used in stepping down from a high voltage
to a medium or low voltage level, as in distribution transformers. Conversely,
the A-Y connection is used for stepping up to a high voltage, as in generation
station transformers.

The Y-Y connection is seldom used because of possible voltage unbalances
and problems with third harmonic voltages. The A-A connection is used because
of its advantage that one of the three single-phase transformers can be removed
for repair or maintenance. The remaining two transformers continue to function
as a three-phase bank, although the kVA rating of the bank is reduced to 58%
of the original three-phase bank rating. This mode of operation is known as
open-delta connection, or V-V connection.

The open-delta connection is also used when the load is presently small
but s expected to grow in the future. Thus, instead of installing a three-
Phase bank of three single-phase transformers right away, only two single-phase
ransformers are used for three-phase voltage transformation. The third single-
Phase transformer serves as a spare and is connected at a later date when the
load hag grown.
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T °3
P T 3 | EXAMPLE 4.10
V3

o pree identical single-phase transformers are each rated 30 MVA, 200/40 kV,
" JL 40 Hz. They are connected to form a three-phase Y-Y transformer bank as
_____ oW in Fig. 4.26.
The bank is energized by a 345-kV three-phase source. A 60-MVA three-
hase load, 0.9 PF lagging, is connected to the secondary of the transformer
pank- Neglect exciting currents and voltage drops across the transformer.

—_— 3 .
R ‘\ Choose Vag at the primary as reference phasor.
@Y-Y : . .
‘ a. Determine primary and secondary voltages and currents for this config-
A o— —, uration.
! p. Repeat part (a) when the secondary is A connected as shown in Fig.
4.27.
I v .
{5 solution
a. Assume an abc phase sequence. The primary line-to-line and phase volt-
. 0 J——\ot ages expressed in kV are as follows:
B o— —0} VAB = 345& VAN = 200 A -30°
®)Y-A Vee = 345/-120°  Vpy = 200/=150°
A _ Vea = 345 /120° Ven = 200 /90°
o= 1
I
pa a 1 I/ Since the turns ratio is a = 200/40 = 5 for each single-phase trans-
aV3 former, the secondary voltages in kV of the bank are given by
| W {
o 1 = Va = 40/=30° Vg = 69 /0°
( Vin = 40,/-150° Ve = 69 /=120°
—Otf Ven = 40/90° Vea = 69/120°
B o—
©A-A
A o—
V31
J{M' ¢ 30
0 load
Co— L U GOOI?AVA
f “ z 0.9 PF
%V_ g lagging
3
| ”
B o—
@A-Y
FIGURE 4.25 Three-phase transformer connections. FIGURE 4.26 Y-Y transformer bank of Example 4.10.
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FIGURE 4.27 Y-A transformer bank.

The line currents are equal to the phase currents in the wye-connecteg
transformer. At the secondary, the currents expressed in amperes are give
by the following:

60,000 i .
L =L, =— -30° — cos”10.9 = 500 /—55.8
a na \/g 69
I, = I, = 500 {—175.8O
I, = I,c = 500 /64.2°

The primary currents expressed in amperes are

Ip = Ian = 100 /—55.8°
Iz = Ign = 100 {—175.8o
IC = ICN = 100 f64.2°

b. For the Y-A connected transformer bank, the primary line-to-line and
phase voltages are the same as in part (a). The secondary phase yoltages
are identical to the line-to-line voltages, and they are expressed in kV &

follows.
Vab = 40 / —300
Ve = 40 /=150°
Ve = 40 /90°

The secondary line currents in amperes are

60,000

J3 40

I, —30° — 30° — 25.8° = 866 /—85.8° A
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I, = 866 /—205.8° = 866 /154.2°
866 ,/34.2°

&
Il

and the secondary phase currents in amperes are

500 ,—55.8°
L, = 500 /—175.8°
Iac = 500 :6420

Iba

The primary line currents in amperes are equal to the phase currents.
Thus,

Iy = Iny = 100 /—55.8°
Ig = Igy = 100 /—175.8°
Ic = Ien = 100 /64.2°

In either Y-Y or A-A connections, corresponding phase voltages are in phase.
Similarly, corresponding line-to-line voltages in the primary and secondary are
in phase. In other words, Vay is in phase with Vay, and Vap is in phase with
V.. On the other hand, for both Y-A and A-Y connections, it is customary in
the United States to have the primary phase or line-to-line voltage lead by 30°;
thus, Van leads V,, by 30°, and Vg leads V,, by the same amount of phase
shift.

Circuit analysis involving three-phase transformers under balanced condi-
tions can be performed on a per-phase basis. This follows from the relationship
that the per-phase real power and reactive power are one-third of the total real
power and reactive power, respectively, of the three-phase transformer bank. It
is convenient to carry out computations in a per-phase wye line-to-neutral basis.
When A-Y, or Y-A connections are present, the parameters are referred to the
Y side. In dealing with A-A connections, the A-connected impedances are con-
verted to equivalent Y-connected impedances. The A-Y impedance conversion
formula was given in Chapter 3 and is repeated here as Eq. 4.77.

Zy = %ZA 4.77)

EXAMPLE 4.11

Three single-phase 100-kVA, 2400/240-V, 60-Hz transformers are connected
form 5 three-phase, 4160/240-V transformer bank. The equivalent impedance
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of each transformer referred to its low-voltage side is 0.045 +;0.16 (. Th
transformer bank is connected to a three-phase source through a thlree-phE18e
feeder with an impedance of 0.5 +;1.5 Q /phase. The transformer delivers
250 kW at 240 V and 0.866 lagging power factor.

a. Determine the transformer winding currents.
b. Determine the sending end voltage at the source.

Solution

a. The three-phase power system is connected as shown in Fig. 4.28.
The high-voltage windings are connected in wye so that the primaq,
can be connected to the 4160-V source. The low-voltage windings are‘
connected in delta to supply 240 V to the load.
The line current delivered to the load is

s = __2000 _ _ goy5 4 |
/3(240)(0.866) |

The transformer secondary winding current is
I = I/ /3 = 694.5/ /3 = 400 A
The transformer winding ratio is
a = 2400/240 = 10
Therefore, the primary current is found as

I, = I1 = I/a = 400/10 = 40 A

0.5+,1.5 P — ‘
O_IVV\,_—NY'Y.\

1y 3¢ ‘

/n1 / 240V 250 kW

240V

0.866

PF

lagging
o—AN—YYN

FIGURE 4.28 Three-phase connection diagram.
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2
Xe1 a

0.5+j1.5 Iy

+

VP, source

FIGURE 4.29 Single-phase equivalent circuit.

p. The equivalent impedance of the transformer referred to the high-voltage
side is
Ze1 = a*Zeyy = (10)%(0.045 + j0.16) = 4.5 + j16 Q/phase

The single-phase equivalent circuit is shown in Fig. 4.29.
The sending end voltage is found as follows:

Vp source = 2400 /0° + (40 /=30°)(0.5 + j1.5+ 4.5+ j16)
= 2923.2 4+ j506.2 = 2966.7 /9.8° V (line-to-neutral)

The line-to-line voltage is given by

V3 Vo source = /3 2966.7 /39.8°
5138.5 /39.8° V (line-to-line)

VL, source —

DRILL PROBLEMS

D4.15 Three single-phase transformers are connected to make a three-phase
A-Y transformer bank. The rated line-to-line voltages of the bank are 2400 V
and 208 V on the primary and secondary, respectively. The transformer supplies
awye-connected load that takes 18 kW at 208 V and 0.85 power factor lagging.
Determine the primary and secondary line and phase currents.

D4.16 A three-phase transformer bank is formed by interconnecting three
single-phase transformers. The high-voltage terminals are connected to a
three-phase 69-kV feeder, and the low-voltage terminals are connected to a
three-phase load rated at 1000 kVA and 4.16 kV. Specify the voltage, cur-
ent, and kVA ratings of each transformer, both high-voltage and low-voltage
Windings, for the following connections:

a. Y-Y
c. A-Y

b. Y-A
d. A-A
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i i i han its diameter as shown il 2 mm g 1 mm
4.1 A long solenoid coil has its length much greater t : . l =
Fig. 4.30. The magnetic field inside the coil may, therefore, be considered unifori Y ) 5 - ]

ke 30cm _—] FIGURE 4.32 Magnetic circuit of Problem 4.3.

2.5cm 2. Determine the voltage that will produce a flux density of 0.75 T in the right leg
T C, which contains the 1-mm air gap.
/|

b. Find the magnetic flux in the other two legs of the core.

:};4 Repeat Problem 4.3 if the coil is removed from the center leg B and placed on
FIGURE 4.30 Solenoid coil of Problem 4.1. “right leg C, which contains the 1-mm air gap.
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4.5 The electromagnetic system shown in Fig. 4.33 has a magnetic core of .inﬁnite
relative permeability. Neglect fringing and leakage flux. Determine the expressions fy,

a. The magnetic flux in each of the three legs
b. The flux linkage and self-inductance of each coil

¢. The mutual inductance

1
I N E 2 o+
+ O— P 8 v ’
Vi d BNy SR} Ny 2
- O-—_——
4 W -
‘,[,T i A

FIGURE 4.33 Magnetic circuit of Problem 4.5.

4.6 For the electromagnetic system of Fig. 4.33, the polarity of the voltage source
V; is reversed so that the current I, flows in the oppositf:e direction. The magnetic cop
has infinite relative permeability. Determine the expressions for

a. The magnetic flux in each of the three legs

b. The flux linkage of each coil

¢. The self-inductance of each coil

d. The mutual inductance
4.7 The magnetic circuit shown in Fig. 4.34 has an infinitely permeable magnetic
core. The following are given:

g1 =5 mm A = 5 cm? N; = 80 turns
g2 = 5 mm A, = 5 cm? N, = 100 turns
g =10 mm A; = 10 cm? N5 = 125 turns
&
ila Ay
T——'—To’_j . T
I V3 3 Iy .
5 = o— ey
‘:—1 Ny ; I3 72% Na Vo
- O—— D l——’_‘]Aa T f—( —

FIGURE 4.34 Magnetic circuit of Problem 4.7.
A current of 12 A flows in the first coil, N;. The second and third coils, N, and Ny

respectively, are unexcited. Determine the flux densities in each of the air gaps g1, s
and gs3.

r
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48 In the electromagnetic circuit of Fig. 4.34, the three coils are excited simultane-
;151}’ such that I; = 12 A, I, = 10 A, and I3 = 8 A, with the directions of currents
ZS shown. Determine the magnetic flux densities in the three air gaps.

In the electromagnetic circuit of Fig. 4.34, assume that there is no air gap in the
(onter leg containing coil N3, and only the first coil, N;, carries a current of 12 A.

a. Determine the flux densities in the air gaps g; and g,.

p. Suppose that the length of air gap g; is also reduced to zero; that is, there is

also no air gap in the leg containing coil N,. Determine the flux density in the
: first air gap g;.

Refer to the electromagnetic system described in Problem 4.7 and shown in Fig.

410 :
Determine the self- and mutual inductances of the three coils.

434

411 The magnetic circuit shown in Fig. 4.35 has an iron core with infinite perme-
ability- The core dimensions are:

Ac = 16 cm? g = 2 mm l. =80 cm
e, D
Source ;N “Lg
o4 T

FIGURE 4.35 Magnetic circuit of Problem 4.11.

The coil has 500 turns and draws a current / = 4 A from the source. Neglect magnetic
leakage and fringing. Calculate

a. The total magnetic flux
b. The flux linkages of the coil
¢. The coil inductance

412 Repeat Problem 4.11 assuming that the core has a relative permeability of u =
2000.

413 A toroidal magnetic circuit consists of a coil of N = 200 turns each of circular
tross section of radius p = 0.25 m, as shown in Fig. 4.36. The radius of the toroid is
= 5 m, as measured to the center of each circular turn. Assume that the magnetic

ﬁeld intensity is zero outside the toroid and the magnetic field intensity inside the toroid
8 given by

NI

27R

H
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FIGURE 4.36 Magnetic circuit of Problem 4.13.

a. Calculate the coil inductance L.
b. A voltage source is connected to the coil, and the current is adjusted to prodyg
a magnetic flux density of 1.0 T. Calculate the total stored magnetic energy,

4.14 A 4800/240-V, single-phase transformer is rated at 10 kVA, and it has an equjy,
alent impedance referred to the primary side of Z; = 120 + j300 ().

a. Find the equivalent impedance referred to the secondary side Ze.

b. Calculate the voltage at the primary terminals if the secondary supplies rafy
secondary current at 230 V and unity power factor.

4.15 A 100-kVA, 2300/230-V, single-phase transformer has the following parameter

4.5 kQ
1.0 kQ

R, = 0.0030 ohm R.
X, = 0.0065 ohm Xm

R; = 0.30 ohm
X, = 0.65 ohm

The transformer delivers 75 kW at 230 V and 0.85 power factor lagging. Determine

a. The input current

b. The input voltage

¢. The input power and power factor
4.16 A 15-kVA, 2400/240-V, single-phase transformer has an equivalent s
ries impedance Z.; = 6 + j8.5 ). The shunt magnetizing branches are given &
R, = 50 kQ and X,; = 15 k). The transformer is delivering rated current to a loa
at 240 V and 0.8 lagging power factor. Find (a) the primary current and (b) the applief
voltage.

4.17 A 25-kVA, 2300/230-V, single-phase transformer has a high-voltage windii
with a resistance of 1.5 Q and a leakage reactance of 2.4 Q. The low-voltage windi
has a resistance of 0.015  and a leakage reactance of 0.024 Q. The core loss is 1

W. Find the following:
a. Equivalent impedance referred to the high-voltage winding
b. Equivalent impedance referred to the low-voltage winding
c. Voltage regulation for full load at 230 V and 0.866 power factor lagging
d. The efficiency of the transformer under the conditions of part (c)

r
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18 The transformer'of Problem 4.15 has a secondary voltage of 230 V and the
Joad 00 the transfor_mer is 100 kVA. By using the approximate equivalent circuit of a
gansformer, determine the voltage that must be applied to the primary terminals if

a. The power factor of the load is 0.8 lagging
p. The power factor of the load is 0.8 leading
419 A 25-kVA, 2400/240-V, single-phase transformer has an equivalent resistance

d reactance, both referred to the primary side, of R,; = 3.45 Q and Xe1 =5.75Q

Spectlvely. The core loss is 120 W. The transformer delivers rated kVA to a load a;
qated secondary voltage and 0.85 power factor lagging.

a. Determine the voltage applied to the primary side.

p. Determine the percent voltage regulation.

¢. Find the efficiency of the transformer,
420 A 25kVA, 2200/2%0-% single-phase transformer has an equivalent series
impedance of Zey = 3.5+ j4.0 Q referred to the primary side. The transformer is
connected to a load whose power factor varies. The core loss is 160 W.

a. Calculate the voltage regulation at full load, 0.8 PF lagging.

b. Determine the highest value of voltage regulation for full-load output at rated
secondary terminal voltage.

c. Determine the efficiency when the transformer delivers full-load output at rated
secondary voltage and 0.8 power factor lagging.

4.21 A 10-kVA transformer has an iron loss of 150 W and a full-load copper loss of
250 W. Calculate the transformer efficiency for the following load conditions:

a. Full load at 0.8 power factor lagging

b. 75% of full load at unity power factor

¢. 50% of full load at 0.6 power factor lagging

4.22 The transformer of Problem 4.21 operates on full load at 80% power factor for
4 h, on 75% of full load at unity power factor for 8 h, and on 50% of full load at 60%

power factor for 12 h during 1 day. Determine the all-day effici i
e y. ay efficiency. Refer to Drill

423 A 25-kYA, 2400/240-V, 60-Hz, distribution transformer was tested at 60 Hz
and the following data were obtained. ’

Voltage (V) Current (A) Power (W)
Open-circuit test 240 3.2 165
Short-circuit test 55 10.4 375

a, Iizrqpute the efficiency for full-load output at rated voltage and 0.8 power factor
ging.
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b. The power factor of the load is varied while the magnitudes of the current ang
the secondary voltage are held constant. Determine the largest value of voltagg
regulation and the power factor at which it occurs. Draw a phasor diagrap,

depicting this condition.
4.24 A 50-kVA, 2400/240-V, single-phase transformer was tested, and the following
test data were obtained.

Voltage (V) Current (A) Power (W)
Short-circuit test 55 20.8 600
240 5.0 450

Open-circuit test

a. Calculate the voltage regulation and efficiency when the transformer is connecteg
to a load that takes 156 A at 220 V and 0.8 power factor lagging.

b. Calculate the voltage regulation and efficiency at rated load conditions and 0§

power factor lagging.
4.25 Two single-phase transformers are each rated 2400/120 V. Draw a circuit diagrap
showing the interconnections and polarity markings of these transformers.

a. When they are used for 4800/240-V operation
b. When they are used for 2400/ 120-V operation

4.26 A single-phase load is supplied through a 34.5-kV feeder and a 34.5/2.4-ky
f 50 +j180 ohms, and the transformer hag

transformer. The feeder has an impedance 0
an equivalent impedance of 24 + j 120 ohms referred to its high-voltage side. The load

takes 260 kW at 2.3 kV and 0.866 lagging power factor.

a. Find the voltage at the primary side of the transformer.
b. Determine the voltage at the sending end of the feeder.
c. Calculate the real and reactive power input at the sending end of the feeder.

4.27 A 10-kVA, 4160/240-V, single-phase transformer has a per-unit resistance of
0.01 and a per-unit reactance of 0.05. It has a core loss at rated voltage of 150 W
The transformer supplies 7.5 kVA at 240 V and 0.6 power factor lagging to a load
connected to its secondary terminals.

a. Determine the equivalent impedance in ohms referred to the primary side.

b. Find the input voltage.
c. Determine the efficiency of the transformer.

4.28 A 15-kVA, 2200/220-V, single-phase transformer is connected to act as a boosté
from 2200 to 2420 V. Without exceeding the rated current of any winding and assumifé
an ideal transformer, determine (a) the kVA input and output, (b) the kVA transformed
and (c) the kVA conducted.

429 A 5-kVA, 480/120-V, single-phase transformer is to be used as an autotraf®
former to transform a 600-V source to 2 480-V supply. As a single-phase transforﬂ"r
delivering rated load at 0.80 power factor lagging, its efficiency is 0.95%.

r
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a. Show a connection diagram as an autotransformer.
b. Determine the kVA rating as an autotransformer.

¢. Find the efficiency as an autotransf iveri i
A Aty ormer delivering rated capacity at 480 V and

4.30 A S-kVA, 220/220-V, 60-Hz, two-winding transformer has a full-load effici

of 95% at unity power factor. The iron loss at 60 Hz is 100 W. Thi msformer
i Connect.ed as an autgtransformer and supplied by a 440-V sour;:e Tsh e
ormer de.hvers the maximum possible kVA without overloading the Win'din < %ml)trans-
(a) the primary current and (b) the efficiency of the autotransformer. g, Calevlate

431 '{gr;/el éKlgl;pSh/a;sz s l3\0{/2.4—k\7, ideal transformers are connected to form a three
nase, 10- , 34.5/2.4-kV transformer bank. The transf i :
of 6 MW at 2.4 kV and 0.85 power factor lagging. hninahii st

a. Dete]nl“le the hne alld phase current: ]y
S at the
prlma and Secondary Sldes Of the

b. Determine the line-to-line and line
. -to-neutral volta i
ondary sides of the transformer. ges at the primary and sec-

4.32 Repeat Problem 4.31 if the three sin i

gle-phase, 20/2.4-kV, ideal t
conne-cted to form a three-phase, 10 MVA, 20/2.4-kV transformer lz;lanLa rzllifcci)rtrllllerts) arl:
supplies 6 MW at 2.4 kV and 0.85 power factor lagging. o

4.33 Three single-phase, 10-kVA, 2400/120-V, 60-Hz transformers are connected

f9nn a three-phase, 4160/208-V transformer bank. The equivalent impedanc ecf esch
smgle-phase transformer referred to the primary side is 10 + j25 Q pTh  ormer
bank delivers 27 kW at 208 V and 0.9 power factor leading - the transformer

a. gizg ;h;e;l_l;iz—szh:cslzi‘s/z?;ﬁlitil; u(zifigram showing the transformer connection.
b. Determine the primary current and power factor.

c¢. Determine the primary voltage.

d. Determine the voltage regulation.

géiiecizpfatfhoblem 4.33 if the three single-phase 2400/120-V transformers are
o o form a three-phase 2400/208-V transformer bank and the bank suppli
at 208 V and 0.9 power factor leading. P

4.35 s

loss of [;2E)h(;e\?vpha§e’ 300-kVA, 2300/230-V, wye-wye transformer bank has an iron

A and a full-load copper loss of 3800 W. Determine the efficiency of th
ormer for 70% full load at 230 V and 0.85 power factor, y ¢

4.36 - i

tmnSfo:n ;l';;eeT%has;r transformer bar'lk is fonned by interconnecting three single-phase

B Foe the. . le three-phase bank is designed to be rated at 300 MVA and 230/34.5

B oltage, current, apd .kVA ratings of each single-phase transformer, boih
age and low-voltage windings, if the transformer bank is connected: ’

a. A-A
CY-Y

b. Y-A
d. A-Y



Five

Fundamentals of
Rotating Machines

5.1 INTRODUCTION

A transformer may be described as an energy transfer device; that is, energy i
transferred from the primary to the secondary without changing its form. Boh
sides of the transformer, primary and secondary, carry energy in electricg
form. On the other hand, rotating machines such as synchronous machines,
induction machines, and DC machines are energy converters. They conver
either mechanical energy to electrical energy, in the case of generators, o
electrical energy to mechanical energy in the case of motors.

In converting energy from mechanical to electrical or electrical to mechan:
ical, part of the energy is lost. If losses are neglected, however, the maching
becomes an ideal energy converter and may be represented as shown in Fig
5.1.

From the law of conservation of energy, the mechanical input is equal to the
electrical output, since losses are neglected; that is,

wnT = vi (5.1
where
wnT = input mechanical power
vi = output electrical power
T = mechanical input torque, expressed in N-m
wy = rotor speed, in rad/s

v = voltage (V)
current (A)
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Mechanical =
echanica Ideal Electrical
port & ) machine port
N4
T, oy
FIGURE 5.1 Ideal energy converter.

The energy losses consist of mechanical losses, which include windage and
fgriction, and electrical losses, which include winding copper losses and mag-
petic core losses. These losses can be modeled externally. Therefore, in this
chapter, the discussion will concentrate on the ideal energy converter. Another
sssumption made is infinite permeability for magnetic cores, both rotors and
gators, used for the energy converters.

5.2 BASIC CONCEPTS OF ENERGY CONVERTERS

The source of a magnetic field may be a permanent magnet or an electric
aurrent. Hence, a magnetic field is produced near a conducting loop carrying
g current i. Both magnitude and direction of the magnetic field will vary with
position for a given current and loop dimensions. A current-carrying loop is
shown in Fig. 5.2.

The magnetic field H at point P for the current loop of Fig. 5.2 is given by

idl X u,
4arr?

(5.2)

FIGURE 5.2 A current-carrying loop.
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The integral in Eq. 5.2 is quite complicated. However', if length [ is very loy,
compared to the width w, then H along the centerline can be found using

Ampere’s law. . ' .
The magnetic field intensity H is directed downward, in the negativg ‘

direction, and has a magnitude given by

2i
W

Hence, the magnetic flux density B may be expressed as

== = —-—— 5.
where
u = permeability
u, = unit vector in the y direction

The foregoing discussion describes how a magqetic flux degsity is pI‘O(.iuCeQ
by an electric current in a conductor. Next, consider vyhat vyﬂl happen if
conducting loop shown in Fig. 5.3 is rotated abolut its axis (shown by
broken line) at a speed of wy, rad/s under a magnetic ﬁel.d. . .

It can be seen from Fig. 5.3 that the magnetic flux _d) linking the conductiy
loop varies from a minimum value to zero, to a maximum ve_llue, and b?ck {
the minimum, as the loop rotates. Therefore in accordange with Faraday’s lay
a voltage is induced between terminals a and a' and is given by

_dr_ydd _dé

= (53
“d T q dt  dt
since the loop contains N = 1 turn.
w
DOm y

ds Axis of

rotation

Z e

FIGURE 5.3 Rotating conducting loop.

(53
0
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From the given magnetic flux density B, the magnetic flux ¢ is found as

(b:J B-dS (5.6)
S

shere dS is a differential area of the loop, and directed perpendicular to the
oop and outward. Thus, dS makes an angle of 6, with B, and Eq. 5.6 reduces

¢ = J B cos 0, dS = Bwl cos 0 5.7

Since 6y, is equal to fot wm dt + 0,(0), and assuming 6y, is zero at t = 0,
gg. 5-7 may also be written as

¢ = Bwl cos wyt (5.8)

gubstitutiﬁg Eq. 5.8 into Eq. 5.5 yields the expression for the induced emf.

€a = —Bwlwy, sin wnt = Bwlwy cos(wynt + 90°) (5.9)
If a resistor R is connected across terminals a—a’, a current (i = e,, /R) will
jow through both the resistor and the conducting loop. Hence, electrical power
ity = i°R) is delivered to the resistor. This electrical power originates from
te mechanical power required to keep the loop rotating at a speed of wp,. The
rechanical power is given by
Pn = onTy = iegy (5.10)
The direction of the current i is such that the magnetic field produced by
lte loop current will oppose the change in the flux linking this loop due to
lte external magnetic flux density B. For example, when the loop is horizontal

t-x plane), current { will be clockwise to oppose the decrease in external flux
iked by the loop.

Since the loop carries current and is situated in a magnetic flux density B,
ere will be an electromagnetic torque T, acting on the loop. This torque tends
Uline up the magnetic axis of the loop with the external magnetic flux density
}. When the loop is horizontal, T, is clockwise. To maintain the speed wp,,
it applied mechanical torque T, should be equal in magnitude and opposite
direction to 7.

The preceding discussion describes the basic principle of operation of
‘Eenerator. For motor action, on the other hand, a current i is supplied by
telectric source. This current sets up a magnetic field. Interaction of this field
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and the external magnetic flux density B results in a torque T.. This torque cg,
be used to rotate a mechanical load that requires a torque T, at SOME Spegy
®m.
The basic concepts and principles of operation described in this sectig,
apply to both AC and DC machines. Although these concepts were discussgg
and derived with respect to the simple energy converter, the same concepy
and principles remain valid for the more complicated and practical rotating

machines.

EXAMPLE 5.1

A coil is formed by connecting 10 conducting loops, or turns, in series. Eagj
turn has a length [ = 2 m and width w = 10 cm. The 10-turn coil is rotateg
at a constant speed of 30 revolutions per second in a magnetic flux density
B = 2 T directed upward.

a. Find an expression for the induced emf across the coil.

b. A resistor R = 500 Q is connected between the terminals of the coj]
Determine the average power delivered to this resistor.

¢. Calculate the average mechanical torque needed to turn the coil ang
generate power for the resistor.
Solution
a. The induced emf across a single loop, or turn, is found by using Eq. 5.9
as follows:

= (2)(0.10)(2)[(27)(30)] cos(607rt + a/2)
75.4 cos(188.5t + w/2) V

€urn

Il

Thus, the induced voltage across the coil of 10 turns is

et = 10eqm = 754 cos(188.5¢ + m/2) V

b. The rms value of the induced voltage across the coil is
Een = 754/ Y2 =533V
The rms current flowing through the resistor and coil is
I = E.oy/R = 533/500 = 1.066 A
Thus, the average power delivered to the resistor is given by

P = I2R = (1.066)*(500) = 568 W

r
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The average mechanical tor i i i
3 . : que required to rotate the coil of
obtained by using Eq. 5.10 as follows: Sorpm

Ty = P/wy = 568/188.5 = 3.0 N-m

DRILL PROBLEMS

ps.l The machine of Example 5.1 can be used as a motor. The terminals of
the coil are connected to a voltage source whose rms voltage is 600 V. The
motor runs at 1800 revolutions per minute (rpm) and draws a current of 1‘ 0A

Find the torque supplied to the mechanical load. o

ps.2 The coil of Eig. 5.3 h.as 100 turns and is rotated at a constant speed
of 300 rpfmo. IFIF}e 'ax1lsl of rotation is perpendicular to a uniform magnetic flux
density ot U. in the vertical direction. The coil has width w = 1
length [ = 20 cm. Calculate " 0 em and
a. The maximum flux passing through the coil
p. The flux linkage as a function of time
¢. The maximum instantaneous voltage induced in the coil
d. The time-average value of the induced voltage

e. The induced voltage when the plane of the coil is 30° from the vertical

53 ROTATING MACHINES

In the last section, a description of an elementary electromechanical ener
converter. was presented. However, practical machines are quite different %i
constmcuqn from the simple energy converter. In these machines, voltages are
generated in coils that each consist of several turns of conductors,. These coils
lC)an be rotated meghanically through a magnetic field, or a magnetic field can
areldrcﬁla(:ed mechamcally past th.e coilis. This relative motion between the coils
. Amagnetlcfﬁeld resqlts ina time-varying voltage generated across the
addlll togtr;l)ulzl of such c011§ interconnected so that their generated voltages
BC ml;ch' e esired Ve.llue is called an armature winding. The armature of a
2 ine is the rotating mem.ber, or rotor. The armature of an AC machine
i-, a synchronous generator) is the stationary member, or stator.
e er)l;(;ti}tlgir' groupl of coils is glsq present in the rotating machine. These are
. rlr(l)n coxis,ﬂor field windings. The;e ﬁf:ld windings act as the primary
B 5. agnetic flux for Voltage. ge'nerat.lon in the armature. Also, the mag-
eld produced by the field windings interacts with the field produced by
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the armature windings for torque production. In a DC machine the field wipg
ings are located in the stationary member, whereas in an AC machine the fielg
winding is in the rotor.

These machines are described briefly in this section. Later chapters 8ive
more detailed discussions of each machine.

5.3.1 Induction Machines

Induction machines are used mostly as motors. They are seldom used as gep,
erators because their performance characteristics as generators are unsatisfa,
tory for most applications. As motors, on the other hand, they are called h
workhorse of the industry.

An induction machine consists of a stator and a rotor. The stator consists gf
a laminated core, as in transformers, with conductors embedded in slots. Theg
conductors, when energized by an AC source of power, provide a magnetic fly
density that is varying. The rotor is mounted on bearings and is separated frop
the stator by a small air gap. The rotor is cylindrical and carries either

a. Windings whose terminals are brought out to slip rings for external cop:
nections, as in wound-rotor machines, or

b. Conductor bars that are short-circuited at both ends for squirrel-cagg
motors.

In either case, voltage is induced in the rotor conductors. This voltage thep
causes current to flow. The current, in turn, creates a magnetic field. Interactioy
of the stator and rotor magnetic fields produces an electromagnetic torque. Thig
torque, in turn, rotates a mechanical load.

Induction motors are sometimes called rotating transformers. This is becaust
the rotor emfs are induced by transformer action. Squirrel-cage motors ae
cheaper than comparable wound-rotor motors and are highly reliable. Thest
factors contribute to their immense popularity and widespread use. Inductiol
motors are either three-phase or single-phase.

5.3.2 Synchronous Machines

_

The bulk of electric power is produced by three-phase synchronous generato
Synchronous generators with ratings of 1000 MVA are fairly common in U
power industry. Synchronous machines may be used as generators or moftof
From an analytical point of view, there is no difference between a synchrono®
generator and a motor.

A simple three-phase, two-pole synchronous generator is shown in Fig. 54
The field winding is excited by direct current conducted to it by means

stationary carbon brushes. The DC power required for excitation is 1% t0 )
of the machine’s rating.

\d
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Axis of
rotation

FIGURE 5.4 Elementary synchronous generator.

Tl.le armztturelwmdmg’ consists of tl.lree coils of N turns each, shown by
teI‘IIlmalS aa’, bb’, and cc’. The conducting loops that form coils of each phase
are parqllel to the shaft and are connected in series by end connectionsp(end
connections are not shown in the figure). The rotor is rotated at a constant
spe?d by the source of mechanical torque, the prime mover, connected to its
shatt.

Consider phase a. As the rotor rotates, the flux linking coil aa’ changes, and
therefore a voltage is induced between terminals a and a’. For every com, lete
cycle of rotor motion, the induced voltage goes through one complete cpcle
Therefore, t.he angular frequency w of the induced voltage e,, is the san}lle aé
the mechanical speed wp, (in rad/s). Thus, the frequency in PaIaz is the same as
the speed of the rotor in revolutions per second; that is, the frequency is syn-
Fhronlzed'with the mechanical speed. This is why the adjective “synchronois”
is used with synchronous machines. In order to produce a 60-Hz voltage, th
rotor has to rotate at 3600 rpm. 5

Most synchron(_)us machines have more than two poles. Figure 5.5 shows
aﬂfou_r—pple mgchme. For every complete rotation of the prime mover, the
ux linking coil aa’ goes through two complete cycles. Therefore, the an;gular

frequency @ (in rad/s) of e i i
‘ » will be twice the speed of i
prime mover. Thus, in generﬁl, Sahananas il

_ (P
o= (£)on (5.11)
Where
@ = electrical angular frequency
®n = mechanical angular speed
P =

number of magnetic poles set up by the field winding
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FIGURE 5.5 A four-pole synchronous machine.

In the United States, electric utilities supply their customers at 60 Hz (37
rad/s). From Eq. 5.11, it may be seen that to generate a 60-Hz voltage, th
required speed of the prime mover is dependent on the number of poles. Sing
poles come in pairs, by law of nature, doubling the number of poles reduce
the required speed by half. Therefore, to generate a 60'-HZ voltage, a four
pole machine runs at 1800 rpm and an eight-pole machine runs at' 900 rpm,
Similarly, a six-pole machine runs at 1200 rpm and a 12-pole machine runsg
600 rpm.

The rotors shown in Figs. 5.4 and 5.5 have salient, or projecting, poles will
concentrated windings. Another type of rotor configuration is called nonsalient,
round, or cylindrical. The field winding is distributed over the surface of the
rotor. A round-rotor synchronous machine is shown in Fig. 5.6. .

Salient-pole construction is a characteristic of synchronous machines .thaz
have a large number of poles and operate at low speeds to produce the desirel
frequency of 60 Hz. Hydroelectric generators are salient-pole synchronous mi
chines. On the other hand, the generators of steam turbines, such as those il
coal and nuclear generating stations, and the generators of gas turbines a
nonsalient synchronous machines. They operate best at high speeds, and thef
have few poles— generally two or four.

Almost all synchronous machines are three-phase machines. To generate®
set of three voltages that are phase displaced by 120 electrical degrees, th{ﬂ
coils phase displaced in space by 120 electrical degrees must be used. In Fi
5.4, coils aa’, bb’, and cc’ are 120 mechanical degrees apart for the two-pok
machine. The flux linking coil bb’ reaches its maximum 120 mechanic.al de-
grees after the flux linking coil aa’ reaches its maximum, and the flux '11nk1ﬂ$|
cc' reaches its maximum 120 mechanical degrees after the flux linking b!
reaches its maximum. The induced coil voltages ey, €y, and ecr are (k¢
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FIGURE 5.6 A two-pole, round-rotor synchronous machine.

derivatives of their respective flux linkages. Therefore, these voltages will also
pe 120 mechanical degrees apart. In this case, electrical degrees and mechanical
degrees are the same.

In the four-pole machine shown in Fig. 5.5, the 360 mechanical degrees are
equivalent to 720 electrical degrees. Hence, the coils are placed in the stator
separated by 60 mechanical degrees, which are equivalent to 120 electrical de-
grees. Therefore, the induced coil voltages e,y , ey, and e are 120 electrical
degrees apart just the same.

When a synchronous generator supplies electric power to an electrical load,
the armature (stator) current creates a magnetic flux. This flux reacts with the
magnetic flux produced by the field (rotor) current, and electromagnetic torque
is produced. This torque tends to align the resultant fluxes of the rotor and
stator currents. If an external mechanical torque is applied to counteract the
electromagnetic torque, the rotor can keep rotating at constant speed. As a
result, mechanical work is done on the rotor and electrical energy is delivered
to the electrical load, for example, a resistor. Therefore, electromechanical
energy conversion has occurred.

Synchronous motors are the counterparts of synchronous generators. A three-
phase AC voltage source supplies three-phase currents to the armature windings,
Which are located on the stator. A DC voltage source provides DC current to
the field winding on the rotor. Both stator and rotor windings produce magnetic
fields and fluxes. The interaction of the stator and rotor magnetic fields (fluxes)
1esults in an electromagnetic torque, which is used to rotate a mechanical load
qQuiring a torque equal to the developed torque. The speed of the motor is
determined by Eq. 5.11, where the electrical frequency w is the frequency of
the Voltages applied to the stator windings, mostly 377 rad/s (60 Hz) in the
United States.
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FIGURE 5.7 Elementary DC machine.

5.3.3 Direct-Current Machines

A DC machine can be either a generator or a motor. The armature of thi
machine is on the rotor, and the field winding is on the stator. This arrangemep
is opposite to that of an AC synchronous machine, or induction machine, wheg
the armature is on the stator and the field is on the rotor. A simple two-polg
DC machine is shown in Fig. 5.7.

For DC machines, the field and armature windings both have DC voltage
at their terminals. Although the voltage induced in the armature winding
AC, the commutator segments are used to rectify this AC voltage. Hence, the
voltage between brushes By and By is a DC voltage. This need for rectification
is why the armature winding is located on the rotor.

The energy conversion process in DC machines is similar to that in AC
machines. That is, the interaction of stator and rotor fields produces electro-
magnetic torque. In a DC generator, the rotor is rotated at constant speed by
a mechanical energy source sufficient to overcome the electromagnetic torqué
to produce electricity, and thus mechanical energy is converted to electricd
energy. On the other hand, in a DC motor, a DC voltage is applied to boll
armature and field windings and the electromagnetic torque produced is used
to turn a mechanical load; thus, electrical energy is converted to mechanicd
energy.

DRILL PROBLEMS

D5.3 A synchronous generator has a rotor with six poles and operates u
50 Hz.

a. Determine the speed of the prime mover of the generator.
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p. Repeat part (a) if the generator rotor has 12 poles.

¢. Repeat part (a) if the generator rotor has two poles.
ps.4 A three-phase AC motor is connected to a 60-Hz voltage supply. It is
ysed 0 drive a draft fan. At no load, the speed is 1188 rpm; at full load, the
sp@ed drops to 1128 rpm.
2. Determine the number of poles of this AC motor.

p. State whether this motor is an induction motor or a synchronous motor.

5.4 ARMATURE MMF AND MAGNETIC FIELD

Most armatures have distributed windings, that is, windings that are spread
over @ number of slots around the periphery of the machine. This is illustrated
in Fig. 5.8.

To derive the magnetic field of a distributed winding, the single N-turn coil
is considered first. Such a coil spanning 180 mechanical degrees is shown in
Fig. 5.9. The dot and cross indicate current toward and away from the reader,
respectively. The rotor is of cylindrical type.

By applying Ampere’s law to the semicircular path shown by broken lines
in Fig. 5.9, the magnetic field is related to the mmf F as follows:

% H-dl =F (5.12)

Assuming that the relative permeability of the iron core is infinitely high, Eq.
5.12 reduces to

HQg) = Ni (5.13)
where
g = length of air gap
N = number of turns in the coil

i

Il

current through coil aa’

It is apparent that the mmf associated with the closed path takes the form
9f an mmf drop across the total air-gap length. This is because the mmf drop
inside the iron, on both the stator and the rotor, is negligible, since the core is
asumed to have infinitely high permeability. Half of the mmf appears as an
g:mf drop across the top half of the air gap, and the other half appears across
FiZ IC;W;; half of the air gap. As a result, the air-gap mmf looks like that of
in[The recte.mgular' waveform of the mmf shown in Fig. 5.9b can be resolved

0 a Fourier series composed of a fundamental component and a series of
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FIGURE 5.8 Distributed armature windings.

odd harmonics. For ease of calculations, the mmf is approximated as

4 Ni
F =Fa = 2 cos O, = F cos O (5.14)

where F,; is the fundamental component of F and F, = (4/m)(Ni/2).

This sinusoidal approximation of the armature winding mmf is an excellen|
choice for AC machines. If the winding is distributed among a number of slots,
the resultant mmf will have a peak value F, that is smaller than Fn.

The mmf waveform of the armature of a DC machine approximates a saw-
tooth waveform. This sawtooth waveform can also be approximated by a sinu:

soidal waveform.

Magnetic axis Air-gap
of coil aa' mmf
N [\
2
1 >0
n T 3n 2n g
2 2
_Ni
2 NS
®)
jve fort®

FIGURE5.9 Single coil machine: (@) concentrated full-pitch coil; (b) air-gap magnetomot

\ 4
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Therefore, in the analysis of AC and DC machines, the mmf of the armature

indings will be assumed to have a sinusoidal space distribution. Also, for

odeling of AC and DC machines, a two-pole machine will be considered.

From Eq. 5.13, it may be seen that the magnetic field intensity H is equal
» the mmf drop (Ni/2) across the air gap divided by the air-gap length g.
Therefore, the fundamental component of H may be expressed as

F. F
il = ?mcos 0n = Hp cos O

H = Hy = (5.15)

ghere Hm = Fn/g = (4/ m)Ni/2g).
For a d1§tr1but§d winding such as that shown in Fig. 5.10, the air-gap mag-
petic field intensity will have a peak value H}, which is less than Hy,.

55 ROTATING MMF IN AC MACHINES

To understand the theory of polyphase AC machines, it is necessary to study
the nature of 'the mmf produced by a polyphase winding. Before analyzing the
firee-phase situation, the single-phase situation is considered.

55.1 Single-Phase Winding mmf

In the last section, the mmf of a single-phase winding was derived. It is rewrit-
ten here as

4 Ni
= —— cos b

Fa1 = Fy cos Oy
m 2

(5.16)

Magnetic axis
of winding cc'

Magnetic axis
of winding bb'

Magnetic axis
of winding aa'

FIGURE 5.10 Three-phase distributed winding.
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When the winding is excited by a sinusoidal current, i = I, cos wt, the ex.
pression for the mmf becomes

2N1
Fu, = 2 cos 6, cos wt = F, cos 6, cos wt
T

G.19

where F, = 2N 1,/ .
Applying trigonometric identities for the product of cosines to Eq. 5.1
yields

Fai = 3F, cos(by — wt) + 1F, cos(Bm + wt) = F* + F~ (5.1
Equation 5.18 contains two variables: 0 (space variable) and # (time variable)
The first term, F ', is a traveling wave with amplitude %F a, traveling in thg
direction of increasing 6. This phenomenon can be seen by plotting the firg
term as a function of 6y, for two particular values of ¢ as shown in Fig. 5.1,

Similarly, the second term of Eq. 5.18 represents a traveling wave in the
negative 0, direction. Hence, the single-phase winding mmf can be representeg
by two vectors traveling in opposite directions as shown in Fig. 5.12.

As seen from Figs. 5.11 and 5.12, the sum of the forward- and backwarg.
traveling waves, F* and F ~, respectively, yields a pulsating wave Fa;. At any
set of values of ¢ and 6,,, the net mmf F,; is found by adding the components of
F* and F~ along the line that makes an angle 6, with respect to the magnetig
axis of winding aa’. For example at t = ¢ and 6 = /3, the value of Fjy i

o

FIGURE 5.11

Traveling wave in the positive 6y, direction.

55 ROTATING MMF IN AC MACHINES 133
Magnetic axis
of winding aa'
FIGURE 5.12 Double rotating waveforms representation of single-phase mmf.
given by
F, TT F T
Fa = =2 cos(= — wty) + == cos(=
al = 5 (3 1) 5 (3 + wty)
a
= F, cos 3 COs Wi (5.19)
55,2 Three-Phase Winding mmf

Armature windings of synchronous machines and induction machines are typ-
ically three-phase windings. Such an armature is illustrated in Fig. 5.13.

a axis

Om

/

¢ axis b axis

FIGURE 5.13 A three-phase armature winding.
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The three phases have equal numbers of coils. At 6y, the resultant mmf p
due to all three phases is given by the sum of the individual phase mmfs. Thyg

F =Fy + Fy + Fo

2 2
=ZNi, cos Oy + =Niy cos(6, — 120°)
T T

4 %Nic cos(Bm — 240°) (5.2

Under balanced three-phase conditions, the instantaneous currents are ey,
pressed as follows:

in = Ip coswt (5.21
iy = Ip cos(wt — 120°) (5.2
ic = I cos(wt — 240°) (5.3
where I, is the maximum current.
Substituting these current expressions into Eq. 5.20 yields
2
F(Om, t) = ;N]p[cos O cOs wt
+ cos(f, — 120°) cos(wt — 120°)
+ cos(6n — 240°) cos(wt — 240°)] (5.24)

By using trigonometric identities to simplify the expression inside the bracks
ets in Eq. 5.24, the resultant mmf may be expressed as

F(On,t) = %Fp cos(fpn — wt) (5.2

where F, = 2N 1,/ m.

Equation 5.25 represents a traveling wave moving in the direction of positive
Om. It is shown graphically in Fig. 5.14.

At any time ¢ and position 6y, the resultant mmf due to all three windings is
found by taking the projection of the vector %FP on the line 6,,. For example:
at time ¢t = 7r/(4w) seconds, the mmf along the a axis is the component of
the vector %Fp along the line 6, = 0. Thus,

F(0m,t) = F (0, %) = %Fp COS(O - %) = %Fp cos% (5.20)

In this derivation, it has been assumed that at ¢ = 0, the mmf due to coll
aa’ is maximum along the line 6, = 0.
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Magnetic axis 3
2

— wt

(W

FIGURE 5.14 Graphical representation of three-phase resultant mmf.

DRILL PROBLEMS

p5.5 The windings of a three-phase machine are supplied with currents i,,
iy, and ic. The mmfs produced by these currents are given as follows:

F, = Ni, cos 6,
Fy, = Niy cos(6n — 120°)
F. = Ni. cos(6y, — 240°)

a. Assume that the three-phase windings are connected in series and sup-
plied by one voltage source, that is, i, = iy, = i.. Find the resultant
mmf due to all three windings as a function of 6.

b. The three-phase windings are connected to a balanced three-phase voltage
supply, and they take the following currents:

i = Ip cos wt
I, cos(wt — 120°)
I, cos(wt — 240°)

Ip

Il

ic
Find the resultant mmf.

€. Let 0y = wnt + a. Determine the relationship between wp, and o that
results in maximum mmf.

D5.6 Show that

F cos o cos B + F cos(a — 120°) cos(B — 120°)
+ F cos(ar — 240°) cos(B — 240°) = 3F cos(a — B)
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D5.7 A synchronous generator has a three-phase winding with 10 turns Pey
phase. The three phase currents are given by

i, = 100 cos 377t A
100 cos(377t — 120°)
100 cos(377t — 240°)

ib

ic

Determine (a) the fundamental component of the mmf of each winding apg
(b) the resultant mmf.

5.6 GENERATED VOLTAGE IN ROTATING MACHINES

In Section 5.2, the calculation of the induced voltage (emf) in a coil wg
described. By Faraday’s law, an emf is produced when the flux linking g
coil changes. In this section, the generated voltage for a three-phase rota.
ing machine will be derived. An elementary three-phase synchronous maching
is shown in Fig. 5.15.

The rotor coil receives DC current through the slip rings. This current J;
produces an mmf that is maximum along the rotor field’s magnetic axis. [fs
fundamental component is distributed sinusoidally around the rotor’s periphery

Magnetic axis
" of field winding

FIGURE5.15 A three-phase AC synchronous machine.
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perefore, the mmf in the air gap along the line 6 may be expressed as

T
4 N¢lg
Fy = — cos(On — 6) (5.27)
pere Nt is the_: number of turns of the field winding.
The magnetic field and flux density are then obtained as follows:
Fu _ 2N:lg
H="2= -
2 — cos(b, — 0) (5.28)
2uoNel
B = poH = "L cos(6n — 6) (5.29)

where g is the length of the air gap. Thus, the flux linking the stator windings
aa', bb', and cc’ is computed as

w/2
2Nl
b ZJ B-dS = J M[COS(Om— 0))irdo
s T
—/2
4uoNtl
- W—”lr cos O = D, cos O (5.30)

@, = 4moNelslr/(mg)
= maximum flux linking one loop of winding aa’ due to I¢

N
Il

axial length of the machine
rotor radius

*
1

Denoting by N, the number of turns in each armature phase winding, the
total flux linkages are obtained as follows:

A = Na®, cos 6, (5.31)
Ay = Na®p cos(f — 120°) (5.32)
Ao = Na®, cos(fy, — 240°) (5.33)

) The angle Qm is the relative position of the rotor magnetic axis with respect
S0 the magnetic axis of the winding aa’. Since the rotor turns at a constant
peed of w rad/s, the angle 6, may be expressed as

t
O = J wdt + 6,(0) = wt + 6,(0)
0

(5.34)
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Thus, the total flux linkages may be written as

Aaar = N.@p cos[w? + 0:,(0)] (5.35)
Moo = Na®@p cos[wt + 6n(0) — 120°] (5.36)
Ao = Na®p cos[wt + 6m(0) — 240°] (5.37)

From these equations, and since the flux linkages are time varying, thg
induced voltages are derived as follows:

B = % = —@N,®, sin[o? + 6n(0)]
= wN,®, cos[w? + 6(0) + 90°] (5.38)
A. !
iy = 4 d*;b = wN,®, cos[wt + 6, (0) — 30°] (5.39)
dAge
ecer = d;° = wN,P, cos[wt + 6,(0) — 150°] (5.49)

Equations 5.38-5.40 represent a set of balanced induced voltages. The max.
imum value of the voltage is given by

Enax = oN,®p = 2 fN,Dp (5.41)
and its rms value is
Eoy = 2 fN,®, = 4.44f N, D (5.4
rms \/E axp . axrp .

where f is the frequency in hertz.

It has been assumed that the three-phase windings were full-pitch, concen:
trated windings. In full-pitch windings, the two sides of each coil are placed
in slots that are 180 electrical degrees apart. Concentrated windings have the
conductors of each phase winding placed in just one pair of slots.

In actual machines, the coils of each armature phase winding are distributed
among a number of slots with corresponding coil sides in slots possibly less
than 180 electrical degrees apart. This results in a reduction in the generated
voltages for each phase because the induced voltages in the coils are no longel
in time phase. Hence, the phasor sum of the coil voltages is less than it would
be if all the coils in one phase were concentrated in one pair of full-pitch slots:
Therefore, for distributed and fractional-pitch windings, a reduction factor K
is introduced. K., is called the machine winding factor and has a value from
0.85 to 0.95. Thus, Eq. 5.42 is modified as follows:

Ems = 444Ky f N, @, (5.43

Y
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when the terminals of the machine are connected to a balanced electrical

d, a set of balanced currents will flow. These balanced currents produce a

agnetic field that can be represented as a rotating mmf at an angular velocity

, the frequency of the generated voltage, which is also the angular velocity
of the rotor in rad/s. If there are more than two poles, the rotor speed and the
jdian frequency of the voltage are related by Eq. 5.11.

The voltage induced in DC machines can also be analyzed by the same
rinciples as in AC machines. In DC machines, however, the field winding
i on the stator and the armature winding is on the rotor. The rotor coils are
dismbuted over the periphery of the rotor. The voltage induced in each turn of
he rotor winding is a sinusoidal function of time. Mechanical rectification is
rOvided by a commutator and brush combination. The average, or DC, value
of the voltage between brushes is given by

1 . 2
E, = p- [ oN®, sin wt d(wt) = ;wNCDp (5.44)
0

Equation 5.44 is more conveniently expressed in terms of the mechanical
speed wn in rad/s, or 7 in rev/min (rpm). Thus, E, may be written as

_2¢p _ ponND,

E, = ;(Ewm)zvd)p ~ £ (5.45)
Since wy = 27n/60, Eq. 5.45 may also be written as
_ 2 (p2mn _ pnNO,

g = 77<2 = )Ncbp = (5.46)

where
p = number of poles

N = total number of turns in series between armature terminals

In terms of the total number of armature conductors Z and the number of
pfirallel paths a between armature terminals, the number of series turns is
given by

z
N =3 (5.47)
Substituting Eq. 5.47 into Eq. 5.45 gives
pZ
E, = *—
5~ Ppm (5.48)
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The commutator and brush combination converts the AC to a DC voltage ;
the case of a DC generator. In the DC motor, each conducting loop on the rotg
is in contact with the applied DC voltage through the commutator and brush
Hence, the current in each loop will be a pulse that can be approximateq t(;
a sinusoidal function, that is, the fundamental component in a Fourier Serig,
representation.

DRILL PROBLEMS

D5.8 A two-pole, three-phase, wye-connected, round-rotor synchronous gey
erator has the following data:

N, = 24 turns per phase
/I =4m

Ny = 500 turns
r = 50 cm g = 20 mm

The field current, or rotor current, is adjusted to Ir = 8 A. Find (a) the peg}
fundamental mmf due to the field current and (b) the induced voltage in eag}
phase and their rms values.

D5.9 The two-pole machine shown in Fig. 5.16 has a field winding locateg
on the stator and an armature winding on the rotor, with Ny = 800 tumg
and N, = 50 turns, respectively. It has a uniform air gap of 0.5 mm. The ar
mature has a diameter of 0.5 m, and it is 1.5 m long. The field winding carriesg

Stator
magnetic axis

Rotor
Om magnetic axis

FIGURE 5.16 Rotating machine with uniform air gap.

Y
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grrent of 2 A. The rotor is driven at 3600 rpm. Determine (a) the frequency
the rotor induced voltage and (b) the instantaneous voltage and rms voltage
i Ilduced in the rotor coil.

5.7 TORQUE IN ROUND-ROTOR MACHINES

The behavior of an electromechanical energy conversion device can be de-
sribed in terms of its equivalent circuit, which is governed by Kirchhoff’s
voltage law, and its torque equation. The previous section derived expressions
for generated voltage that are sufficient to model equivalent circuits. In this
section, the torque equations are derived.

Two points of view are presented. The first considers the machine as a set of
coupled coils. The second point of view considers the machine as two groups
of windings producing magnetic fields in the air gap—one group on the rotor
and the other group on the stator. In this manner, the torque is expressed as the
tendency for two magnetic fields to line up in the same manner as permanent
magnets tend to align themselves. The generated voltage is expressed as the
result of relative motion between a winding and a magnetic field, or mmf.

Before the two approaches are described in greater detail, the expression for
electromagnetic torque for an electromechanical energy conversion device will
be derived. This expression can be obtained from the energy conservation law.

The model of a lossless electromechanical energy conversion device is shown
in Fig. 5.17. This schematic represents a motor.

For the energy conversion system shown, the energy conservation law may
be expressed as

We = Wr + Wy (5.49)

where
W. = electrical energy input from the electrical source

Wi = energy stored in the magnetic field of the two coils associated with
the electrical inputs
Wmn = mechanical energy output
i
—

+
Lossless electromechanical
V1 energy conversion device - J
’ i l
+ v -

FIGURE 5.17 Model of electromechanical energy converter.
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The electrical energy and mechanical energy are given by the followi,
expressions: $

t t t t
We = J viig dT+J Voip dT = J P1 dT‘l’J p2 dt (5_50)
0 0 0 0
Om Om
Wiy = J T dem = J T, dbm (5.5
6n (0) 6 (0)

Equations 5.50 and 5.51 can be written in their differential forms as Egg
5.52 and 5.53, respectively. "

dWe
AdWn

V1i1dt+v2i2dt
Tm dOm = Te dbny

(5.5
(5.5

Since the windings are assumed to have negligible resistances, the terming|
voltages are equal to the induced voltages in the coils:

dan
P =@ = o (5.54
= ey = 6_12\3 (5.5
V) = €2 e )|
Substituting Eqs. 5.54 and 5.55 into Eq. 5.52 yields
aw, = i1dA + irdAy (5.56]

Substituting Eqs. 5.53 and 5.56 into the differential form of Eq. 5.49, anl
solving for dWs gives
dWs = i d\ +iydAy — Te dbn (5.51)

In Fig. 5.17, one independent variable can be specified for each of the teF
minal pairs; therefore, two electrical variables and one mechanical (or spatidl
variable are specified. In Eq. 5.57, the variables A;, A2, and 6y, are selected &
independent variables; thus, the magnetic field energy is expressed as a functiol
of these variables: Wi(A1, A2, On). However, the derivation of an expression for
the energy function is not an easy task inasmuch as the flux linkages are i
physically measurable.

At this point, a new function called coenergy is defined. It is designated ®
W/, and it is associated with the field energy function W; as follows:

Y
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Wf’ + Wr = A + Aoip (5.58)

Equat'ion 5.58 can be written in differential form, and the expression for the
differentlal of the coenergy function dW; is obtained as follows:

de’ = d(M\i1) + d(Aip) — dWs
=A]dil+i1d)\1+)\2di2+i2d)\2-de (5.59)
Substituting Eq. 5.57 into Eq. 5.59 and simplifying yield
de/I)\ldi1+)\2di2+Ted0m (5.60)

The coenergy function is seen to be dependent on iy, iz, and 6y, and it is
expressed as a function of these variables. Thus,

Wi = W{(i1, i2, Om) (5.61)
The total differential of the coenergy function may be written as
oWy oW} oW/
AW} = =L di; + —Ldir + L
S R e TR 3:62)

Upon term-by-term comparison of Egs. 5.60 and 5.62, the expression for electro-
magnetic torque is obtained.

_ Wi, iz, )

T
€ 36y,

(5.63)

The torque expression of Eq. 5.63 can be generalized for the case of n
windings, or n currents, as follows:

_ an’(ll; i21 RS } in; 91'(1)

T,
€ 96

(5.64)

When the magnetic cores on the rotor and stator are assumed to have linear
characteristics, the energy function W may be expressed as

Wr = L + $hain (5.65)
Substituting this expression for W; into Eq. 5.58 yields
Wi = tMit + FA2ia (5.66)
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Thus, it is seen that the field energy function and the coenergy function are the
same in a linear magnetic circuit.

In linear electromagnetic systems, the relationships between flux linkages
and currents are given by

A = Lyiy + Liaia (.69
M = Layiy + Lpiz (.68
where
L;; = self-inductance of winding 1
Ly, = self-inductance of winding 2
L1 = Lp; = mutual inductance between windings 1 and 2

These inductances are functions of only the mechanical variable, or spatial varj,
able, 6,,. Substituting Eqs. 5.67 and 5.68 into Eq. 5.66 yields the expressig
for the coenergy function.

Wi = LLyi3 + Liivia + §Li3 (5.69)

Thus, the expression for the electromagnetic torque may be written as followg

T — 6Wf’(11112) om)
¢ 96m

i],i2= fixed
_ 19([Lui}) | dLiiia) L1 d (Li}) (5.0
2 90m 30m 2 00m i ie ixed 1)

Since the inductances are functions of only the spatial variable 6y, Eq. 5.70
reduces to

dLii(6m) | . .

a'L12(9m) + .2 dL22(9m)
dby

1., 1
= = — 1
I =31 d6n 2% dba 18
Note that no electromagnetic torque is developed if none of the inductances

is a function of the spatial variable 6Op,.

EXAMPLE 5.2

The two-pole machine shown in Fig. 5.16 has two mutually coupled coils. The
first coil, located on the stator, is held fixed, and the second coil, on the rotok
is free to rotate. The inductances of the coils are given by

Y
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L11 =10 L22 =8 L12 = L21 = 6¢cos Om
ot the current in the first coil be denoted by i; and the current in the second

1 by i2. The magnetic axes of the two coils are initially displaced by an

Zﬁ;le 0n(0) = 30°. Find the electrical torque for the following conditions:
a.i1=2Aand i =0
b. i1 = iz =2A
c. i1 =2Aandip = ﬁsinwt A
d. i1 =i2 = J2sinwt A
e. i1 = 2 A and coil 2 short-circuited

solution  Using Eq. 5.69, the expression for the coenergy function is given by
W{ = 1(10)i2 + 6 cos Oniqiz + 3(8)i3

The general expression for the electromagnetic torque can be found by using
Eq. 5.71 as follows:

1, d .. d 1, d _
T. = 211 —dem(lo) +i1ip E(6 cos On) + 512 m(S) = —6i1ip sin Oy
a. T. = —6i1is sin 6, = —(6)(2)(0) sin 30° = 0
b. T = —6i1i, sin 0y = —(6)(2)(2) sin 30° = —12 N-m

. T. = —6i1iz sin 0m = —(6)(2)(+/2 sin w?) sin 30°
= —6\/5 sin w? N-m
d. T, = —6i1iy sin 6 = —(6)(+/2 sin ®1)(+/2 sin w?) sin 30°
= —6 sin® wt
e. Since the rotor is short-circuited, the flux linkage of the rotor may be set
equal to zero; thus,
0= Lyi; + Lyip
Therefore, the rotor current can be expressed as
i = —(La/Ly)ii = —[(6 cos 6n)/81(2) = —1.5 cos O A

Substituting in the general expression for torque yields

T, = —6i1iy sin Op = —(6)(2)(—1.5 cos 30°) sin 30° = 7.8 N-m




146 CHAPTER5 FUNDAMENTALS OF ROTATING MACHINES

EXAMPLE 5.3

A linear electromechanical energy conversion system has two electrical inp,
and one mechanical output. The self- and mutual inductances of the coils g

L1 =5+ cos 26, mH
Ly, = 50 + 10 cos 26, H
Li, = Ly; = 100 cos 6, mH

The first coil is supplied with a current i; = 1 A, and the second draws,
current i, = 10 mA. Determine (a) the general expression for electromagnegj
torque T, and (b) the maximum torque.

Solution

a. For this linear system, the coenergy function is found by using Eq. 5.69
Substituting the expressions for the inductances yields

Wf, = W =%L11i% + Lipiqig + %Lzzi%
=1(5+ cos 26n) X 1073i% + 0.10 cos Oni1iz

+ 1(50 + 10 cos 26)i3
The expression for the electromagnetic torque is obtained as follows:

T, z(é'Wf'(il, i2, Om)

J6m i1=1.0,i=0.01
_ lﬁ(i%Lu) d(i1izL12) la(i%Lzz)
2 06y 06m 2 by i1=1.0,i,=0.01

= 1(1.0)%(~2 sin 26p,) X 1073 + (1.0)(0.01)(—0.1 sin 6:n)
+ 1(0.01)%(—20 sin 26,)
= — (2 sin 26, + sin f) X 1073

b. At maximum torque

dT.

g 0

Differentiating 7. from part (a),

4 cos 26, +cos 6, =0
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Solving for 6, by the quadratic formula,

0, = 49.7°,140.6° (extraneous)

Substituting the value of 6, = 49.7° into the expression for the electro-
magnetic torque yields

Temax = —[2 sin 2(49.7°) + sin 49.7°]1 X 1073 = —2.74 x 107> N-m

pRILL PROBLEMS

5.10 An electromagnetic system has two windings and a nonuniform air
gap- The self- and mutual inductances are given by

Ly =6+ 1.5cos 26 Ly, = 4+ cos 26 M = 5cos 6

The windings are connected to a DC voltage source. The first winding takes a
aurrent I1 = 10 A, and the second draws a current I, = 2 A.

a. Determine the developed torque as a function of 6.

b. Find the stored energy as a function of 6.

¢. For 8 = 30°, find the magnitude and direction of the torque on the rotor.

D5.11 An electromagnetic system consists of two mutually coupled coils as
shown in Fig. 5.16. The inductances of the coils are

Ls=5H
L, =3H
Ly =2cos § H

Find the electromagnetic torque for the following cases.

a. Iy =10Aand I, =0
b. Iy =1, =10 A
¢. Iy =10 A and i; = 10 sin wt
d. iy = i, = 10 sin wt
371 The Coupled-Coils Approach

An elementary machine is shown in Fig. 5.18. It has one winding on the sta-
Wr and one winding on the rotor. The slot openings for the stator and rotor coils
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Stator
magnetic axis

Rotor
Om magnetic axis

(@ (®)

FIGURE 5.18 A round-rotor machine: (a) winding distribution; (b) schematic representatiop,

are not shown in the figure. Machines that have more than one coil on t
stator may also be analyzed by representing the stator coils with one equivaley
winding.

For this machine containing two coils, the electromagnetic torque T is givey
by

- aW,(iSr ir; Om)

T,
© 0m

(5.7

Since linearity has been assumed for both stator and rotor magnetic cores, the
coenergy function W/ may be expressed as

Wi = LLi2 + LLni? + Lgisiy ¢.7
where
Le = self-inductance of the stator coil
L, = self-inductance of the rotor coil

L, = mutual inductance between stator and rotor coils
is = stator current
i, = rotor current

Assuming infinite permeability for the magnetic cores, the inductance parailt
eters are given as

_ 4uoN2lr
T8

Lsg (5.1

57 TORQUE IN ROUND-ROTOR MACHINES 149

4uoN21
L, = FHolN T (5.75)
T
4NN, 1
Ly = PO 068 6 = M cos Oy, (5.76)
mE
where .
o = permeability of free space
M = (GupoNsNilr) /(mrg) = maximum mutual inductance that occurs when

stator and rotor magnetic axes are aligned
N, = number of turns on the stator
= number of turns on the rotor
| = axial length
r = radius of the rotor
g = length of the air gap
Substituting Egs. 5.74-5.76 into Eq. 5.73 and differentiating the result with

respect to 0 give the expression for the electromagnetic torque.
Te = —Migi, sin 0y
Mii, cos (0, + 90°)

5.77)

It may be noted from Eq. 5.77 that the electromagnetic torque is directly
proportional to the product of the stator current and the rotor current. In steady
state operations, this torque is balanced by its counterpart mechanical torque
T,. For generator action, Ty, is an input quantity; while for motor action, Ty,
is the output quantity.

EXAMPLE 5.4

For the two-pole machine of Fig. 5.18, the currents flowing in the stator and
rotor windings are given by is = I cos wst and iy = I = constant, respec-
tively, where ws is the angular frequency of the stator current.

a. Find the expression for the electromagnetic torque.

b. Find the speed at which average torque is nonzero.

¢. Find the average torque Te ave if Iy = 4 A, I; = 50 A, 0,(0) = 10°, and

M = 2 H in part (b).

Solution

a. The angle 6y, is found by using Eq. 5.34. Thus,

t
Om = J Wn dt + 0,(0) = wpt + 0m(0)
0
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Assume @y, remains constant. Then the torque may be expressed as

T. = —MI cos wst I, sin O = ~M I, cos wst sinfont + On(0))

b. The expression for T, may also be written as
T, = —~MI {3 sin[(wn + 05t + 0m(0)] + L sin[(wm — @)t + 6m(O))

From this expression for torque, it is seen that a nonzero average wj)
be present if and only if w, = ws. For a 60-Hz stator current frequency
the speed is

n = 120f/ p = (120)(60)/2 = 3600 rpm

¢. For a nonzero average torque, wy = ws; thus,
T. = —IMI I {sin[2wt + 6:n(0)] + sin 6m(0)}

Since the average of a sinusoidal function of time is zero, the first tery
on the right-hand side of the preceeding expression reduces to zero;
therefore,

——%MISIr sin 6, (0) = —%(2)(50)(4) sin 10° = —34.7 N-m

Te,ave =

DRILL PROBLEMS

D5.12 Derive Egs. 5.74, 5.75, and 5.76. Assume that the permeabilities of
rotor and stator ferromagnetic cores are infinitely high.

D5.13 Two mutually coupled coils, one mounted on a stator and the other on
a rotor, are shown in Fig. 5.16. The self- and mutual inductances are given as

follows:

L, =050H
L, =025H
Ly =10cos 06 H

The coils are connected in series, and the combination is excited by a sinusoidal
voltage source.
a. Determine the instantaneous torque if the coils draw a current i(t) =
10 /2 sin 377t A.

b. Determine the time-averaged torque Ty as a function of the anguld®
displacement 6.

T
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¢c. Find the value of Taye for 8 = 60°.

d. The series-connected coils are supplied from a DC source, and they take
a current / = 10 A. Compute the torque at § = 60°, and compare with
the result of part (c).

57.2 The Magnetic Field Approach

this section, the machine model is based on the interaction of magnetic fields
of the stator and rotor windings in the air gap. Since the core is assumed to have
inﬁnite permeability, the core magnetic field, or mmf drop, is approximately

e10.

i A two-pole synchronous machine is shown in Fig. 5.19. The currents in the
gator and rotor windings create magnetic flux in the air gap. The stator and
jotor mmfs can each be represented by a rotating mmf as shown in Fig. 5.195.
For the synchronous machine, the expressions for the mmfs of the stator and
ofor are given by Fy = 3(2NsIs/m) and F; = 2N.I,/m, respectively.

The interaction of the stator and rotor mmfs, or magnetic fields, creates an
dlectromagnetic torque T. This torque tends to align the stator and rotor mmfs.
As long as the angle between the two mmfs, &, is nonzero, an electromagnetic
torque will exist.

At steady state, the angle 8 is a constant. In other words, w and wp
ae equal. Note that @ and wy represent the angular speed of Fs and Fr,
respectively, from the same reference line. In the derivation to follow, all losses
and leakages are neglected and the permeability of the stator and rotor cores is
assumed to be infinite.

Stator axis
(reference line)

Reference line

——
m Rotor axis

Dm

(a) (b)
F .
IGURE 519 A two-pole machine: (a) elementary model; (b) vector diagram of mmf waves.
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From Ampere’s law, the magnetic field intensity H in the air gap is givenh
FSI'
H=— S.
. (.

where
Fg = resultant mmf at the air gap along the line 0

g = length of the air gap
It is seen from Fig. 5.19b that F; is the component of Fy along the linee
The expression for F is found from Eq. 5.79.
F2 = F2 + F? + 2FF; cos & (5.2
Hence, the resultant mmf F; is given by
Fy = Fy cos(6 — wt — &) (5.9
Substituting Eq. 5.80 into Eq. 5.78 yields

H = % cos(0 — wt — 0s) (5.8

Because of the assumption of magnetic core linearity, the coenergy functiy
is equal to the energy function. The energy density W in the air gap is givenl

W=%B-H=%/J«0H'H=%#OH2 5.8

Substituting the expression for H from Eq. 5.81 into 5.82 yields

F2
W = “;’g;r cos’(0 — wi — &) (58

The average energy density (or coenergy density) is found from Eq. 5.838

, Fa
Wave = VVaVe = I“Zogzsr (5'84‘

Finally, the total coenergy W' may be expressed as

2
W' = —‘ZO:;f Qmrlg) (58

1
|
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Jere
r = radius of the rotor

| = axial length of the machine
g = air-gap clearance
Substituting the expression for F from Eq. 5.79 into Eq. 5.85 yields
. mMorl

W' = % (F2 + F? + 2FF; cos &) (5.86)

The electromagnetic torque T, is the rate of change of the coenergy W' with

IespeCt to rotor position 6y, that is,
aw'
I; = 5.87
96y (5-87)
gnce Om can be expressed as the sum of 6; and 6,
On = 65 + O (5.88)

erefore, the partial derivative of W' with respect to & also gives the elec-
Th p p g

‘romagnetic torque. Thus,

T, = — g

FF; sin O (5.89)

Equation 5.89 states that T is proportional to the peak value of the stator and
ptor mmfs and the sine of &, which is the angle between the two rotating
mmfs. The negative sign means that the fields tend to align themselves.

Equal and opposite torques are exerted on the stator and rotor. The torque
on the stator is transmitted through the machine frame to the foundation. The
trque on the rotor is balanced by the mechanical torque.

Equations 5.89 and 5.77 are similar in form. They represent alternative ways
of calculating the torque. If F and F; are expressed in terms of is and i,, Eq.
3.89 reduces to Eq. 5.77.

EXAMPLE 5.5

Atwo-pole, three-phase, 60-Hz synchronous generator has a rotor radius of
0'cm, an air-gap length of 0.25 mm, and a rotor length of 40 cm. The rotor
field winding has 300 turns, and the stator windings have 80 turns/phase.
When connected to a three-phase electrical load, a balanced set of stator cur-
tnts flow. Att = 0, the current in phase a is 15 A, its maximum value. At this
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same instant, the rotor axis makes an angle of 20 degrees with the referen
line (refer to Fig. 5.19). The rotor current is constant at 2 A.

a. Calculate electromagnetic torque using Eq. 5.77.

b. Calculate electromagnetic torque using Eq. 5.89.

Solution

a. The mutual inductance is found by using Eq. 5.76 as follows:

4NN, lr

mg
44w x 1077)(80)(300)(0.40)(0.10) _
B (0.00025) = G- H

M:

In deriving Eq. 5.77, it was assumed that there is only one winding o
the stator. In this example, there are three windings on the stator. Hengg
the one winding equivalent for the stator should carry a constant curren;
of %I ., Where I, is the current in phase a. Therefore, the electromagneg

torque T is given by

Te

—M [31,] I; sin 6x(0)

—(6.14)[3(15)] (2) sin 20° = —94.5 N-m

b. From Egs. 5.24 and 5.25, the stator mmf is given as

3 3(2Nla)\ _ 3 [(2)(@80)15)|
FS_EFP_E(W >—2{ p = 1146 A-t
The rotor mmf is
g Wil _ QG0Q) _ g,
T T
Since w, = ws, and referring to Fig. 5.19,
8g = Om — 05 = wmt + O0n(0) — st = 0,(0) = 20°
Therefore, according to Eq. 5.89,
x 1077Y(0. '
T, = —mémx10 )(0-10)0.40) 11 46)(382) sin 20° = —94.5 N

0.00025

Thus, it is seen that Eqs. 5.77 and 5.89 yield the same value 0

electromagnetic torque.
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pRILL PROBLEMS

5.14 In Drill Problem D5.7, the mmf due to the generator rotor field winding
18y pe expressed in terms of the rotor position 6y, and the peak value of rotor
rﬂmf F, as follows:

F,1 = F; cos(0 — 6y,)

ot Om = (377t + 7/2) radians and F, = 3000 A-t. Find an expression for
qomf due to both armature and field windings.

ps5.15 Show that Eq. 5.89 is equivalent to Eq. 5.77.
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PROBLEMS

Sbl An electromagnet with two air gaps is shown in Fig. 5.20. The relative perme-
dility of the iron is assumed to be infinite, and flux fringing in the air gaps can be
Neglected. The coil has 500 turns, and it is supplied with a current of 2.5 A. Find

a. The magnetic flux in each air gap

b. The total flux linkage of the coil

C. The magnetic energy stored in this system
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w=5cm

: ]
o : L]+
b 1.5 mm 3 mm
d P
N 1 T
d
d —> lcm
d —>2cm [<—
o__—-

FIGURE 5.20 Electromagnet of Problem 5.1.

5.2 A cylindrical electromagnet is shown in Fig. 5.21. The plunger is free to Moy
in the vertical direction. The air gap between the core shell and the plunger is unifop,
at 0.5 mm. It may be assumed that magnetic flux leakage and flux fringing in the g
gaps are negligible and the relative permeability of the core is infinitely high. The g
contains 600 turns and is supplied with a DC current of 8 A.

a. Calculate the magnetic flux density in the air gap between the surfaces of f
center core and plunger when the air-gap length g = 1.0 mm.
b. Find the inductance of the coil.

¢. Determine the stored magnetic energy.

6 in.

k— 5in. ——>] l

U=oo 0.5 in.
-

0—j b

g b N

[

P )
o— 5in

Center core

Core

Plunger shell

‘_l o
o |

Core
shell

FIGURE 5.21

Cylindrical electromagnet of Problem 5.2.
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Cross-sectional

area = A
He—=o

FIGURE 5.22 Inductor circuit of Problem 5.3.

53 An inductor is .made from a magnetic core with an air gap as shown in Fig. 5.22.
The winding has resistance R and is connected to a source with voltage Vj.

a. Show that the coil inductance is given by the expression

_ moN2A
8o

L

p. Calculate the magnetic stored energy in the inductor.

c. With the voltage held constant at Vp, the air-gap length is varied from gg to g;.
Calculate the change in the stored magnetic energy.

5.4 The magnetic circuit of Fig. 5.23 is connected to a source whose voltage varies
sinusoidally with time, that is,

v(t) = W cos wt

Cross-sectional
area=A
“ c —> oo

v (1) N 80

FIGURE 5.23 Magnetic circuit of Problem 5.4.
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Assume that the air gap is fixed at go and that the resistance of the coil is R. Calculalﬁ

The time-averaged magnetic energy stored in the inductor
The instantaneous power output of the voltage source as a function of R
The time-averaged power output of the voltage source as a function of R

o TP

The time-averaged power dissipated in the resistor

5.5 Twenty-five conducting loops, or turns, are connected in series to form a g
Each turn has a length [ = 2.5 m and width w = 20 cm. The coil is rotated g
constant speed of 1200 rpm in a magnetic flux density B directed upward. The indyg

voltage across the coil has an rms value of 1000 V. Determine the required value of

flux density.

5.6 A coil of 50 turns is in the shape of a square with 15 cm on each side. [t
driven at a constant speed of 600 rpm. The coil is placed in such a way that its ayj
of revolution is perpendicular to a uniform magnetic flux density B of 0.15 T in the
vertical direction. The coil is in a position of maximum flux linkage at time ¢ =
Determine (a) the time variation of the flux linkage and (b) the instantaneous voltagé
induced in the coil.

5.7 Two mutually coupled coils are shown in Fig. 5.24. The first coil is held fixeg
and the second coil is free to rotate. The inductances of the coils are given by '

L“:A L22=B L12=L21:MCOSH

Let the current in the first coil be denoted by i, and the current in the second coil by
i». Find the electrical torque for the following conditions:

il :Ioandig =0

iy =i = 1Io

= Iy and i, = I sin ot

i1 = iy = I sin ot

o e TP

I and coil 2 short-circuited

Il

Fixed coil
Movable coil

FIGURE 5.24 Mutually coupled coils of Problem 5.7.

5.8 Two mutually coupled coils are shown in Fig. 5 .25. The first coil is held stationd®
while the second is free to rotate. The self-inductances of the two coils are L;; and L’—'

and the mutual inductance is Lj,. The values of these inductances in henrys ar€ gt
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o the folloyving table for two angular positions 6 of the rotor, where 6 is measured
m the.ax1s of th'e stationary coil used as reference. The inductances may be assumed
0 vary linearly with 6 over the range 45° < 6 < 75°.

i Lll L22 le
45° 0.6 1.1 0.3
75° 1.0 2.0 1.0

For each of the following cases, compute the electromagnetic torque when the

is at angular position 8 = 60°. S
rofor 18 2 . State whether the torque tends to turn
clockwise or counterclockwise. 4 the rotor

a. [1 =10Aand I, =0
b. 11 =0and I, = 10 A
¢. I =10 A and I, = 10 A along the arrow directions

d. I, = 10 A in the arrow direction and I, = 10 A in the reverse direction

Fixed coil V2
Movable coil

FIGURE 5.25 Magnetic system of Problem 5.8.

5.9 An electromagnetic system consists of two windings, one mounted on a stator
and the other on a rotor. The self- and mutual inductances are given as
L;,=10H

Ly =05H Li; = 1414cos 6 H

o ' .
here 6 is the angle between the axes of the windings. The resistances of the windings

are assumed to be negligible. Winding 2 i ircui
B as : g 2 is short-circuited, and the current i
Winding 1 as a function of time is i; = 14.14 sin w?. supplied to

k. g . .
Derive an expression for the instantaneous torque on the rotor in terms of the

angle 6.
. Compute the time-averaged torque when § = 45°,

. {f the rotor. is allowed to move, will it rotate continuously or will it tend to come
o rest? If it comes to rest, at what angular position 6?



160 CHAPTER5 FUNDAMENTALS OF ROTATING MACHINES

5.10 The two mutually coupled coils described in Problem 5.9 are connecteg
parallel across a 208-V, 60-Hz source. The coil resistances are negligible. ‘

a. Derive an expression for the instantaneous torque on the rotor in terms of

angle 6.

b. Compute the average torque when 6 = 30°.

5.11 The doubly excited rotating system shown in Fig. 5.16 has a coil on the Sty
and a coil on the rotor. The self- and mutual inductances are given by r

Ly =
Lsr =

L.=2H
cos 6 H

The resistances of the windings may be neglected. The rotor winding is short-circuitec
and the stator winding is connected to a current source is(z) = 14.14 sin wt A, i
rotor is held stationary at an angular position of § = 15°. Determine \

a. The instantaneous electromagnetic torque

b. The time-averaged electromagnetic torque

¢. The equilibrium positions of the rotor coil

5.12 Two coils, one mounted on a stator and the other on a rotor, have self- a
mutual inductances of

Lll = 0.40 mH Lzz = 0.20 mH L12 = 0.5 cos 6 mH

where 6 is the angle between the axes of the coils. The coils are connected in ser
and carry a current

i(t) = V21 sin ot

Determine the instantaneous torque T on the rotor as a function of the anguls
position 6.

b.
[
5.13 Two windings are mounted in a machine with a uniform air gap such as

shown in Fig. 5.16. The winding resistances are negligible. The self- and mulls
inductances are given as follows:

Find the time-averaged torque 7T, as a function of 6.
Compute the value of Ty for I = 5 A, and 8 = 90°.

Le=25H
L.=10H
M = \/Ecos 6 H

The first winding is connected to a voltage source, and the second winding is sho

circuited. The current in winding 1 is known to be i4(¢) = 10 \/5 sin wt, where @'
the frequency of the source. The rotor is held stationary.
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g. Derive an expression for the instantaneous torque in terms of the angular posi-
tion 6.

p. Compute the time-averaged torque at § = 45°.
¢. If the rotor is released, will it rotate continuously or will it tend to come to rest?
If it comes to rest, at what angle 6?

(4 A machine has self- and mutual inductances that can be described by

M12:1—Sin9H
L;=1+sin0 H
Ly = 2(1 +sin ) H

o two coils are connected to separate sources. Coil 1 is supplied with a constant
'urrent of I = 15 A, and coil 2 is supplied with a constant current of I, = —4 A.
'xssume that the value of 6 = 45°.

g, Find the value and direction of the developed torque.

b.
c.

Compute the amount of energy supplied by each source.
The current of coil 1 of part (a) is changed to a sinusoidal current of 10 A rms,

and coil 2 is short-circuited. Find the rms value of the current in coil 2. The

source has a voltage of 120 V at 60 Hz.
d. Determine the instantaneous torque produced in part (c).

e. Find the average value of the torque in part (c).

15 If the number of turns on the stator of Example 5.5 is doubled, calculate the
Jetromagnetic torque using Eqs. 5.77 and 5.89.




Six
DC Machines

6.1 INTRODUCTION

The DC machine is a versatile electromechanical energy conversion devig
characterized by superior torque characteristics and a wide range of speed. I
efficiency is very good over its speed range. DC currents are required for bof
its field winding, located on the stator, and its armature winding on the roto

The DC machine is more costly than comparable AC machines, and i§
maintenance costs are also higher. Because of their costs, DC machines ag
not widely used in industry. Their use is limited to tough jobs, such as in stegl
mills and paper mills. They are also used as motors for control purposes.

Basic torque production and induced voltage were discussed in the previo
chapter. In this chapter, the operational characteristics of various types of DG
machines are discussed.

6.2 BASIC PRINCIPLES OF OPERATION

DC machines, like other electromechanical energy conversion devices, ha
two sets of electrical windings: field and armature windings. The field windi§
is on the stator, and the armature winding is on the rotor. A two-pole DC
machine is shown in Fig. 6.1.

The magnetic field of the field winding is approximately sinusoidal. Thus
AC voltage is induced in the armature winding as the rotor turns under th‘
magnetic field of the stator. This induced or generated voltage is also approd
mately sinusoidal. Since the armature windings are distributed over the armatulf

LV 4s]
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Quadrature
axis

Armature

Field
windlng
pole face __ Field axis

(direct axis)
Armature

carbon

prush

—rYYYY
Field

(a) ©)

FIGURE 6.1 A two-pole DC machine: (a) schematic representation; (b) circuit representation.

periphery, the generated voltages of the armature turns reach their maxima at
different times.

The commutator and brush combination converts the AC generated voltages
to DC. The commutator is located on the same shaft as the armature and rotates
together with the armature windings. The brushes are stationary and are located
so that commutation occurs when the coil sides are in the neutral zone; that
is, the potentials of the conductor loop that leaves the brush and the loop that
comes in contact with the brush are the same.

The axis of the armature mmf is 90° from the axis of the field winding.
Denoting the stator (field) winding and the rotor (armature) winding mmfs by
Fs and F;, respectively, these mmfs are shown in Fig. 6.2.

5sr

Fs

FIGURE 6.2 Stator and rotor mmf vector representation.
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The electromagnetic torque T, is produced by the interaction of the stator a
rotor mmfs. Since they are in quadrature with each other, 7. may be expresg, ’
as follows:

T. = — Tt L

FF; (6_1)

The rotor mmf F, is a linear function of the armature current /,, and the
stator mmf F is similarly a linear function of the field current /s. Hence, Eq
6.1 may be written as follows: '

T. = KTilaIf (62)
where Kt = torque constant.

The DC induced voltage E, appearing between the brushes is a function gf
the field current /¢ and the speed of rotation wp, of the machine. This generatgg
voltage is given by

E, = K, I1on, (6.3)
where K, = voltage constant.

If the losses of the DC machine are neglected, from the energy conservatig
principle, the electrical power is equal to the mechanical power:

E.I, = wnTy (6.4)
where
E,l, = electrical power
wn T = mechanical power

At steady state, the mechanical torque Ty, is equal to the electromagnelit
torque Te.

6.3 GENERATION OF UNIDIRECTIONAL VOLTAGE

A DC generator with two poles in the stator and a single conducting loop ot
the rotor is shown in Fig. 6.3.

As the rotor is rotated at an angular velocity wy, the armature flux linkag
change and a voltage e,, is induced between terminals a and a’. The expressiok
for the voltage induced is given by Faraday’s law as

_da

6.5
dt (

€aa =
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FIGURE 6.3 A two-pole DC generator.

This induced voltage is plotted against time in Fig. 6.4b, where at time ¢t = 0
the conductors a and a’ are as shown in Fig. 6.3. The plot of the flux ¢,, and
the plot of the rectified voltage (across brushes Bl and B2) are given in Figs.
6.4a and c, respectively.

It is seen from Fig. 6.4 that although the flux and the coil voltage are both
sinusoidal functions of time, the voltage across the brushes is a unidirectional
yoltage.

Suppose that a second winding bb' is placed on the armature displaced from
the aa’ winding by 90°. Two new commutator segments are also added as
illustrated in Fig. 6.5.

The induced voltages e,, and ey, across terminals aa’ and bb’, respectively,
and the voltage across the brushes, egigy, are plotted in Fig. 6.6.

It may be seen from Fig. 6.6¢ that the armature voltage is closer to a DC
voltage for the generator of Fig. 6.4. Therefore, it may be concluded that by
increasing the number of conducting loops on the armature and correspondingly
increasing the number of commutator segments, the quality of the armature
terminal voltage is greatly improved. In the limit, a pure DC voltage between
brushes is obtained as shown in Fig. 6.7.

The generated voltage of a DC machine having p poles and Z conductors
on the armature with a parallel paths between brushes is given in Eq. 5.48 and
s repeated here as Eq. 6.6.

VA
E, = ZPECDPwm = K, @y

(6.6)
Where K, = pZ/(24ra) = machine constant.

Y substituting Eq. 6.6 into Eq. 6.4, the mechanical torque, which is also
“Qual to the electromagnetic torque, is found as follows:
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T 7 3z 2n 2 2
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© ©
C
. . . . ’ FIGURE 6.6 (a) Voltage of coil aa’; (b) voltage of coil bb’;
FIGURE 6.4 (a) Flux linkage of coil aa’; (b) induced voltage; (c) rectified voltage. (c) voltage across armature terminals (between brushes).
E.I
Tp = By = 22 = Kyl 6.7)
W
In the case of a generator, Ty, is the input mechanical torque, which is
converted to electrical power. For a motor, T is the developed electromagnetic
forque, which is used to drive the mechanical load.
€B1B2
Epc
1 i[ 1 Ilt 1 ir L 2Iﬂ wm[
2 2
- FIGURE 6.7 DC terminal voltage.
FIGURE 6.5 A two-pole, two-coil DC generator.
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EXAMPLE 6.1 )

A six-pole DC machine has a flux per pole of 30 mWb. The armature hag
conductors connected as a lap winding in which the number of parallel
a is equal to the number of poles p. The DC machine runs at 1050 reVOluer:
per minute (rpm), and it delivers a rated armature current of 225 A to g 103;
connected to its terminals. Calculate the following: !

=
2 cn
== o

Machine constant K,
Generated voltage E,
. Conductor current /.,
Electromagnetic torque T,

o0 T

Power developed, Pgey, by the armature
Solution

a. The machine constant is given by
K, = pZ/Q2ma) = (6)(536)/[(2m)(6)] = 85.31
b. The angular speed of the machine is
Wy = 2mn/60 = 27(1050)/60 = 109.96 rad/s
Thus, the generated voltage is found by using Eq. 6.6 as follows:
Ey = K,®pon = (85.31)(0.030)(109.96) = 281.4 V

¢. For alap winding, there are @ = 6 parallel paths; therefore, the conduciy
current is

I = Iy = Iy/a =225/6 = 37.5 A
d. The electromagnetic torque is found by using Eq. 6.7 as follows:
T. = K,®p1, = (85.31)(0.030)(225) = 575.84 N-m
e. The power developed by the armature is

Pyey = Tewm = (575.84)(109.96) = 63.32 kW

E I, = (281.4)(225) = 63.32 kW

r
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JAMPLE 6.2

cat Example 6.1 if the armature is reconnected as a wave winding such
Re}: the rated conductor current remains the same. For a wave winding, there
! . two parallel paths; that is, a = 2.
bt

So’Uﬁo"
a. The machine constant is

K. = pZ/Q2ma) = (6)(536)/[(27)(2)] = 255.92

p. At the same angular speed wn = 109.96 rad/s, the generated voltage is

E, = K.®pon = (255.92)(0.030)(109.96) = 844.2 V

¢. The rated conductor current is /. = 37.5 A; thus, since a wave winding
has a = 2 parallel paths, the armature current is

I, = al. =237.5)=75A
d. The electromagnetic torque is
T. = K.®pI, = (255.92)(0.030)(75) = 575.82 N-m
e. The power developed is

Pyey = Tewm = (575.82)(109.96) = 63.32 kW

E.l, = (844.2)(75) = 63.32 kW

DRILL PROBLEMS

D6.1 A four-pole DC machine has a flux per pole of 15 mWb. The armature
has 75 coils with four turns per coil. The armature is connected as a wave
Winding that has @ = 2 parallel paths. Find the generated voltage at a speed
of 1050 rpm.

D6.2 ADC generator has six poles and is running at 1150 rpm. The armature
has 120 slots with eight conductors per slot and is connected as a lap winding;
that s, paralle]l paths = number of poles. The generated voltage is 230 V, and
e armature current is 25 A.
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a. Determine the required flux per pole.
b. Determine the electromagnetic torque developed.

6.4 TYPES OF DC MACHINES

DC machines are classified according to the electrical connections of the a
mature winding and the field windings. The operating characteristics of ¢

specific DC machine being considered depend on the particular interconnec‘
tion of the armature and field windings. There are generally four meang

. . L . ; of
interconnection, giving rise to the following types of DC machines:

1. Shunt machine

2. Separately excited machine
3. Series machine

4. Compound machine

6.4.1 Shunt DC Machine

The armature and field windings are connected in parallel. The shunt figlg
winding consists of several turns of small-diameter conductors, since the figlg
current is normally a low current. The armature conductors are considerably
larger because they are designed to carry rated current. The armature voltag
and the field voltage are the same.

The interconnection for the DC shunt machine is illustrated in Fig. 6.8.

6.4.2 Separately Excited DC Machine

The armature and field windings are electrically separate from one anothet
Thus, the field winding is excited by a separate DC source.

The schematic representation of the separately excited DC machine is shoW
in Fig. 6.9.

O

F2 Fl

o :
FIGURE 6.8 Shunt DC machine.
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Al

A2

FIGURE 6.9 Separately excited DC machine.

443 Series DC Machine

The field win.ding and the armature are electrically connected in series. The
eries field winding consists of a few turns of large diameter conductors since
it carries the same current as the armature.

The interconnection for the DC series machine is illustrated in Fig. 6.10.

644 Compound DC Machine

The compound DC machine has two field windings: one is connected in series
with the armature, and the other is connected in parallel with the armature.
The first is called the series field, and the second is called the shunt field. If
the magnetic fluxes produced by both series field and shunt field windings are
in the same direction, that is, additive, the machine is cumulative compound.
If the magnetic fluxes are in opposition, the machine is differential compound.
The cumulative and differential compound machines are illustrated in Fig.
6.11a and b, respectively.

A cumulative compound or differential compound machine may be con-
nected either long-shunt compound or short-shunt compound. In a long-shunt
compound machine, the series field is connected in series with the armature and
the combination is in parallel with the shunt field. In the short-shunt compound
machine, the shunt field is in parallel with the armature and the combination
s connected in series with the series field. The long-shunt and short-shunt
connections are shown in Fig. 6.12.

Al

S2 S1 F2 1
A2

FIGURE 6.10 Series DC machine.
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S2 S1 F2
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Compound DC machines: (a) cumulative compound; (b) differential compoupg

FIGURE 6.11
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(b)
FIGURE 6.12 Compound DC machines: (a) long-shunt compound; (b) short-shunt compou"d'

Y
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45 DC MACHINE ANALYSIS
¢ armature and field windings of DC machines are modeled in steady state as
own in Fig. 6.13. The direction of the armature current /, shown in the figure

. for the case of a DC motor, and the torque T, is the electromagnetic torque

leVeIOPed’ which is available for driving a mechanical load. The voltage V; is
¢ applied terminal voltage.

In the case of a generator, the torque is the mechanical torque applied to

¢ machine shaft, and the direction of the armature current is reversed. The
soltage V; is the output terminal voltage.

In the equivalent circuit of the DC machine shown, the mechanical losses,
quch s friction and windage losses, are not included. However, the electrical

per losses are modeled.

For shunt and compound machines, the voltage V; applied to the field circuit
js the same as the terminal voltage V. However, in the case of a separately
excited generator, a separate voltage source is required to provide the excitation
qurrent /¢ to the shunt field.

The generated or excitation voltage E, is the emf induced in the armature of
the machine. The expression for E, derived in Section 6.3 may also be written

as

E, = KQyon = K, I1oy (6.8)
Similarly, the electromagnetic torque may also be expressed as
T. = K.®p1. = K I11, (6.9)

In Equations 6.8 and 6.9 a linear relationship between ®,, and I; is assumed;
that is, the saturation effect is neglected. Depending on whether a DC gener-
ator or DC motor is under consideration, the steady-state issues analyzed are
different, as shown in Table 6.1.

It

—_—

* !
Ra
+
DC Te, ©
voltage ( Vi :
source + Field
- Ea
_ Ry TIf
= \Z +

FIGURE 6.13 DC machine equivalent circuit.
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Table 6.1

Scope of DC Machine Problems

Generator Problems

Motor Problems

o Speed fixed by prime mover
e [ssues:

Determine terminal voltage for a
given load and fixed excitation
current.

Determine generated voltage for
a given load and fixed terminal

o Applied voltage fixed by source
e Issues:

Determine speed for a given
mechanical load and fixed
excitation current.

Determine excitation voltage for
a given mechanical load and 3

r

voltage. required speed.

EXAMPLE 6.3

A 12-kW, 240-V, 1200-rpm, separately excited DC generator has armature gy
field winding resistances of 0.20 O and 200 (), respectively. At no load,
terminal voltage is 240 V, the field current is 1.25 A, and the machine ryp
at 1200 rpm. When the generator delivers rated current to a load at 240 y

calculate

a. The generated voltage E,
b. The field circuit voltage V;
¢. The developed torque Te

Solution

a. At no load, the armature current I, = 0; therefore, the generated voltag
is equal to the terminal voltage.

E, = Vi + IR, = 240 + (0)(0.20) = 240 V
The machine speed is
wn = 27n/60 = 27(1200)/60 = 407

The generated voltage may also be expressed in terms of the filé
current and the angular speed as given in Eq. 6.8. Thus,

E, = K!I;om = KJ(1.25)(40m) = 240 V

Solving for K yields

K. =1.528
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At rated load, the armature current is
I, = 12,000/240 = 50 A
Therefore, the generated voltage is given by
E, = Vi + I,R, = 240 + (50)(0.20) = 250 V

p. Expressing the generated voltage in terms of the field current and the
angular speed,

250 = (1.528)1¢(40m)
Solving for the field current yields
Ir =130 A
Thus, the field circuit voltage is found as follows:
V¢ = ItR¢ = (1.30)(200) = 260 V
¢. The electromagnetic torque developed is obtained as follows:

T. = Ealy/ wm = (250)(50)/(407) = 99.5 N-m

DRILL PROBLEMS

D6.3 A separately excited generator has a no-load voltage of 125 V at a field
current of 2 A and a speed of 1780 rpm. Assume that the generator is operating
on the straight-line portion of its saturation curve.

a. Calculate the generated voltage when the field current is increased to
25 A.

b. Calculate the generated voltage when the speed is reduced to 1650 rpm
and the field current is increased to 2.75 A.

D6.4 A DC shunt generator has armature and field resistances of 0.2 () and
150 Q, respectively. The generator supplies 10 kW to a load connected to its
®rminals at 230 V. Assuming that the total brush-contact voltage drop is 2 V,
determine the induced voltage.

?6-5 A 100-kW, 600-V, 1200-rpm, long-shunt compound generator has a
Oal brush voltage drop of 4 V, a series field winding resistance of 0.05 Q, a
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shunt field winding resistance of 200 (), and an armature resistance of 0
(). The generator supplies rated output power to a load at rated voltage &n
rated speed. Calculate (a) the armature current and (b) the armature indy

¢
voltage. 4

6.6 DC GENERATOR PERFORMANCE

In this section, the performance characteristics of DC generators are describeg
Among these are the no-load or open-circuit characteristic, the terminal or IOad
characteristic, voltage regulation, and efficiency.

6.6.1 No-Load Characteristics

Equations 6.8 and 6.9 assume a linear relationship between the flux D, ang
the field current /¢. If the assumption of linearity is removed, these expressiong
have to be modified as follows:

E, = Ku®p(Ip)wm = K/'®y(Ip)n
T. = Ka(pp(lf)la

(6.10)
(6.11)

Equation 6.10 is referred to as the magnetization equation, and the corre:
sponding curve is called the saturation curve, or magnetization curve, which
is illustrated in Fig. 6.14. These curves are also referred to as the no-load
characteristics of a separately excited generator.

E, (V)
n=n3 > np
n=ny > nl
Excitation n = nj = constant
voltage

15 (A)
Field current

FIGURE é.14 No-load characteristics of a separately excited generator.
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462 Voltage Buildup in a Shunt Generator

5 shunt generator, the field winding is connected across the armature termi-
_Thus, the generator itself provides its own field excitation. The equivalent
n‘rcuit of the self-excited shunt generator is shown in Fig. 6.15.

: when the generator is rotated by its prime mover, a small residual voltage
Eles is generated because of the presence of residual flux in the magnetic field
p:les' This voltage is given by

In

Eres = Ko@reson (6.12)

The induced voltage Er is essentially applied to the field circuit, and it
causes @ current I¢ to flow in the field coils. The resultant mmf in the field
coils produces more flux @, in the poles, causing an increase in the generated
voltage Ea, which increases the terminal voltage V;. The higher V; causes an
increased Ir, further increasing the flux @, which increases E,, and so forth.
The final operating voltage is determined by the intersection of the field resis-
rance line and the saturation curve. This voltage buildup process is depicted
in Fig. 6.16. If the resistance of the field circuit is decreased, the resistance
line is rotated clockwise, which results in a higher operating voltage, and vice

versa.
Three factors affect the proper buildup of a shunt generator:

1. Residual magnetism. If there is no residual flux in the poles, there is no
residual voltage; that is, if @, = 0, then Es = 0, and the voltage will
never build up.

2. Critical resistance. Normally, the shunt generator builds up to a voltage
determined by the intersection of the field resistance line and the satura-
tion curve. If the field resistance is greater than the critical resistance,
the generator fails to build up and the voltage remains at the residual
level. To solve this problem, the field resistance is reduced to a value
less than the critical resistance.

FIGURE 6.15 Equivalent circuit of a shunt generator.
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Ezor Vi (V)
Rcrit Ea VS If
i
=y,
Eres
0 15 (A)

FIGURE 6.16 Buildup of voltage in a shunt generator.

3. Relative polarity of the field winding and the terminal voltage. For the
shunt generator to build up properly, the current supplied to the fielg
winding should produce flux that aids the residual flux. Otherwise,
flux produced by the field current will tend to neutralize the residual fiy
@, and the generator will not build up. When this happens, reverg
of either the field connection or the direction of rotation will enable g
generator to build up. Reversing both field connection and direction gf
rotation will cause the generator not to build up.

6.6.3 Terminal or Load Characteristics

The terminal characteristic of a device is a plot of the output, or terminal
quantities with respect to one another. For DC generators, the terminal charac
teristic is in the form of a plot of terminal voltage V; versus load current [
Thus, it is also called the load characteristic.

For a shunt generator, the main causes of the decrease in terminal voltage
as load is increased are’

1. Armature resistance drop. This is an I,R, drop due to the armatut
resistance Rj.

2. Brush contact drop. The brushes are pressed on the commutator by me:
chanical springs. The nonideal contact, therefore, offers an electrical
resistance and will cause a voltage drop when current flows through the
brush. A constant value of 2 V is usually assumed for brush contad
voltage drop.

3. Armature reaction voltage drop. When a load is connected to the tef
minals of the generator, a current will flow in the armature windings
This resulting armature mmf will produce its own magnetic field, which
will affect the original magnetic field produced by the field poles. Thi
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interaction of the two fields is called armature reaction. Armature reac-
tion is manifested in two ways.

First, the uniform flux distribution under the pole faces is altered. In
some areas under the pole faces, the armature magnetic field subtracts
from the pole flux; in other areas, the armature field adds to the pole
flux. This gives rise to commutation problems, as evidenced by arcing
and sparking at the brushes.

The second problem caused by armature reaction is flux weakening,
resulting in a reduced generated voltage. In the areas of the pole faces
where the armature magnetic field adds to the pole flux, because of
saturation of the magnetic pole, there is only a small increase in flux.
In the areas where the armature field subtracts from the field flux, there
is a larger decrease in flux. Thus, there is a net decrease in the average
flux under the entire pole face. This has the same effect as a reduction
in the field magnetization; therefore, the effective or net field mmf may
be expressed as

NeI§™ = NeIft — (NI)™ (6.13)
where
N¢ = number of turns in the shunt field winding
I = effective field current
1§ = actual field current
(NI)* = demagnetizing mmf due to armature reaction

The flux distortion and demagnetization caused by armature reaction
are illustrated in Fig. 6.17.

4. Reduced terminal voltage in self-excited generators. The terminal volt-
age is reduced as a result of the preceding three causes. Since the field
excitation is supplied by the generator itself, the reduced terminal voltage
supplies a reduced field current. This causes a further reduction in the
voltage.

The load characteristics of the different types of DC generators are shown in
Fig. 6.18. The load characteristic of the separately excited generator is affected
mainly by the first three causes in the preceding list; thus, it has a drooping
characteristic.

The load characteristic of the self-excited shunt generator is similar to that
of the separately excited generator. However, the terminal voltage is lower
because of the fourth cause. Moreover, if the generator current is increased
beyond a certain level, the terminal voltage collapses to zero.

In a series generator, the field excitation current is the same as the load
Crrent. Thus, the field flux and the resulting generated voltage will increase
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(@)

—> Direction of
motion
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Flux reduction

due to saturation
(@

FIGURE 6.17 Flux distribution due to armature reaction: (a) armature and field winding mmfs;
(b) uniform flux distribution due to field mmf; (c) flux distribution due to armature mmf;
(d) resultant flux distribution.
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__________________ at
w %mpounded
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Full load Tioad
FIGURE 6.18 Load characteristics of DC generators.
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ith the load up to a certain point, beyond which the effects of saturation will
qS€ the voltage of the series generator to collapse to zero.

In compound generators, the series and shunt fields are either in opposition

o aiding each other. In a cumulative-c_ompound generator, the series and shunt
elds aid each other. The mmfs of either or both fields may be adjusted to
roduce a terminal voltage at full-load current that is less than the no-load
voltage for an undercompounded generator, or equal to the no-load voltage
for 8 flat-compounded generator, or greater than the no-load voltage for an
overcompounded generator.

For a cumulative-compound generator, because of the presence of armature
jeaction, the effective or net field mmf is given by

NIS® = Np 12 + NI — (NT)™ (6.14)
where
N, = number of turns in the series field winding
I = current through the series field winding

In a differential-compound generator, the series field opposes the shunt field,
so that the terminal voltage drops a large amount for a small increase in
load current. The differential-compound generator can be characterized as a
constant-current generator.

6.6.4 Voltage Regulation

The terminal or load characteristics of the different types of DC generators are
described in the previous section. A performance measure that gives essentially
the same information about the generator is its voltage regulation. Voltage
regulation (VR) is defined as follows:

Voltage regulation (VR) = @ 100%
fl

(6.15)

Voltage regulation gives an approximate description of the terminal charac-
teristic. Positive voltage regulation implies a drooping characteristic, whereas
negative voltage regulation implies a rising characteristic. Zero regulation im-
plies a flat characteristic.

EXAMPLE 6.4

The magnetization curve of the 12-kW, 240-V, 1200-rpm, DC machine of
Xample 6.3 is shown in Fig. 6.19. The machine is operated as a separately



